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The Sherrington-Kirkpatrick model

µ(�) / e�h�,M�i/2, � 2 {±1}n.

The Boltzmann-Gibbs measure:

M = (Mij)
n
i,j=1

Mij ⇠ N(0,�2/n) i < jM = M>

� : The inverse temperature

:  The interaction matrix 

µ favors vectors (configurations) with low energy h�,M�i



A phase transition

�  1High temperature (paramagnetic) phase:

�1,�2 ⇠ µ
1

n
h�1,�2i �! 0

The model as “simple” characteristics



A phase transition

�  1High temperature (paramagnetic) phase:

� > 1

�1,�2 ⇠ µ
1

n
h�1,�2i �! 0

Low temperature (spin glass) phase:

1

n
h�1,�2i converges to a non-trivial random variable

The model as “simple” characteristics

Highly complex structure. Sophisticated mathematical description. 



Main question

Can we approximately sample from the SK measure in polynomial time? 

Folklore belief:

1. Sampling should be easy in the high temperature phase

2. Correct answer is unclear for low temperature



Glauber dynamics

1. �0 ⇠ Unif({±1}n).

2. At time t: i ⇠ Unif({1, · · · , n}).

3. Sample " ⇠ µ(·|(�t
j)j 6=i).

4. Set �t+1
i = ", �t+1

⇠i = �t
⇠i.

µ(�i|�⇠i) / e��i(
P

j 6=i Mij�j)/2.

Does this mix in polynomial time?



Mixing time & Poincaré inequality

Varµ(f) 
1

�
Eµ(f, f)For all f : {�1,+1}n ! R � > 0for some

We say that      satisfies a Poincaré inequality (PI) ifµ

Varµ(f) = Eµ

⇥
(f(�)� Eµ[f(�)])

2
⇤

Eµ(f, f) = Eµ

nX

i=1

�
Eµ[f(�)|�⇠i]� f(�)

�2
Dirichlet form

Variance
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We say that      satisfies a Poincaré inequality (PI) ifµ

Varµ(f) = Eµ

⇥
(f(�)� Eµ[f(�)])

2
⇤

Eµ(f, f) = Eµ

nX

i=1

�
Eµ[f(�)|�⇠i]� f(�)

�2
Dirichlet form

Variance

Lemma: If     satisfies PI with constant     then Glauber dynamics mixes after  �µ

tmix = O(n/�) steps.



Mixing time & Poincaré inequality
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Proof: Reduction to rank-one model using Stochastic localization 
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Mixing time & Poincaré inequality

Theorem: 
[Eldan-Koehler-Zeitouni 2020]

satisfies PI with constant      µ

� = �max(M)� �min(M) = 4� + on(1)

Therefore Glauber dynamics mixes in linear time for all  � < 1/4

� = 1��

Proof: Reduction to rank-one model using Stochastic localization 

Conjecture: Linear-time mixing for all  � < 1



Decomposition into a mixture of  products
[Bauerschmidt-Beaudineau 2019]

µ =

Z
µ⌧m(d⌧) µ⌧ (�) / eh⌧,�i

Theorem: 

<latexit sha1_base64="D7jzmdc3rCx2xFu1FdY34PfBWuI="></latexit>m is log-concave for all � < 1/4
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Decomposition into a mixture of  products
[Bauerschmidt-Beaudineau 2019]

e�h�,M�i/2 = C

Z
e�ck'��k2/2e�h',B'i/2d'.

Since � 2 {�1,+1}n we can add a diagonal term to M without affecting µ

M �! M + �I

so that 0 � M � cI

c = (4� + on(1))

M�1 = B�1 + c�1IThere exists B ⌫ 0 such that

=)
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Decomposition into a mixture of  products
[Bauerschmidt-Beaudineau 2019]

e�h�,M�i/2 = C

Z
e�ck'��k2/2e�h',B'i/2d'.

⇡(d�, d') / e�ck'��k2/2�h',B'i/2µ0(d�)d'

with marginal     on    .µ �

2. The conditional ⇡(·|') is a product measure: ⇡(d�|') / ech',�iµ0(d�).

3. The marginal on     is ' ⌫(d') / e�h',(B+cI)'i/2+
Pn

i=1 V ('i)d',

=) ⌫ is log-concave if c2  c i.e., if � < 1/4

1. Construct a joint distribution  



The algorithm

2. Sample ⇡(d�|') / ech',�iµ0(d�).

1. Use Langevin dynamics to sample     from ⌫ (mixes in linear time).'

� ⇠ ⇡(·|')

⇡(�i = 1|') = ec'i

ec'i + e�c'i



The algorithm

2. Sample ⇡(d�|') / ech',�iµ0(d�).

1. Use Langevin dynamics to sample     from ⌫ (mixes in linear time).'

� ⇠ ⇡(·|')

⇡(�i = 1|') = ec'i

ec'i + e�c'i

Works up to � < 1/4The method relies on a clever decomposition.

Question: Is it possible to decompose      into a mixture of tiltsµ

µ =

Z
µ⌧m(d⌧) µ⌧ (�) / eh⌧,�i

where it is easy to sample from       for all            ?m � < 1

Perhaps recursively?



Main result

<latexit sha1_base64="lyBR1zJNikivLhdQmyRwr/uBin4="></latexit>

Runtime: poly(n, 1/✏)

Result relies of a discretization of the stochastic localization process



Stochastic Localization



Stochastic localization

dLt(x) = Lt(x) hx�mt, dBti

Lt(x) =
dµt

dµ
(x)

(µt)t�0

(Bt)t�0

L0 = 1

µFix a measure on Rn

Construct a measure-valued process as follows:

8x 2 Rn

8t � 0

Brownian motion

mt =

Z
xµt(dx)

[Eldan 2013, 2018]



Stochastic localization

dLt(x) = Lt(x) hx�mt, dBti

Lt(x) =
dµt

dµ
(x)

(µt)t�0

(Bt)t�0

L0 = 1

µFix a measure on Rn

Construct a measure-valued process as follows:

8x 2 Rn

8t � 0

Brownian motion

mt =

Z
xµt(dx)

(µt)t�0

Strong solution exists under mild assumptions

: stochastic localization process

[Eldan 2013, 2018]



Stochastic localization

are martingales

Properties:

(Lt)t�0 and(µt)t�0 (mt)t�0,

In particular µ = Eµt

1.

2. ECov(µt) �
1

t
I8t � 0

3. Consequence of 1 and 2:

mt
d���!

t!1
m1 ⇠ µ

[Eldan 2013, 2018]



An equivalent formulation

Exponential tilts:  For any y 2 Rn define the measure 
<latexit sha1_base64="CVziFqgQeYdVK34Dhqp3vOE+Qgw="></latexit>

µt,y(dx) =
1

Z(t, y)
ehy,xi�tkxk2/2µ(dx)



An equivalent formulation

Exponential tilts:  For any y 2 Rn define the measure 

Mean vector:
<latexit sha1_base64="2wr3FBO/uW+hWTWam93oKJLJWIs="></latexit>

m(t, y) =

Z
xµt,y(dx)

<latexit sha1_base64="CVziFqgQeYdVK34Dhqp3vOE+Qgw="></latexit>
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An equivalent formulation

Exponential tilts:  For any y 2 Rn define the measure 

Evolution of the tilting field:

Mean vector:
<latexit sha1_base64="2wr3FBO/uW+hWTWam93oKJLJWIs="></latexit>

m(t, y) =

Z
xµt,y(dx)

<latexit sha1_base64="CVziFqgQeYdVK34Dhqp3vOE+Qgw="></latexit>

µt,y(dx) =
1

Z(t, y)
ehy,xi�tkxk2/2µ(dx)

<latexit sha1_base64="vCkHn5k/0li64O7NPiMkRiNbuOA="></latexit>

dyt = m(t, yt)dt+ dBt, y0 = 0 .



An equivalent formulation

Exponential tilts:  For any y 2 Rn define the measure 

Lemma:

Evolution of the tilting field:

Mean vector:
<latexit sha1_base64="2wr3FBO/uW+hWTWam93oKJLJWIs="></latexit>

m(t, y) =

Z
xµt,y(dx)

<latexit sha1_base64="CVziFqgQeYdVK34Dhqp3vOE+Qgw="></latexit>

µt,y(dx) =
1

Z(t, y)
ehy,xi�tkxk2/2µ(dx)

<latexit sha1_base64="vCkHn5k/0li64O7NPiMkRiNbuOA="></latexit>

dyt = m(t, yt)dt+ dBt, y0 = 0 .

[Eldan, Shamir 2020]

<latexit sha1_base64="Vgxd178L/grm7Y7Z1SCd98j4V8Y="></latexit>

(µt,yt)t�0
d
= (µt)t�0



Discretized SL

For k = 0, 1, 2, · · ·

1. Given an external field compute the mean vector<latexit sha1_base64="PntNde+uFCwxVPiJwvX8zrzxaIQ="></latexit>y`
<latexit sha1_base64="h8bQQkjoFWzkj3aGzzkG7IzIPrg="></latexit>

m` ' m(y`) =

Z
xµy`(dx)



For k = 0, 1, 2, · · ·

2. Update the field

1. Given an external field compute the mean vector<latexit sha1_base64="PntNde+uFCwxVPiJwvX8zrzxaIQ="></latexit>y`

Discretized SL

<latexit sha1_base64="pHG0zwt9pOJ7NbUdJWdMGeBHI4A="></latexit>

y`+1 = y` +m`� + w`

p
�

<latexit sha1_base64="VaFWE+MRgUZbICavp3cEP6bf2ZA="></latexit>

(w`)`�0
iid⇠ N(0, In)

<latexit sha1_base64="h8bQQkjoFWzkj3aGzzkG7IzIPrg="></latexit>

m` ' m(y`) =

Z
xµy`(dx)



For k = 0, 1, 2, · · ·

Hope that the discretized iteration converges to the continuum SDE… 

Discretized SL

2. Update the field

1. Given an external field compute the mean vector<latexit sha1_base64="PntNde+uFCwxVPiJwvX8zrzxaIQ="></latexit>y`
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Z
xµy`(dx)



Conditions

 We need to compute approximations 
<latexit sha1_base64="locBin9uwOhQoQN5SdVLjf5SF/s="></latexit>

bm(y) of the mean vector
<latexit sha1_base64="Nw90MtRsACbzK/VrovmRc5c5CTs="></latexit>

m(y)

which are sufficiently accurate and regular: 



Conditions

1.  Approximation: 
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n
kbm(y)�m(y)k2 = on(1)
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Conditions

1.  Approximation: 
<latexit sha1_base64="itjxGshWW22ebQzEmI7uDpASphM="></latexit>

1

n
kbm(y)�m(y)k2 = on(1)

2.  Regularity:  
<latexit sha1_base64="e8vxdFYqhlDfL53dc2idQP1luS4="></latexit>

y 7! bm(y) Lipschitz uniformly in the approximation error 

 We need to compute approximations 
<latexit sha1_base64="locBin9uwOhQoQN5SdVLjf5SF/s="></latexit>

bm(y) of the mean vector
<latexit sha1_base64="Nw90MtRsACbzK/VrovmRc5c5CTs="></latexit>

m(y)

which are sufficiently accurate and regular: 

Then output 
<latexit sha1_base64="PhmThRhYaiAT1hOFHwxzbaZ9vBg="></latexit>

bmL for 
<latexit sha1_base64="mIbJSiEjOJhZfB88K8xtnlK5JtQ="></latexit>

L = T/�
<latexit sha1_base64="oqnxDUGhGY7DBWZ5mZI0fUbUc0U="></latexit>

� ! 0, T ! 1



A remark: Semi log-concavity

Log-Laplace transform: 



A remark: Semi log-concavity

[Eldan, Shamir 2020]

Log-Laplace transform: 



A remark: Semi log-concavity

-Lipschitz uniformly in n
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y 7! m(y)Equivalent to

[Eldan, Shamir 2020]

Log-Laplace transform: 
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A remark: Semi log-concavity

-Lipschitz uniformly in n
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y 7! m(y)Equivalent to

[Eldan, Shamir 2020]

Log-Laplace transform: 

<latexit sha1_base64="8Em/zQ2PpretziIGA2/Cmn0+jpo="></latexit>

�

Conjecture [Talagrand]: The SK measure is C-semi-log-concave for all 
<latexit sha1_base64="gN3g5A5vYcMX6UxLwvpQ7R4YmCA="></latexit>

� < 1

Confirmed by Eldan-Koehler-Zeitouni 2020 for all 
<latexit sha1_base64="iLlVNu8O+D0GugIxto7LYjQkR5A="></latexit>

� < 1/4



Approximate message passing: Standard technology for computing
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Approximate message passing: Standard technology for computing
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Computing the means
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Solved by introducing a planted model



Approximate message passing: Standard technology for computing
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m(yk)

Two issues technical issues (in the analysis): 

Computing the means

1. <latexit sha1_base64="x0eP2dLN6wZweLwPhfcYR6VdJ4s="></latexit>yk depends on
<latexit sha1_base64="KCRjF4b7LQZVCPwj8aISS5FxV8U="></latexit>

A (we would rather have them be independent!)

2. The Lipschitz constant of AMP after k iterations blows up with k

Solved by introducing a planted model

Solved by modifying the algorithm

Cause of the bottleneck 
<latexit sha1_base64="rSXwNFxuOyCtRa9/aLW2rfXi1LM="></latexit>

� < 1/2



Another characterization of SL
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Another characterization of SL

1. Sample <latexit sha1_base64="tcxrjeTv7kHQ4JTQTZXPqQlliQM="></latexit>x0 ⇠ µ
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yt = tx0 +Bt2. Let 

3. Look at 
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µt = Law(x0 | (ys)st)

Lemma:
<latexit sha1_base64="DpqLxqP9k5zOLfRx+Z3RVW12dHA="></latexit>

(µt)t�0
d
= SL process



‘Planted’ and ‘random’ models

Random model
<latexit sha1_base64="OFRJdCmW7TwHswuJ31D6l78520o="></latexit>
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Random model Planted model
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A = �x0x

>
0 +W, W ⇠ GOE(n)

yt = tx0 +Bt

x ⇠ µ(· |A, yt)
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P = Law(A, y)
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Q = Law(A, y)

Lemma:      and      are mutually contiguous for all 
<latexit sha1_base64="naNdrIo0rJRBsuIRHyOrnWEgNeI="></latexit>

Q
<latexit sha1_base64="MLD2adfaTJ/iBog9zLkrHRgS4aQ="></latexit>P <latexit sha1_base64="gN3g5A5vYcMX6UxLwvpQ7R4YmCA="></latexit>

� < 1

We can conduct the analysis on the planted model instead !



Stability and Chaos
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Stability and Chaos

<latexit sha1_base64="Lmo+DTG+MgACt8rBhHaTsHf3LCk="></latexit>

As =
p

1� s2A+ sA0

<latexit sha1_base64="eT5Hivzk1GnOAxsxkF7p56hqOCQ="></latexit>

lim
s!0

lim
n!1

W2,n(µ
alg
A , µalg

As
) = 0

Thm[stability]: Our algorithm is stable in the following sense:

Let

For all 
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