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John-Lowner's ellipsoid (Lowner s.XX, John 1948)

K € K", exists a unique ellipsoid £ with K C € and |£] is
minimized among all ellipsoids containing K.




Touching conditions (John 1948, Ball 1992)
K € K", if K C B,, are equivalent:

@ B, is the Lowner ellipsoid of K.
@ There exist u; € 0K N 0B, and A; > 0 such that
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Volume ratio (Ball 1992, Barthe 1998)

K € K" (resp. K € K{) and Ek its Lowner ellipsoid. Then
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First extension

Ellipsoids of log-conc. functions (Alonso, G.M., Jiménez, Villa '18)

feFR"), fllcc =1, 3 unique t € (0,1] and & s.t.
txe(x) < f(x) and

/ txe (x)dx = t€]
RI‘I

is the maximum among all ellipsoids below f.




f=e Ythen f° =e Y, u* Legendre transform.

Ellipsoids of log-conc. functions Il (Li, Shiitt, Werner 2019)

f € F(R"), If|loc =1, 3 unique s € [1,+00) and & s.t.
f(x) < se~lIxlle and

/ se~Ixlle dx = sni|€]

is the minimum among all ellipsoids above f.
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Second extension

()= gax* =D aXtoxyn, Y ai=d.

aENG aeN] i=1

d-Lowner-Lasserre polynomial (Lasserre 2015)

K € K", 3 unique g4 € Hy(R") s.t.
K C Gi(gg) = {x € R": gy(x) < 1}

which minimizes |Gi(g)| among all such g.




Touching conditions (Lasserre 2015)

K e K", if gg € Hy(R") with K C Gi1(gy), are equivalent:
@ gy is the d-Lowner-Lasserre polynomial of K.
@ There exist y; € KN 0Gi(gy) and A; > 0 such that

S
/ x@ e &) dx = Z Aiyit,  for every a € Nj.
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Level sets of polynomials?

Gi(g)] < +oo!

(1) d odd implies |G1(g)| = +o0. Thus d only even!

(2) Gi(g) can be non-convex and unbounded!




Topological structure of Fy(R")

o d-homogeneous polynomial with |G1(g)| < 400

(i) Fg(R") convex cone, not closed, non empty interior.

° go(x)=>1", X,-"' € intF4(R")

@ tgy € Fd(Rn), t>0, butO Qé Fd(Rn)



Topological structure of Fy(R")

(ii) g € Fo(R") <= Gi(g) bounded (ellipsoid). F2(R") is open.

o Sylvester Law Inertia: g(x) = >_7_; ax?.
g € Fo(R") iff o > 0.



Topological structure of Fy(R")

(iii) g € F4(R?) <= Gi(g) bounded. F4(RR?) is open.

e Salmon 1859: g(x,y) = ax* + 2bx?y? + cy*.
g € F4(R?) iff a,c > 0 and b > —+/ac.



Topological structure of Fy(R")

(iv) There exists g € F4(R"), n > 3, s.t. Gi(g) is unbounded.
F4(R") is not open.

o g(x) = x*+ y* + z* — 2v/2x?yz has Gi(g) unbounded with
[Gi(g)] < +oo.

o h(x) =g(x)+ Y7, x* has Gi(h) unbounded with
1GL(h)| < +c.

o S0 xt— txPyz ¢ F4(R"), t > 2V/2.

)
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Topological structure of Fy(R")

(v) d > 6, n> 2, there exists g € F4(R") s.t. Gi(g) is
unbounded. F4(R") is not open.

o (x2 — y?)2(x% + y?) € F¢(R?) and Gi(g) is unbounded.
o Same with g(x,y) = (x* — y?)?(x9=* + y9=4).

@ Same conclusion adding x¢, i > 3.

o g—(1—t)xf ¢ Fy(R"), t < 1.




Problem 1

Given f : R" — Ry with ||f|l«c = f(0) =1 and d even,

Q-

f(x) < te &)

for t > 1 and g € Hy(R"). Find (t1, g1) minimizing

/ te 87 dx = tnl|Gy(g)|.




The good news

Convexity of functional

W : R4 x Fy(R") — Ry given by W(r,g) = €"|Gi(g)| is
log-convex and strictly convex.

Proof: First, notice that

1 4 1
- = —g(x)d 4o — = —g(x)
|G1(g)I n!/e dx r(g+1)/e dx.

Let (ri,gi), i = 1,2. By Holder inequality

1-60 6
/ o (1-0)86)+08:() < ( / egl(x)> < / egz(X)>

and thus

W((1 - 0)(r1,81) + 6(r2, 8)) < W(r1,8) " W(r,g)°,

i.e. W is log-convex.



By AG-mean inequality
W((1—0)(r1,81) + 0(r2,82)) < (1 —O)W(r1, 1) +OW(r2, 82),

thus W is convex.

Strict convexity follows from equality cases of Holder and AG. O



The other news

Example 1: Non-convexity of domain

Let
f(x) =xs,(x) and gi(x)=rdlx|? ro,rn > 0.
Then .
f(x) < ei=8()7 j=0,1,
but .
f(x) £ ero—8o(x)d
for every 6 € (0,1), rp = (1 —0)rn +6r and gy = (1 — 0)g1 + Og>.




The other news

Example 2: Non negative integrable is not enough

+o0
1
f=xa where A= U{xGR”:k§|x\§k+?}.
k=1

Then [ f < +o0 but f(x) < texp(—g(x)%) is equivalent to
g(x) < (logt)?, thus g = 0 and |Gi(g)| = +oo!
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f e F(R"), |Ifllco =f(0) =1, d even, there exists
(t1,81) € [1,+00) X F4(R") minimizing Problem 1.




Some lemmas

1
f(x) < te 87— H(f) C G(g),

where

H(f) = | log(t/\) "t Ka(f)-

A€(0,1)

log toHy, (f) C log t1Hy, (f) for every 1 < ty < t1.

H:(f) bounded t > 1, Hi(f) unbounded <= |H:i(f)| = +o0.




Reformulation Problem 1

Given f € F(R"), ||flloc = f(0) =1, find t; > 1 and g1 € Fg4(R")
s.t.
Hy (f) C Gi(g1)

and

t21 )CGile)
= L - wi®) = g e

alGie)] = jnf (¢, it [Gi(e)])

By Lemma 3 H;(f) bounded, by Lasserre's theorem infimum is
minimum!



Proving Theorem 1

to,t1,d >1, 0 € [0, ].], ac (0, ].]. Then

(1-0) (Iog?)d +6 (Iogl:)d < <|0g€j)da

where

(log tg)? = (1 — 0)(log to)? + O(log t1)“.




Proving Theorem 1

f e FR"), ||fllcoc =f(0) =1. Then
© v(t) is decreasing.

@ (logt)"v(t) is increasing.
Q to,t; > 1, 6€]0,1], then

V(tg) < V(to)liev(tl)e,

where (log tg)9 = (1 — 0)(log to)? + O(log t1)“.




Proving Theorem 1

Proof of Lemma 5:
@ H:(f) decreasing.
@ (log t)H.(f) increasing (Lemma 2).

1 d
Q f(x) < tie &7 rewrites g (x) < (Iog %) . Thus

(1 - 0)gy (x) + Oge, (x) < (1 — 6) <I0g fé)())d +0 <|0g f&))d

(cf. Lemma 4). By Lemma 1 H;,(f) C G1((1 — 0)ge, + 08t ).
Thus [v(tg)] < |G1((1 — 0)gt, + 081)I-



Proving Theorem 1

lv(to)| < [G1((1 — 0)gs, + bgr,)]
_ # / ~((1-0)gt0 (x) + 081, (x)) g

+1)
0 1 )
< —8ty (X —8t; (X
< < (n e 0 dx> <F(Q+1)/e 1 dx>
= |v(go)|'~ (’I (g1)l’- O



Proving Theorem 1

Proof of Theorem 1: Lemma 5, s — log v(esl/d) is convex t > 1.
By Monotone Convergence Theorem lim;_,1+ |H(f)| = |H1(f)].
(1) If Hi(f) is bounded, using the characterization by touching
points of Lasserre on each H:(f) C Gi(g¢), proving uniform
boundedness of coefficients of g;, we get a limit gg = lim 1+ g.
Thus [G1(go)| = lime—1+ [G1(gt)|.

(2) If Hi(f) is unbounded, by MCT lim,_,q+ |H(f)| = +o0.

In both (1), (2), we get lim;_,1+ v(t) = v(1).



Proving Theorem 1

Lemma 5

t
(6) = £ v(t) = o (log )v(r)
product of two increasing functions in [e”, +00).

If H1(f) bounded, ¢(t) attains its minimum by continuity in [1, e"].

If H1(f) unbounded, ¢(t) attains it in (1, e"]. O



t-v(t)?

Example 3
f(x) = e~ Ixlix

then K\(f) = (log(1/N\))K, H:(f) = intK, Hi(f) = K, g = g1,
and thus

tv(t) = tGig)l, e ming(t) = 6(1).

t>1




t-v(t)?

Example 4

fx)=e Xk a>1

then Ky(f) = (log(1/A))a K, He(f) = a~a(d/ log t) o K,
Hi(f) =R", gt = ag(a’ log t)ﬁg, thus

ea’).

t-v(t) =ta s (o' logt) o[ Gy(g)| ie. min ¢(t) = ¢(




t-v(t)?

Example 5

{ 1 xeK

f(x) =
(x) el~Ixllk  otherwise

LK 1<t<e
Ka(f) = (1 +1 1 K H.(f) = log t SUES
A(F) = (1+log(1/A)K,  Hi(F) { ik 15

Tl G1(g)l 1<t<e
(Iogt)"’ 1\& <t< ) . _
t|Gi(g)] otherwise, 1€ rtn2|r11 o(t) = ¢(e).

o(t) = {




The other (late) news

Example 6: Quasi-concave but not log-concave?
Let K€ K", 0€ K, a>n. Let

1 if x € K,
) = { lIx||c“ otherwise.

lhen
/f —— K| < +o0, Ki(f) = )f?in
a—n

and

1
()= | ————K=R"
re(0,1) @ log(t/A)




Problem 2

Given f : R" — R4 with ||f|lcc = f(0) =1 and d even,
f(x) < te 8)

for t > 1 and g € Hy(R"). Find (t2, g2) minimizing

/ te 8 dx = tr(g +1)|Gi(g)]-




The good news I

The domain, i.e. (r,g) € Ry x Hy(R") s.t.
f(x) < efe 8()
is convex. In fact, if f(x) < elie &) j= 0,1, then

f(x) < (eroe_gO(X)>170 (er1e—g1(><)>(9

_ (1000 o —((1-6)g0(x)+0g1 (x))




The other news Il

Example 7

F(x) = e,

Vg € Hy(R"),t > 1

f(x) = e~ (xal+-+]xnl) £t e—8(X)

if [x| > 0!




Theorem 2
feFR), |Ifllco =17(0) =1, d even, with

f(x) < te &™)

and

A = | los(1/x)Y4Ku(F)
A€(0,1)

is bounded, there exists a unique (t2, g2) € [1,4+00) x F4(R")
minimizing Problem 2.




Some lemmas |l

f(x) < te 8% = H(f) C Gi(g),

where

A)= | log(t/2) YKx(F).
A€(0,1)

(log to)l/dﬁto(f) C (log t1)1/dﬁtl(f) for every 1 < tg < t1.

Minimize ¢(t) = tV(t) = t|G1(&:)|-
e U(t) decreasing and (log t)dv(t) increasing.
°or— gg(e’) is log-convex and min;>1 a(t) = (}E(to) = ;5\(151)
then tyg = t;.




f:R" — Ry bounded, ||f|lcc = f(0) =1. Let
(t2,82) € (1,400) x int(Fg(R")) with f(x) < tye=&X),
They are equivalent:

© (t2, &) is the only solution to Problem 2.

Q@ dxi,....,.xn €R" m< (n+371) + 1, f(X,') = tge_gz(x"), and
A >0 i=1,...,m, st.

t2/ e &M dx ="\, and

i=1

m
t2/ x%e~ &) dx = Z Aixit, for all v € Nj.
! i=1

d = 2 similar results by lvanov and Tsiutsiurupa



Proving Theorem 3

Proof of Theorem 3: Problem 2 rewrites as

min e'/ e &) gx
(r,g)eC n

s.t.
C={(r.g): f(x) <ee®8X vyx e &)}
={(r,g): r—g(x) > log f(x) Vx € S¢},
with S¢ = {x € R" : f(x) # 0}.
={(r,g):r— Z gax® > log f(x) ¥x € S5¢}

aENG

= {(r,(ga)a) - {(r,(8a)a); (1, =(x*)a)) = log f(x) Vx € S¢}.



Proving Theorem 3

Notice that (r2, g2) € C (attains minimum over convex func.).




Proving Theorem 3

SC(r27g2) = {(r> (ga)a) : <(r7 (ga)a)a (17 _(Xa)a» > log f(X) Vx € SF},

where S = {x € 5¢ : n — g(x) = log f(x)}.




Proving Theorem 3

Thus

Nc(r2, 82) = pos{(—1,(x%)a) : x € S¢}.

\
\\ Sc(ra, g2)




Proving Theorem 3

W(r,g)=¢e"[ e~8()dx differentiable, strictly convex, C is
convex, by Karush-Kuhn-Tucker on minimum (r2, g2)

—VW(r,g) € Nc(ra, g2) = pos{(—1,(x%)a) : x € Sf}.

Since VW(r, g) = (W(r,g), <—ef / xo‘eg(X)dx>a>

by Carathéodory Theorem applied to convex cone
Nc(ro, &) € R tells 3 xq, ..., xm, m < ("i‘j*l) + 1= hy(n),
with n — go(x;) = log f(x;) and \; >0, i=1,...,m, s.t.

- (Wing). (~= | xae—@(X)dx)a) =) ML 6 D



K e K", let
ov.r.y(K) = <|G1|£(g|d)|>

be d-outer volume ratio of K.

1
n

Remark
g € Hy(R"), then Gi(g) is
@ 0-symmetric and

| A\

@ star-shaped to 0.




Benko & Kroé (2009)

K € K8 is C? boundary, for every 7 € (0,1), 3 g4 € Hy(R") and
c > 0s.t.
lgg(x) — 1| <c-d7 VYxcoK.

Theorem 4
K € K. Then limg_ o 0.v.r.g(K) = 1.

Proof: Benko and Kroé theorem and an approximation argument
give the result. [J

K € K". Then limsupy_,, ,, 0.v.r.g(K) < 2.

Proof: Rogers-Shephard inequality and Theorem 4 give the result.
O



f e F(R"), |Ifllco = f(0) =1, its d-outer integral ratio is

N
odr.g(f):= (tdf%) ;

where (ry, g4) minimizes Problem 1.

4

Theorem/Example 6

If £(x) = e~Ixlx, K € K7, then limg_, o0 0.i1.4(F) = 1.

<
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Thank you for your attention!!



