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ABSTRACT. We prove several variants of the Brascamp—Lieb inequality which are
adapted to additional symmetries, weights, and non-Euclidean radial structures.
First, an improved Brascamp-Lieb inequality for even functions yields a strength-
ened Prékopa—Leindler theorem for even strongly log-concave functions. We also
record a Legendre-transform proof of a generalized log-Sobolev inequality for log-
concave functions. Further results include a Brascamp—Lieb inequality with a
concave weight, an unconditional second-order Poincaré inequality, a rotation-
trick improvement for arbitrary even log-concave measures, and a Poincaré-type
inequality associated with smooth norms.
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1. INTRODUCTION

The Brascamp-Lieb inequality [5] is a fundamental functional inequality with
deep connections to convex geometry. Let V : R® — R be a C? function such that
V2V = 0 at every point. Let pu be the probability measure on R" with density
Z7'e™V, where Z = [e7V (unless explicitly stated otherwise, all integrations are
over R"). For a C'! function f:R" — R with [ |f|du < oo, define

Var, £ = [ Fau - (/fdu)z.
1



2 D. CORDERO-ERAUSQUIN, G. V. LIVSHYTS, L. ROTEM

The Brascamp-Lieb inequality then states that for such a function f we have
(1) Var, f < / <(v2v)*1 v/, Vf> dp.
In particular, if V2V = ald for some o > 0, then

Var, £ < - [ V1P

For example, the standard Gaussian measure 7, with density j—z = Z teml=P/ 2
satisfies a Poincaré inequality with constant 1; this was known as a folklore result
decades before the work of Brascamp and Lieb. In this note we prove new variants
of several functional inequalities related to the Brascamp—Lieb inequality.

We begin in Section 3, which concerns the Prékopa—Leindler inequality [18, 19, 17].
This inequality states that for all 0 < ¢ < 1 and for all measurable functions f, g, h :
R™ — (—o00, 00| satisfying

h(1 =tz +ty) < (1—1)f(z) +tg(y)
for all =,y € R", one has

) [=(/ f) (/ )

The Prékopa—Leindler inequality is a functional version of the Brunn—Minkowski
inequality: For Borel sets A, B C R", takee™/ =14,e7 9 =1p,ande™ = 1o_hayn
to obtain

Vol((1 —t)A +tB) > Vol(A)" Vol(B)".

The original paper [5] of Brascamp and Lieb studies both extensions of the
Prékopa—Leindler inequality and the Brascamp-Lieb inequality, but these two di-
rections are treated rather independently. Later, Bobkov and Ledoux [4] proved
the Brascamp—Lieb inequality from the Prékopa—Leindler inequality. To sketch the
connection, fix convex functions fo, f1 : R™ — (—00, o0] and consider

filz) = _ inf (1 =1)fo(x) + tf1(y)) -

z=(1—t)z+ty

The Prékopa—Leindler inequality implies that

(3) alt) = / e

is log-concave, i.e. loga is a concave function. In particular this implies that
(log v)”(t) < 0, which yields the Brascamp-Lieb inequality.

In Section 3 we reverse this line of reasoning. We first prove a strengthened
Brascamp—Lieb inequality for even functions, and then deduce the following strength-
ened Prékopa-Leindler inequality.
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Theorem 1.1. Let f,g: R® — (—o0,00] be even functions such that f — c|z|* and
g — c|x]* are convex for some ¢ > 0. Fiz 0 <t < 1, and assume that a measurable
function h : R™ — R satisfies

W1 =tz +ty) < (1 —1)f(x) +19(y)
for all x,y € R™. Then

1—t t
/6—h€§$|2 > (/ e—f63|z|2) (/ e—gegxP) ,

Here |- | denotes the Euclidean norm. The theorem does not follow from the usual
Prékopa-Leindler inequality after subtracting c|x|?/2, since the shifted functions
need not satisfy the required pointwise hypothesis.

In Section 4 we turn our attention to log-Sobolev inequalities. The classical log-
Sobolev inequality, due to Gross [12], may be written as

(4) Ent(¢) + nlog (\/ﬁe) /qﬁ < %/%,

where
Ent(¢ /gblogqb /(b log/gzﬁ

is the Euclidean entropy of a function ¢ : R” — . There are several equivalent
formulations of this inequality, including the standard one where the entropy is taken
with respect to the Gaussian measure; see e.g. [1, Theorem 1.3.8].

Bobkov and Ledoux [4] showed that the Prékopa—Leindler inequality also implies
Gross’s log-Sobolev inequality. For log-concave functions, one obtains a more gen-
eral inequality using the same function «(¢) from (3). Since loga(t) is concave by
Prékopa—Leindler, we have

(log @)'(0) > log (1) — log a(0).
This gives the following theorem.

Theorem 1.2. Let G : R™ — (—o00, +00| be a proper lower semicontinuous convex
function such that
/ e Cdr=1.

Then, for every positive integrable log-concave function ¢ : R™ — (0, 00),

/G*( V¢)¢dw>n ¢ dz + Ent(0),
. 3 -

where

G*(y) = sup {(z,y) — G(x)}

z€R™
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Ent(¢) = Rn(ﬁlogqﬁdx— (/nd)dx) log (/ngbdx) .

The gradient is understood almost everywhere, and the integral on the left is under-
stood in the extended sense.

and

Taking
jzf?

— + n log(2m),

Gla)=5+3

we have )
6 () = U~ 2 1og2m),

and Theorem 1.2 implies the classical log-Sobolev inequality (4), restricted here to
the log-concave case. Taking

Glr) = log Vol(BY), |z] <1,
| +oo, |z > 1,

we have G*(y) = |y| — log Vol(B%), and hence obtain

Ent(6) + (n + log Vol(BY)) [0 < [ [V0l.

Bobkov and Ledoux organized the computation in [4] somewhat differently, obtain-
ing less general inequalities but without the restriction to log-concave functions.

In the remaining sections of this paper, we present several extensions and vari-
ants of the Brascamp—Lieb inequality. Our interest comes from the connection of
these inequalities to convex geometry, and in particular to the B-conjecture. In [§],
Cordero-Erausquin, Fradelizi and Maurey proved that if v is the standard Gaussian
measure on R™ and K C R” is an origin-symmetric convex body, then

(5) t = y(e'K)

is log-concave. This answered a question which Latata attributes to Banaszczyk;
see [16]. The authors of [8] conjectured that (5) remains true with the Gaussian
measure replaced by any even log-concave measure on R™. This conjecture became
known as the B-conjecture.

The B-conjecture is known in dimension n = 2 due to the works of Boroczky—
Lutwak—Yang—Zhang [3] and Saroglou [20], and in all dimensions when the measure
is a certain Gaussian mixture, due to Eskenazis—Nayar—Tkocz [10]. More relevant to
us is the work [9], where the conjecture was proved for rotation-invariant log-concave
measures. The proof relied crucially on an improved Brascamp-Lieb inequality for
even functions. Let V(z) = v(|z|) be a C? convex function on R" which depends
only on |z|. Let u be the probability measure with density Z~'e™" and let v be
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any even probability measure which is more log-concave than p, meaning that s
an even log-concave function. Then, for every even C* function f : R® — R,

(6) var,,fg/<<v2v+ |(|5|C|)Id>_1Vf,Vf>du

Since v'(|z|)/|z| > 0, this is an improvement over the classical Brascamp-Lieb
inequality in the case v = p and f is even. For the Gaussian measure, v(t) = t2/2,
and (6) reduces to a Poincaré inequality with constant 1/2, which was precisely the
original result of [§].

Using standard techniques, (6) was derived in [9] from the following Poincaré-type
inequality: for every C? even function u : R" — R,

M [ vaba < [ 90

where ||V2u||ils = >, Uy, is the Hilbert-Schmidt norm. While [9] treats the

27‘7
rotation-invariant case, the same argument gives the following abstract criterion.

Proposition 1.3. Let 1 be an even log-concave probability measure with C? density
Zte™V. Assume that there exists a matriz-valued function T : R" — M, sn(R) with
the following properties:
(1) T(x) is symmetric and V?V (z) + T(x) is positive definite for all z € R™.
(2) T(x)x = VV(x) for all x € R".
(3) For every probability measure v which is even and more log-concave than p,
and for every C? even function u : R™ — R, one has

2
(8) /(TVu,Vu)dV < / HV2uHHS dv.
Then, for all such v and all C* even functions f : R® — R,
9) Var, f < /<(V2V+T)_1Vf, Vf> dv,

and the measure | satisfies the B-conjecture.

We prove Proposition 1.3 in Section 6. This proposition illustrates how second-
order improvements of the Brascamp—Lieb inequality can have geometric conse-
quences. The results below are motivated by this connection, although the particular
extensions proved here are mostly of independent analytic interest.

In Section 5, we prove a Brascamp-Lieb inequality with a concave weight.

Theorem 1.4. Let K C R" be a convex domain, and let V € C*(R™) satisfy

0< Z:= / eV dr < oo, V2V (2) >0 for every xv € K.
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Let
dp=Z"1e Vdx,
and let g : K — [0,00) be a finite concave function. Then every f € CY(K) satisfying

/If\du<oo, /fdu=0,
K K
satisfies

(10 [ortans [ o((vv) VLS du

where the inequality is understood in the extended sense if the right-hand side is
nfinite.

The restriction to a convex set K is standard. Indeed, one may approximate 1
by functions of the form e=", where W : R® — R is smooth and convex, apply
Brascamp-Lieb to V + W, and use

VA2V + W) =VV + VW = V?V.
The new point in Theorem 1.4 is the presence of the concave weight g. Since every
non-negative concave function is log-concave, one could apply Brascamp-Lieb to
V —logg, but this gives the result under the centering condition | x9fdp = 0.
The theorem shows that the same conclusion holds under the different condition
Ji fdpu=0.

In Section 6, we turn to the unconditional case. A function u : R" — R is

unconditional if

w(wy, ... xn) = ule1y, ..., €,20)
for all x € R™ and all (ey,...,€,) € {£1}". Unconditional measures and sets
are defined similarly. The inequality (8) holds for unconditional functions in a
particularly strong form.

Theorem 1.5. Let i be an even log-concave probability measure on R"™ with C?
density Z7'e™V. Fiz any matriz-valued function T : R™ — M, «,(R) such that T(z)
is symmetric, T;j(x)x;x; > 0 for alll <i,j <n, and T(x)x = VV(x). Let v be any
measure such that g—” is unconditional and log-concave, and let u : R™ — R be a C?
unconditional function. Then

/<Tvu, Vu)dl/g/HV%Hi{Sdu.

If p itself is also unconditional, the argument of Proposition 1.3 applies on the
subspace of unconditional functions and gives the improved Brascamp—Lieb inequal-

ity
Var,,fé/<(V2V+T)1Vf,Vf>dy
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for every admissible 7" and every unconditional function f. In particular, the map
t — p(e'K) is log-concave when both 1 and K are unconditional. We do not dwell
on this point, since the B-conjecture in the unconditional setting has simpler proofs,
as was observed in [2].

In Section 7, we prove a general improvement of the Brascamp—Lieb inequality
for even functions.

Theorem 1.6. Let i be an even probability measure on R™ with density Z eV,

where V : R — R is C? and convex. Define
(@) = [ (TV(@)+ V()™ duly)
Then every C' even function f : R™ — R satisfies
Var, £ < [ (YL f) dp

If V is not strongly convex, The quadratic form defined by Hy is still well-defined
by

(Hy(z)z,2) = 111(])[1+ <(V2V(:c) + V2V (y) + dd)_1 z, z> du(y) € 10, 00].
€E—r
Since Hy =< (V2V)~!, Theorem 1.6 is a strengthening of the Brascamp-Lieb
inequality. If V2V > Id, then Hy = %Id, and we recover the improved Poincaré
inequality from (8],

1
Var, f < §/|Vf’2du.

Surprisingly, this inequality and its connection to the B-conjecture were known
already to Brascamp and Lieb. It appeared in [6], but was not noticed by the
community until very recently (see, e.g. the discussion in [7]). The proof of 6] is
very different than the known one from [8], and relies on a “rotation trick”. A variant
of the same trick proves Theorem 1.6.

Finally, in Section 8, we extend (7) to non-Euclidean norms.

Theorem 1.7. Let ||-|| be a norm on R™ whose unit ball
K={zeR": |z|| <1}

is smooth and has strictly positive Gaussian curvature at every boundary point. Let
v:[0,00) = R be C' and increasing, and let j be the measure on R™ with density

e U= Let v be any even measure which is more log-concave than . Then for
every odd C' function f : R™ — R,

(11) /%ﬁdyg /<(v2a)‘1 v/, Vf> dv,
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where o) = 3 |-

When v(t) = t2/2, the result follows immediately from the classical Brascamp—
Lieb inequality. When K is the Euclidean ball, applying (11) to f = wu,, and
summing over i recovers (7). For a general norm, the same argument gives, for even

C? functions u : R” — R,

(12) /”,<”x‘|)|vu|2dy < /i <(v2a)*1 Vuwi,Vumi> dv.

]l

The right-hand side of (12) does not seem to have a simple invariant form, and we
therefore do not know how to deduce an analogue of (6) from it.
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2. PRELIMINARIES

We now collect the analytic and convex-geometric facts used throughout the pa-
per. All integrations by parts below are first justified for smooth compactly sup-
ported functions and smooth uniformly convex potentials. The stated forms then
follow by standard approximation arguments (see e.g. |9, Theorem 4]). When a Hes-
sian is only non-negative, all expressions such as ((V2V) ™' V£, V) are understood
as limits after replacing V by V + ¢|z|?/2 and then letting & — 0.

If u has density Z~'e™V, write

L,u=Au—(VV,Vu),

so we have the integration by parts formula

(13) / gLudp = — / (Vg, V) dp.
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We will also use the Bochner identity

(14) /(L#u)2 dp = / (HVQUHZS + (V*VVu, Vu>> dpu.
For completeness, we recall a standard proof of the Brascamp-Lieb inequality:

Theorem 2.1 (Brascamp-Lieb inequality). Let p be a probability measure with
density Z7te™V, where V€ C? and V2V = 0. Then for every smooth f : R* — R
we have

Var, f < /((VQV)‘1Vf, V) dp.

Proof. As already stated, we may assume by standard approximation arguments
that f is compactly supported. We may also assume without loss of generality that
J fdp = 0. By the standard theory of elliptic PDEs (see e.g. [11]) we may then find
u : R" — R smooth such that L,u = f.

Using (13) and the Cauchy—Schwarz inequality we obtain

[ ran= [ tradu=- [(v5.v0)

< (/ (V2V)'VL, V) d,u) 1/2 (/(VQVVU, Vu)d,u) -
< ( [uwvreres) du) " ( /s du) "

where in the last inequality we also used Bochner’s identity and the fact that f =
L,u. The claim now follows immediately. 0

Legendre transform. Given a convex function f : R" — (—o00, 0], its Legendre
transform is

f(z) = sup ((z,y) — f(y)).

yeR?
If f is smooth and strictly convex, then
(15) f@) + [1(Vf(x) = (V[(x),z),

and Vf*(V f(r)) =
Given convex functions fy, fi : R" — (—o00,00]) and 0 < ¢ < 1, consider the
inf-convolution f; defined by

filz) = (A=t foxth)(z) = —inf ((1=t)fo(x)+1fi(y)).

(1-t)z+ty==

Then
(16) fi=QQ=0f5 +tf1.

In other words, the Legendre transform linearizes the inf-convolution.
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Of key importance for us will be the first and second variation formulas for the
Legendre transform. These are well-known, but we provide a proof sketch for con-
venience:

Lemma 2.2. Let I C R be an open interval, and let

(x,t) — fi(x)
be a C? function on R™ x I. Assume that there exists m > 0 such that

V2f(x) = mld
for every x € R™ and t € I. Then f; is finite and C? on R™. Moreover, for every
y € RY,

%ft*(y) = _ft(vft*(y))7

and

SR W) =~V EW)

+ <(V2ft(vft*(y)))il Vft(VfZ‘(y)), Vft(Vft*(y))> :

Proof. The lower Hessian bound implies that f; is superlinear and strictly convex.
Hence, for every y € R", the supremum defining f;(y) is attained at a unique point

xy = Vfi(y),
characterized by
Vfi(z) =y.
Thus
fi ) =y, ze) — fila).
Differentiating with respect to ¢, and using V f;(x;) = y, gives

SR ) = ()
Differentiating the identity V fi(x;) = y, we obtain
V felwe) + V2 filae)ie =0,
and therefore
Ty = — (ngt(xt))il Vft(xt)-
Differentiating the first-variation formula once more now gives

L 5w = ~file) — (Vi)

= —fila) + ((Vfula) ™ Viilee), Vfilar))
Substituting z; = V f;*(y) proves the result. O
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3. SECOND VARIATION OF PREKOPA-LEINDLER

In this section we prove Theorem 1.1. We begin with an improved Brascamp-Lieb
inequality for even functions.

Proposition 3.1. Let V : R® — R be an even C? function which satisfies V2V =
cld for some ¢ > 0. Let p be the probability measure with density %e’v. Then for
every smooth even function f:R™ — R we have

Var, f < / <(v2v +eld) " VF, Vf> dp.

Note that one can obtain Proposition 3.1 as a corollary of Theorem 1.6. Still, we
will give a more standard L-type proof.

Proof. We may assume f is compactly supported and [ fdu = 0. Choose u : R" —
R which solves L,u = f. Since V and f are even, the solution u is also even. Hence
each derivative w; is odd and has mean zero. Using the fact that V2V > cId and
the usual Brascamp-Lieb inequality for u we obtain

c/|Vu|2du—cZ/u?d,u§ Z/|Vui|2d,u—/||v2qusdu.
i=1 i=1
Using this and the Bochner identity (14) we deduce that

/fzdu > / ((V?V + cld)Vu, Vu) dp.

The rest of the proof is identical to the proof given in Theorem 2.1. Using integration
by parts and the Cauchy—Schwarz inequality we have

[ ran= [ rradu=- (V1.0
< (/((v2v+dd)—1w, Vi) du> v

X ( / ((V?V + cld)Vu, Vu) d,u) -

< (/<(V2V+cld)‘1Vf, Vi) du> . </ f2du> 1/2.

This proves the result. 0

Next, we explain the well-known connection between the Prékopa-Leindler in-
equality and the Brascamp-Lieb inequality.
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Proposition 3.2. Let fy, fi € C*(R"), and assume that there exist constants 0 <
m < M < oo such that
mld < V2fo(z), V2 fi(z) < MId  for every v € R™.
For 0 <t <1, define
Ji=Q0—=t)f5+tf7
and
Yi(x) = (ff - fg) (Vft(x))

Let v be a nonzero Borel measure on R™. Assume that, for some a satisfying

0<a<m/2,

/ e~ dy(z) < oo.

aft) = / et dy

and let pi; be the probability measure defined by

Set

et
dv  alt)
Then « is positive and twice differentiable on (0,1), and
(log)”(t) <0
1s equivalent to

WmAw>sA;«v%w*vmmwwdm.

Consequently, o is log-concave on [0, 1] if and only if the preceding inequality holds
for every 0 <t < 1.

Proof. The Hessian bounds on fy and f; imply
1 . , 1
Mld < V2 fr, V2 < Eld.
Therefore . |
A V(A =0f5 +tf7) = —Id,

and hence
mld < V2f, < M1d
for every 0 <t < 1.
Applying Lemma 2.2 to the family

(1 =8)f5 + 117,
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whose Legendre transform is f;, gives

ft = _¢t-

The second-variation formula gives

fo= (V2 f) 7'V, Vi) .

The uniform Hessian bounds also imply, uniformly in ¢ € [0, 1],
m
fulw) 2 2ol = €1+ |al),

as well as

()] < O+ [2*),  [Viu(z)] < O+ ).
Together with the assumption on v, these estimates justify differentiation under the
integral sign. We therefore have

ot)y=— [ fiefrdv = e Tt dy
Rn Rn

a’(t) = /n (ff — ft) et dv
= / (v — (V2 £) 'V, Vb)) e/t dw.

Dividing by a(t), we obtain
(loga)”(t) = Vary, (¢:) — / <(V2ft)71th, V¢t> dpu.

and

n

This proves the equivalence. [l

Proof of Theorem 1.1. Write fy = f and f; = ¢. It is enough to prove the result
when
h=fe=(1=-0f5+tf)

because the assumption of the theorem is exactly that h < f;, and hence e™® > e~/

By approximation, we may assume fy and f; satisfy the regularity assumptions
of Proposition 3.2 (Since m > 2¢, the integrability hypothesis in Proposition 3.2 is
satisfied by choosing ¢/2 < a < m/2.). The assumptions of the theorem then imply
that V2fy, V2f, = 2c-1d. Using the relation

Ji= 0 =0)f5 +1tf1,
and the formula V27 (z) = (V2f(Vf7(2))) ", it follows that V2f, = 2¢ - Id for all

t € [0,1].
at) = /e_ft(‘”)e;”CI2 dr = /e_ftdm

Next we define
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where v has density 21", By Proposition 3.2 we know that the inequality (log o) (t) <
0 is equivalent to
(7) Vary, (00) < [ (V207196 Vi)

where ¥y = (ff — f§) o Vf; and % = Z%e_ff. In other words, u; has density
proportional to e="*, where V, = f, — £|z|*. But then V?V, = (2¢—¢)-1d = Id, and
V2f, = V2V, + cId, so the validity of (17) follows immediately from Proposition 3.1
(note that 1 is even since fj, fi and f; are all even).

It follows that (log«)”(t) < 0 for all t € [0, 1], so « is log-concave. Therefore
a(t) = a(0)a(1),

which is the desired inequality. U

4. A GENERALIZED LOG-SOBOLEV INEQUALITY

We start by restating Theorem 1.2. Throughout this section, all unspecified inte-
grals are over R".

Theorem 4.1 (Minkowski’s first inequality for functions, or generalized log-Sobolev
inequality). Let F' : R" — R be convezx, and let G : R" — R U {400} be a proper
lower semicontinuous convex function. Assume that

O<Zp::/ e dr < oo, O<ZG::/ e dr < 0.

Then

(18) . G*(VF)e Fde > / ) F*(VF)e " dr + Zplog g—;’
Equivalently,

(19) / G*(VF)e Fdr > nZp — / Fe Fdx + Zplog g—i

Here VF is understood almost everywhere, and the integral on the left-hand side is
understood as an extended integral in (—oo, +00].
In particular, if Zp = Zg, then

/ G*(VE)e Fdr > / F*(VF)e ' da.

Thus, among the admissible convexr functions G satisfying Zg = Zp, the left-hand
side is minimized at G = F.
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Proof. We divide the proof into the regular case and an approximation argument.

Step 1: the regular case. Assume that F,G € C?(R") and that there exist
constants 0 < m < M < oo such that

ml < V?*F(x),V?*G(z) < MI for every z € R".
For 0 <t <1, define

H,=(1—t)F*+tG*, F,=H;, a(t):/ et dx.

The Prékopa—Leindler inequality implies that ¢ — log «(t) is concave. Since Fy = F
and F; = (G, we obtain

(20) > loga(l) —loga(0) = log —.
ZF

For every z and ¢, the supremum defining F;(z) has a unique maximizer y,(x)
under our assumption. Thus

Fi(z) = (z,5:(x)) — (1 = ) F" () — 1G" (e ().
Differentiating this identity in ¢, and using Lemma 2.2, gives

O Rla) = F () ~ " ()

At t = 0, the maximizing point is
yo(z) = VF(z).

Consequently,

% Fy(z) = F*(VF(z)) — G*(VF(z)).
t=0+

The two-sided Hessian bounds imply uniform quadratic estimates for F;, for ¢ in
a neighborhood of zero. More precisely, there are constants ¢, C' > 0 such that

Fy(z) > clz)* = C

and

0
EF,:(IB)

Therefore differentiation under the integral sign is justified, and

<O+ |z?).

o/ (0) = / (G*(VF) — F*(VF))e " du.
Substitution into (20) gives

Z,
/ G*(VF)G_Fde/ F*(VF)e_Fdw—l—ZFlogZ—G.
n n F
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In view of our regularity assumption, Fenchel’s identity and integration by parts
give
F(VF(z)) = (z,VF(z)) — F(x)
and
/ (2, VF(2))e '@ do = nZp.

Hence

/ F*(VF)e Ydo =nZp — / Fe Fdx.
This proves both formulations in the regular case.

Step 2: approximation.
We first record some standard integrability facts. Put

f=e"t.
Since F' is finite and convex and f is integrable, there exist constants ¢, C' > 0 such

that
f(x) < Ceclal,

Moreover,
(21) fewh(R), / (1+ |2)) |V f(@)| dz < oo.

For completeness, these assertions follow from the coarea formula. Indeed, the
superlevel sets of f are bounded convex sets contained in balls whose radii are
bounded by C(1+ |logt|). Monotonicity of the surface area of convex bodies under
inclusion therefore gives

Il £lloo
/ (1+ |logt|)" dt < oo
0

as an upper bound for the relevant coarea integrals.
In particular,

(22) VFEetdr=—~ | Vfdr=0.

R™ R™
Also, Fe=¥ = —flog f is integrable.
If xp € dom G, then
G*(y) = (x0,y) — G(x0).
Together with (21), this shows that the negative part of G*(VF)e ! is integrable.
Thus the left-hand side of the theorem is well-defined as an extended integral.

Part 2a: regular F' and G with bounded effective domain. Assume that F satisfies
the regularity assumptions of Step 1 and that

D :=dom@G
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is compact. Set

H=G".
Then H is finite and globally Lipschitz. Let L be a Lipschitz constant for H. Choose
a smooth nonnegative symmetric mollifier p, supported in the Euclidean unit ball
and satisfying [ p =1, and put

. 5
po(y) = 07"p(y/0),  Ks=Hxps,  Hly) = Ksy) + 5l

Since ps is centered, convexity and Lipschitz continuity of H give

(23) H(y) < Ks(y) < H(y) + ¢, L9,

where ¢, depends only on p. Moreover,
C,L
6 < V°H; < (5+ %) I.

Define
Gs = Hj.
The preceding two-sided Hessian bounds imply corresponding two-sided positive

Hessian bounds for G5. Thus Gy satisfies the regularity assumptions of Step 1.
We claim that

(24) / e~ % de — Zg.

Let

MY . |$_Z|2
G5 (@) _zlerﬁgfn{G(ZH 2 }

be the Moreau envelope of G. From (23) and the order-reversing property of the
Legendre transform, we obtain

G—c,L6 < K; <G.

Since | |2

Gs=K:rO_
0 k) 26 3

it follows that

(25) GYY — ¢, L6 < G5 < G.

Because GMY — G pointwise in the extended sense, we have G; — G pointwise in
the extended sense.

Since D is compact and G is bounded below on its effective domain, there is b € R
such that
N dist(x, D)?

GY¥Y(z) > b 55
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Consequently, for 0 < § < 1, the functions e~% are dominated by a fixed integrable

function proportional to
( dist(z, D)? )
exp —— ]

Dominated convergence proves (24).
Applying Step 1 to F' and G, whose conjugate is Hy, gives

—Gs
H(;(VF)e_FdenZF—/ Fe_Fd:l?—l—Zplogfe .
R n ZF
On the other hand, (23) gives
4]
Hs(y) < H(y) + ¢, Lo + Syl
Since the Hessian bounds on F' imply
/ IVF|?e ! dr < o0,
R’I’L
we may let 6 | 0 and obtain
Z
(26) / G*(VF)e Fdr > nZp — / Fe Fdx + Zplog Z—G
n n F

Part 2b: arbitrary F and G with bounded effective domain. Continue to assume that
dom G is compact, and write again

H=G".
Thus H is finite and globally Lipschitz.
Let 7, denote the centered Gaussian density with covariance s/, and define

fs:f*IY& Fsz_logfs-
By Prékopa’s theorem, Fj is convex. It is also smooth, and the Gaussian differenti-
ation formula gives

0< V2F, <

[V

I.
For € > 0, define
F,.(z) = Fy(x) + EW-
Then
el <V?*F,. < (% —|—5> I

Therefore Part 2a applies to F;. and G.
Letting € | 0, by monotone convergence theorem, we have

/ e e dy — fsdr = Zp

Rn
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and, by dominated convergence,

/ F..e e dr — [ F.f.dz.

Rn
Since H is Lipschitz, VF, has at most linear growth, and f, has exponential tails,
we also have

H(VF, et dv — [ H(VFE,)f, dx.

Rr R
It follows from (26) that

n

(27) H(VE)f.dw > nZp — /

Rn

Z,
Fofode + Zp log—G.
Zp

We now compare the regularized left-hand side with the original one. Since

differentiation of the convolution gives

VFE(x)fo(z) = | VEF@)f(y)sr—y)dy.

RTL
Thus VFs(x) is the barycenter of VF(y) with respect to the probability measure

fW)rs(z —y) dy.
fs(x)
Convexity of H therefore yields

H(VE(x))fs(x) < [ H(VEY)f(y)rsr —y)dy.

Rn
Integrating in x gives the crucial estimate
(28) H(VF,)fsdx < H(VF)fdx.
R” R”
Finally, f, — f pointwise and locally uniformly. The exponential tail estimate
for f implies, uniformly for 0 < s < 1, that
fo(z) < el

It follows by dominated convergence that

flegf5d$—> flngdQ?,

Rn Rn
or equivalently,

(29) / Fofsdr — Fe Fdx.

R
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Combining (27), (28), and (29), and then letting s | 0, proves (19) whenever dom G
is compact.

Part 2c: arbitrary G. Choose zy € dom G. For all sufficiently large R, let
Gr =G+ 5,
where (5 is zero on Bpg, and 400 outside Br. Then
O Zan 1 Za.

Moreover,

r(y) = sup {(z,y) — G(z)} T G*(y).

r€BR
For every R > ||,
Gr(y) > (wo,y) — G(x0).
Consequently,
is a nonnegative increasing sequence. By monotone convergence and (21),
GH(VF)e Fdxt | GHVF)e Fdr.
Rn Rn
Applying the already proved compact-domain case to G and letting R — oo proves
(19) for arbitrary G.

It remains to identify the first two terms on the right-hand side. The exponential
tail estimate implies that F'is coercive, so it has a minimizer a € R". By convexity,

(x —a,VF(z)) >0

at every differentiability point of F'.
Let xgr be radial cutoff functions centered at a, increasing pointwise to one, such
that

((z —a) - Vxr(z)| < C
and Vxg is supported in {R < |z — a| < 2R}. Integration by parts gives

/ XR(x—a,VF)eFdx:—/ Xr{z —a,Vf)dx

:n/nXRfdx+/n(x—a,VXR)fdx.

The last term tends to zero as R — oo. Since the integrand on the left is nonnegative,
monotone convergence yields

/ (x —a,VFYe dx =nZp.
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Together with (22), this gives
/ (£, VFYe Fdo =nZp.

Finally, Fenchel’s identity gives almost everywhere
F*(VF(z)) = (x,VF(x)) — F(z).
Therefore
/ FY(VF)e 'dv =nZp — / Fe ¥ dx.

n

Substituting this identity into (19) proves (18). O

Remark 4.2. Let K, L C R™ be convex bodies. We first assume that |K| = |L|. For
m >0, set

Fm = de, Gm = mdL,

Am:/ e ™K dr, Bm:/ e~™aL dg.

The conjugates of these functions are

and

F:;L = hK—FLmBg, G;kn :hL‘i‘LmBg-

Since VE,, = mVdg € mBY almost everywhere, Theorem 4.1 gives
B,
(30) / (hL(deK) - hK(deK))e_de dx Z Am 10g A_

For any convex body M, the coarea formula gives

/ har(mVdg)e ™% dox = m/ em’"/ hor(ngcqrpy) dH" " dr
n 0 O(K+rBY)

> —S S n
—n/o e Vi (K—FEB%M) ds.
Here we used
/ har(ng) dH™ ™ = nVi(C, M).
ac

Therefore, by continuity of mized volumes and dominated convergence,

lim har(mVdg)e™ ™% dx = nVi (K, M).

m—oo Jpn
Indeed, for m > 1 the integrand is dominated by
ne *Vi(K + sBy, M),

which is integrable because Vi (K + sBy, M) is a polynomial in s.
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Moreover,
A, — |K], B, — |L],

by dominated convergence. Since |K| = |L|, the right-hand side of (30) tends to
zero. Passing to the limit gives

VI(K,L) > Vi(K,K) = |K|.
For arbitrary K and L, apply the equal-volume case to K and \L, where

L)
Using V1(K,AL) = A\Vi(K, L), we obtain
Vi(K. L) > K| |L],
which is Minkowski’s first inequality.

Recall that, for a nonnegative integrable function ¢ and a probability measure p,
its entropy relative to p is

Ent, (6) = [ 6logo dy - (/Mu) log (/Mu) ,

where 0log0 = 0. Jensen’s inequality gives Ent,(¢) > 0. For Lebesgue measure
we write Ent(¢). Notice that entropy relative to Lebesgue measure need not be

nonnegative.
If Zo =1and ¢ = e T, then

Ent(¢) = —/n Fe ¥dr — (/ eFdx) log </ eFdx) :

Thus Theorem 4.1 implies the following.

Corollary 4.3. Let ¢ = e ! be a nonzero integrable log-concave function, and let
G :R" — RU{+o0} be a proper lower semicontinuous convex function such that

/ e Cdr=1.

Under the hypotheses of Theorem 4.1,

/ G* (—@>¢dx2n ¢ dx + Ent(¢).
n o) Rn

The quotient —N¢/¢ is taken on {¢ > 0}; the nonsmooth cases below follow by
CONVET appProTIMation.
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We now record several special choices of G.

Let w,, = |BY| and choose

G (y) = [yl — logwn.
Then
G(z) = vpp(v) + log wy, / e Cdr =1.

The preceding corollary therefore gives the following result; see also Bobkov and
Ledoux [4].

Corollary 4.4 (L' log-Sobolev inequality). Let ¢ be a nonzero monnegative inte-
grable log-concave function in BV (R™). Then

Ent(¢) + (n + logwy,) o dr < |Do|(R™).
Rn
In particular, if ¢ € WHL(R"), then

Ent(¢) + (n + log wy,) ddr < |Vo|de.
Rr Rr

Alternatively, choose

x> n
= — + — log(2n).

G(x) 5 + 5 og(2m)

Then )
G*(y) = % — glog(27r), / e Cdr=1.
For a positive log-concave function ¢, the entropy form of Theorem 4.1 gives
1 Vol?
(31) Ent(¢) 4+ nlog(v2me) ddr < 5/ % dx.
Rn n

Writing ¢ = f? gives
(32) Ent(f?) + nlog(\/ﬁe) / frdr < 2/ |V f|? dx
Rr Rr

for nonnegative log-concave f. In fact, (32) is valid for every f € W12(R") and
is equivalent to the classical Gaussian log-Sobolev inequality (in the partial case of
log-concave functions):

Corollary 4.5 (Classical Gaussian log-Sobolev inequality). Let v be the standard
Gaussian probability measure on R™. Then, for every log-concave g € W12(y),

Ent,(¢*) <2 [ |Vg[*dy.
Rn
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Remark 4.6. In fact the above result is classical and holds for all W2(v), not just
log-concave ones.

Indeed, let
pla) = (2m) "2
be the Gaussian density and set f = g,/p. A direct integration by parts gives the
identity

2 |V f|? dov — Ent(f?) —nlog(\/ﬁe) f*dx
Rn

R

=2 [ |Vg|*dy— Ent,(¢%),
Rn

which proves the equivalence.

More generally, let p > 1, let ¢ = p/(p — 1), and set

Zng = / e~ l#la gy = |S"1|/ e g,
R~ 0
Choose
) ly|P
G (y) = 7 — IOg qu.

Since

we have [e7¢ = 1.

Corollary 4.7 (L? log-Sobolev inequality). Let p > 1, let g = p/(p — 1), and let f
be a nonzero nonnegative log-concave function in WP(R™). Then

Ent(f?) + C’w,/ fPdx < pPt |V fIP dz,
n ]Rn
where
Chnp=n+logZ,,.
Equivalently,

Chp =n+log <|S"_1|/ e/ dr) .
0

Proof. Apply Corollary 4.3 to ¢ = fP. On {f > 0},

Vo _ VS
o Py
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/ G* <—V—¢) ¢pdr =p'! |V fIP dx
n ¢ Rn

and hence

— (log Zn, ) /n fPdx.

The conclusion follows. ]

The same L? inequality is valid without the log-concavity assumption, by the sharp
Euclidean L? log-Sobolev inequality. The argument above only proves it directly on
the log-concave class.

We finish with a version relative to an arbitrary log-concave probability measure.
Theorem 4.8 (Weighted generalized log-Sobolev inequality). Let
du(z) = Z7 e V@ d,

where V : R" — R U {400} is proper, lower semicontinuous and convez, and 0 <
Z < 0. Let f: R"™ — R be conver and continuously differentiable, and let G :
R™ — RU {400} be proper, lower semicontinuous and convezr. Assume that

0</e_fdu<oo, O</6_Gd,u<oo,

and that, for some 6 > 0,

oo (<1 +6[6°(9) = £(V5). ) du < o
while

J16 0 - 1] e dp < o
Then

[ 6 @netdnz Bueu(e )+ [ o,V r)e d

(33) + < / et du) log ( / e ¢ du) .

In particular, if
/ e Cdu=1
and f attains its minimum at the origin, then

/G*(Vf)e_f dp > Ent, (e 7).

This applies, in particular, when f is even.
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Proof. For 0 <t <1, let
fo=(L=t)f +tG*)".
For every x,y € R", the definition of the Legendre transform gives
Fil(1 = )2+ t9) < (1= )f(2) + 1G(y).

Combining this with the convexity of V' and applying the Prékopa—Leindler inequal-
ity, we obtain

(34) / et dy > < / e! du>1_t ( / e ¢ du>t.

On the other hand, taking V f(z) as a competitor in the supremum defining f;(z),
we find

filx) = f(z) —t(G*(Vf(z)) — 1 (Vf(2))).
It follows that

(fe du)H (fee du>t < [ew (<5 +UG (V1) - 1Y) due

The two sides agree at ¢ = 0. The integrability assumptions allow us to differentiate
this inequality from the right at ¢ = 0, giving

</ ! du) log% < /(G*(Vf) _ f*(vf))e*f dpu.
Finally,
Fr(Vf(x) = (&, Vf(z)) - f(z)

ot = [ g ([t s [t a).

Substitution gives (33).
If f attains its minimum at the origin, convexity gives

(z,Vf(z)) = f(x) = f(0) = 0.

Thus, when [e “du = 1, the additional terms on the right-hand side of (33)
are nonnegative. Finally, every even convex function attains its minimum at the
origin. U

and

Related inequalities obtained by Prékopa—Leindler methods were studied by Bobkov
and Ledoux [4].
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5. A BRASCAMP-LIEB INEQUALITY WITH A CONCAVE WEIGHT
We begin with a weighted Bochner identity (see [15], [13]).

Lemma 5.1 (Weighted Bochner identity). Let du = e”Vdx, where V € C*(R"),
and let g,u be smooth. Assume that all the terms below are integrable and that the
integrations by parts have no boundary contribution. Then

/ g(L,u)dp = / g (HVQUHZS +(V*VVu, Vu>> du
R R®

—/ (V?gVu, Vu) dp — 2/ (Vg,Vu) L,udp.
Rn Rn
Proof for completeness. Recall that
L,=A—-(VV,V)
and that

+ <V2VVu, Vu> .

1
SLlVul = (Vu, VL) + ||Vl

Integration by parts gives
/g(Luu)Zdu: —/Luu (Vg,Vu) du—/g(VLuu, Vu)du
—— [ L (V9. Vuap

+ /g <||V2UHils + <V2VVU,VU>> dp — %/gLMVUPdM.

Moreover,
—% /gLu|Vu|2du = %/<Vg, V|Vul?) dp = / (V*uVg, Vu) dp.
Finally,
0= /divu ((Vg,Vu) Vu)du
= / ((V?gVu, Vu) + (V*uVg, Vu) + (Vg, Vu) L,u) dp.
Substitution gives the asserted identity. 0

Proof of Theorem 1.4. We first prove the assertion on a bounded convex domain D
with smooth boundary. Assume that V' and f are smooth on a neighborhood of D,
that g € C?(D) is nonnegative and concave, and that

/Dfd,u:().
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Let u be the solution, unique up to an additive constant, of the weighted Neumann
problem

O,u=0 ondD,

where v is the outward unit normal. The displayed centering condition is precisely
the compatibility condition for this problem.
We use the convention

{Luu =f inD,

I(X,Y)=(Dxv,Y)
for the second fundamental form of dD. Thus II = 0 because D is convex. The
boundary version of Lemma 5.1 is

/Dg(LMu)zd,u:/Dg(HVZUHZS—I—<V2VVU,VU>> du
—/ (V?gVu, Vu) d,u—2/ (Vg,Vu) Lyudp
D D
(35) +/ g1 (Vapu, Vopu) eV dH" .
oD

Indeed, the proof of the lemma applies verbatim except when L,|Vu|? is integrated
by parts. Tangentially differentiating the Neumann condition gives

1
58,,|Vu|2 =-—1II (V@DU, VaDu) .

This produces the last term in (35). The integration of
div, ((Vg, Vu) Vu)

has no boundary contribution because its normal component contains the factor
o, u.
Using L,u = f, integration by parts and (35), we obtain

[ artau=2 [ artudp= [ glt,ta
= -2 V£, Vuyd
[ stvs.vuan

- /Dg (192 + (V2V'Vu, V) ) dp
+ / (V2gVu, Vu) du
D

—/ g1 (Vapu, Vopu) e VaAH L.
oD
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Here the two terms containing f (Vg, Vu) cancel. Since g > 0, V2g < 0, and IT = 0,
it follows that

/ gf?dp < / g (=2(Vf,Vu) — (V*VVu,Vu)) dpu.
D D
For a positive definite matrix A and vectors a, b,

—2(a, b) — (Ab,b) < (A7 'a,a).

Taking
A=V, a=V{, b= Vu,

we conclude that
/ gf2du < / g (V2V) V£,V F) dp.
D D

If V2V is only positive semidefinite, the same argument remains valid provided
the inverse quadratic form is understood in the extended sense

(36) (A7'a,a) := sup {2(a, 2) — (Az,2)} € [0, +oc].

z€R™
Indeed, the preceding pointwise estimate follows by choosing z = —b. When A is
positive definite, (36) is the usual inverse quadratic form.

We now pass to an arbitrary convex set K with 0 < p(K) < oo. Choose an
increasing sequence of bounded smooth convex domains D; such that

DjcintK, | JD;=mtK
7=1

Set

1
“ (D) /Dj fdp.

Since f € L'(K,p) and [, fdu =0, we have a; — 0.

Fix 7. A finite concave function is continuous in the interior of its domain. Since
D; C int K, we may convolve g with a standard mollifier on a neighborhood of D;.
In this way we obtain smooth nonnegative concave functions g;. such that

Jice — ¢ uniformly on D;.

If g is not identically zero, its nonnegativity and concavity imply that g > 0 on int K;
hence g has a positive minimum on E Thus, whenever the right-hand side of the
desired inequality is finite, its unweighted quadratic-form integrand is integrable on
D;. If the right-hand side is infinite, the conclusion is automatic. Consequently,
uniform convergence is sufficient in the following passage to the limit. (The case
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g = 0 is trivial.) Applying the smooth-domain inequality to f — a; and g;., and
then letting ¢ | 0, gives

/D_g(f —a;)*dp < /D_g<(V2V)1Vf, Vf)du.

J

Finally, Fatou’s lemma on the left and monotone convergence on the right yield
/ gf%dp < 1iminf/ g(f —a;)*dp
K J=oo Jp;

< lim [ g{((V*V)'Vf,Vf)dpu

j—00 D;

- [ o) Vs an

The boundary of a full-dimensional convex set has Lebesgue measure zero, so re-
placing int K by K does not change the integrals. This proves the theorem. U
Remark 5.2. The proof in fact yields a stronger form of Theorem 1.4. Assume
first that g is positive and of class C?, and set

v2

Ay =VV -4
g

Indeed, in the weighted Bochner identity the two corresponding quadratic terms com-
bine as

/ g{(V*VVu,Vu) du —/ (V?gVu,Vu) dp = / g (A,Vu, Vu) dpu.
K K K

Consequently, if A, is positive definite, then for every f such that

/ fdpu=20
K
the same argument gives

[oftan< [ 9(4,V195) du
K K
If g is concave, then
A, > V2V
Thus, whenever the relevant matrices are positive definite,
-1 2 —1

A< (V)

and the preceding inequality strengthens (10).
More generally, concavity is not needed for the estimate involving A,: it is enough

to assume that

gVQV — Vzg
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is positive definite. A corresponding degenerate statement can be obtained by ap-
proximation when this matriz is only positive semidefinite.

Remark 5.3 (Bounded domains, balls, and polytopes). The preceding strengthening
15 particularly useful on bounded domains. Let K C R™ be bounded and take V = 0,
so that p is normalized Lebesgue measure on K. Retaining the Hessian term in the
proof and using

1
72 > Saup

gives the following dimensional estimate. If g is positive and concave and —V?3g is
positive definite, then

/Kngd:cgnLH K92<(—v2g)‘1Vf,Vf> dz, /dex:o.

The normalization of Lebesque measure is immaterial, since the same constant oc-
curs on both sides.

Equivalently, let

g(x)dx

[ gda

dv(z)

Applying the preceding inequality to

1
f—m/dex

and then minimizing the left-hand side over constants gives

n v2g\ !
Vary(f)§n+1/l<<(—7) Vf,Vf> dv.

For example, on the Euclidean unit ball, take

glz) =1~ |z
Since
—V?%g =2I,
we obtain
1—x2f2dx§L/ 1— |z[2)2|V £ da, fdr =0.
[ A< st o wpes ;

Equivalently, if v is the probability measure on B} with density proportional to 1 —
|z|?, then

Var,(f) < m

| A= Pt a
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In dimension one this inequality is sharp, with equality for f(x) = x. The use of a
weight vanishing on the boundary is justified by replacing g with g + € and letting
el 0.

There is also a natural polytope example. Let

P={zeR":li(z)=b—(a;,x) >0, i=1,...,m}

be a bounded full-dimensional polytope, where the inequalities define the facets of P,
each facet being listed once. Set

A direct calculation gives
Vig(x) 1\ VN
] = 2 @) ) © 7

Denote this matriz by Hp(x). Thus Hp(z) is the covariance matriz, with equal

weights, of the vectors
a;

li(x)
It is a centered version of the logarithmic-barrier metric.
For every x € P, the matriz Hp(x) is positive definite. Indeed, if

(Hp(z)z,2) =0,

then the numbers (v;(x),z) are all equal. If their common value is zero, then P
contains the entire line x + Rz. If their common value is nonzero, all the supporting
hyperplanes of P pass through a common point and P contains an unbounded ray.
Both conclusions contradict the boundedness of P.

Consequently,

n _
/PQdexgn—H/Pg<HP1Vf,Vf> dz, /Pfdx:o.

If
g(x) dx

dple) = Jpgdx’
P

then one also has the Poincaré-type inequality

/ (Hp'V 1,V f) dvp.
P

n
n+1

Var,, (f) <
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When P is a simplex, m = n + 1, and after an affine identification with the
standard simplex the measure vp is the symmetric Dirichlet distribution whose pa-

rameters are
. 1 n+ 2
A = ¢+ = a?’L = = .
' i n+l n+l
The polytope estimate follows from the smooth case by approximation from the inte-

rior. All the preceding inequalities are affine invariant.

6. AN IMPROVED BRASCAMP—LIEB INEQUALITY IN THE UNCONDITIONAL CASE

In this section we give the short proof of Theorem 1.5.

Proof of Theorem 1.5. Write dv = e Ydp, where U is convex and unconditional.
Since v is unconditional, each partial derivative J;u is odd in the i-th variable, and
we may write

diu = 1,9
with g; smooth and even in the i-th coordinate. Using Tj;z;z; > 0 and ab <
(a® +%)/2,
2

n n 2
2 4 g2
/(TVU,Vu>d1/ = Z /ﬂjxixjgigjdl/ < Z /Tijxia:jgz 5 9 qu

i,j=1 i,j=1

= Z /Tijxi:cjg?du = Z/(T:c)i:cigfdz/
i=1

ij=1
n
= Z/@ﬂ/xig?du.
=1
For each i, integration by parts with dv = Z1e™V"Vdx gives

/az'V zigidy = / (97 + 22:9,0,9; — 1:9;0;U) dv.

Since U is convex and unconditional, x;0;U > 0. Hence

/@Va:igfduﬁ/(gf+2$igi&-gi) dv < /IV(ﬂfigi)|2dV-

Summing over ¢ gives

/<Tvu, Vuydy < Z/|V6iu|2dyz/HVZUHilsdu.
i=1
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Corollary 6.1. Let o be an unconditional log-concave probability measure on R™
with C* density Z'e™V. Let T satisfy the assumptions of Theorem 1.5, and as-
sume in addition that V2V + T = 0. Then for every probability measure v with
unconditional log-concave density with respect to p, and every smooth unconditional
f:R* > R,

Var, f < /<(V2V +T)'Vf,Vf)dv.

This corollary follows from Proposition 1.3, with the observation that the same
proof continues to hold when the word “even” is replaced everywhere with the word
“unconditional”. To avoid repetition we only prove Proposition 1.3 as stated:

Proof of Proposition 1.3. Let dv = %G*Wd,u, where W is convex and even. Let f
be even and centered with respect to v. We solve L,u = f. Since v and f are even,
u may be chosen even. By the Bochner identity for the potential V + W,

/dey = / (925 + ((V2V + V2W) Vi, V) )
Using (8) and VW = 0, we get

/f2dv > /<(V2V+T)Vu,Vu>dy.

/f2dy = —/(Vf, Vu)dv,

and (9) follows in the same way as in Theorem 2.1 or Proposition 3.1.

It remains to recall the standard implication to the B-conjecture. Let K be an
origin-symmetric convex body, and put F(t) = u(e'K). After the change of variables
x = ely, differentiation gives

F'(t
T = = @V dnto)

where v; is the normalized restriction of p to e! K. A second differentiation yields

On the other hand,

(log F)"(t) = Var,, (VV,z)) — / (V*Vz,z) + (VV,z)) dis.

For ¢(x) = (VV(x),x) we have
Vg = (V*V)x +VV = (VV + T)z.
Applying (9) to the even function ¢ under v; gives
Var,,(q) < /((VZV + Tz, z) dy, = / (V*Vz,z) + (VV,z)) dis.

Hence (log F')"(t) < 0. O



REMARKS ON THE BRASCAMP-LIEB INEQUALITY 35
7. THE BRASCAMP—LIEB ROTATION TRICK
In this section we prove Theorem 1.6:

Proof of Theorem 1.6. By adding a constant to V we may assume that [e™" = 1.
Fix a C! even function f : R® — R. We use the identity

Var, £ = 5 [ [ (#@) = )@V daay,

Next we perform the change of variables x = “—\E}, Y= “\;5”, which has Jacobian =1,

and obtain
L[ (1(55) 1 (5)
For a fixed u € R™ we define
-1 () 1(7)
wo-v(55) v (33)

Note that f, is odd and V,, is even, and so [ f,e™"* = 0. Since V,, is convex it follows
from the usual Brascamp-Lieb inequality that

Var, f = %// fu(v)ze*vu(v)dvdu < %// <(v2vu)71 . vfu,Vfu> e V() Qudu.

Computing these derivatives (in v) we have

wui = (o1 (55) 7 (%5)

o3 (o0 (457) o5 (45))

Therefore, performing a change of variables back to x and y, we obtain

e //<(v2 24 VY (S TI) (SHDTI)

5 [[ (V@) + PV (V@) + Vi) V@) + Vi >> pla)duy).
We now expand the inner product, and note that the “cross term”

(VV(@) + V2V () V1), VIW)

) dudw.

as well as
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is odd in y for every fixed z, so its integral vanishes. Using this and the symmetry
between x and y we obtain

Var, f < / / <(V2V(:U) + VAV (y) Vf(x),Vf(x)> dp(x)dp(y)
~ [{([ v + 970 @) - 9100, 91(0) o)
=/<vaf7vf> dp,

as claimed. O

8. A POINCARE INEQUALITY FOR SMOOTH NORMS

In this section we prove Theorem 1.7. We begin by collecting the necessary
ingredients. The first ingredient gives us a more geometric representation for the
inverse Hessian (V2a) ™.

Lemma 8.1. Let ||| be a norm on R™ with unit ball K, where K is smooth and has
strictly positive Gaussian curvature. Define a(z) = 3 |z||*. Then for every & € K
and every u,v € R™ we have

<(V2oz(x))_1 u, v> = (x,u) (z,v) + {z,ng) I (Proxu, Progv).

Here ng denotes the outer unit normal to 0K at x, Prax denotes the orthogonal
projection onto the tangent plane T,0K , and 11! denotes the inverse of the second
fundamental form of the hypersurface OK at the point x.

Proof. Let us simplify our notation, writing P for Pr, sx. We will also use S for the
shape operator S : T,0K — T,0K, with the sign convention that Su = 9, (nk).
Finally, we will suppress the dependence on x whenever appropriate, writing for
example (V2a) ™" instead of (V2a(x)) .

Since @ = 1 on 0K we know that Va = A\ng for some A\ € R. To compute A we
note that « is 2-homogeneous and therefore

1 =2a=(Va,z) = X(nk,x),

and so Va = (n’LK@. Again, since « is 2-homogeneous, we have that
nK

37 Via-z=Va= .

(37) )

On the other hand, for all £ € T,0K we may use the fact that 0 (nx) = S{. We
have

O ((nx, x)) = (S€, x) + (nk, §) = (58, ),
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and therefore

S¢ (5S¢, x)

38 Va-¢ =8 (Va) =0 "K>: T
(38) g e (Va) ¢ <(nK,x) (ng,x) <nK,m>2nK
It follows from (37) and (38) that if we define temporarily

Au = (z,u)z + (ng,z) S~*Pu

then for all v € R™ we have

(V2a) (Au) = (2, u) % +<nK,x>< Pu__ (P “"”énK)

<TLK,ZE> <TZK,£U> <TLK,$>
Nk
= Pu—+ (u— Pu,z) ——
Nk
u+ ((u,ng) ng, ) (1) u+ (u,ng) ng = u,

which precisely means that A = (V2a)~". Therefore
<(V204)_1 u, v> = (Au,v) = (z,u) (z,v) + (ng,z) (S~ Pu,v)
= (z,u) (x,v) + (ng,z) 1" (Pu, Pv)
as claimed. U
Our second ingredient is a Poincaré-type inequality on 0K

Lemma 8.2. Let V : R" — R be a smooth, convex function. Let ugx be the measure
on OK with density ™V (x,ny) with respect to H" Y| ,,. Then for every C* function
f: 0K — R such that faK fdusx =0 we have

/ (n—1—(VV,2)) fPduor < / I (Vo f, Vor f) (&, ni) dpox.
oK 0K

Lemma 8.2 is nothing more than a reformulation of a result of Kolesnikov—Milman
from [15]. Specifically, restricting Theorem 1.1 of [15] to the manifold with boundary
K and to the case N = oo, one obtains the following:

Proposition 8.3. Let V : R" — R be a smooth, convex function. Then for every
C! function g : 0K — R such that faK geV =0 we have

/ (H — (VV,ng)) g’V < / ! (Voxg, Voxg) e ",
0K

oK
where H denotes the mean curvature.

Here we use the convention that an integral on 0K is always with respect to
the Hausdorff measure H"!|,, unless explicitly stated otherwise. Lemma 8.2 is
obtained from Proposition 8.3 using a careful integration by parts:
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Proof of Lemma 8.2. Given f: 0K — R we define g : 0K — R by g = f (x,ng).

Since

[ o= [ teme” = [ fuc =0,

oK oK oK

we deduce from Proposition 8.3 that

(39) / (H — (VV,ng)) g?e”" < / I (Vokg, Vorxg) e V.
oK oK

Similarly to Lemma 8.1, let us write P for the orthogonal projection to 7,0 K and
S T,0K — T,0K for the shape operator. Note that for h = (z,nk) and £ € T, 0K
we have
Och = (§,nk) + (x,S§) = (x, 5§) = (Pz,5§) = (SPz,§),
so Voxh = SPx. Therefore
I (Vakg, Voxg) = (S™'Vark (fh), Vox (fh))
=12 (S7'Vor [, Vor f) + 2hf (S™'Vorh,Vox [) + f* (S~ 'Vorh, Voxh)
= W1 (Vo f, Vor f) + h (Pz, Vok (f2)>/+ f? (P, Vorh) .
e (+4)

We now integrate by parts the term (x). Note that
diVaK(PJZ') = diVaK T — diVaK (hnK) =n—1-— <V3Kh, nK> — hdiVaK (nK)
=n—1-—hH,

and therefore
/ h (P, Vo (£2)) eV = — / divox (he™V - Pa) f?
oK oK
= —/ (((Vaoxh — hVoxV),Px) +h(n —1—hH)) f?e”"
oK

= - /2 (Px,Varh) eV + f°h (VorV, Px) eV
oK

0K
—/ (n—1—hH)hf? ",
oK

The first term in the expression above precisely cancels the term (x%), so the right-
hand side of (39) can be written as

/ I (Vor f, Vox ) hdpox+ [ f* (VoxV, Pz) duaK—/ (n—1—hH) fPdpsk.
oK oK oK

On the other hand, recalling that g = hf the left-hand side of (39) is

/ (H = (VV.ng)) f2h2e = / (H — (VV.nx0)) Fhdpio.
oK

oK
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The term [, H f*hdugx cancels, and thus (39) is equivalent to

/ [(n—1) — (Vo V, Pz) — (VV,ng) h] fPdusx < / I (Vox f, Vor f) hdpok .
0K 0K

Finally, we observe that
(Vo V, Px) + (VV,ng)h = (P (VV),Px) + (VV,ng) (z,ng) = (VV,x),
so the proof is complete. [l

The last ingredient we need is the following one-dimensional lemma, which is
precisely |9, Lemma 8§]:

Lemma 8.4. Let v,w : [0,00) — R be continuous functions and C* on (0,00).
Let f be a C function on [0,00) which is compactly supported (for simplicity) and
satisfies f(0) = 0. Then for every a > 0 we have

oo ./ 00 9
[ oreemras [ (e (5) -l e
0 0

With all our lemmas stated, we are ready to prove Theorem 1.7.
Proof of Theorem 1.7. Since v is even and more log-concave than u, we may write

where W is even and convex.

Using the standard approximation arguments one may assume that f is compactly
supported and that the function W is smooth. The co-area formula implies that for
all integrable functions ¢ we have

[ olade = /8 ) /0 " () drdo ()

where o is the measure on 0K with density h(z) = (z,nk). In particular, we have

/U’ ||ZE|| / / 2 - 1 —v('r) W (rz) d?"dO’K( )
] oK

Choosing f.(r) = f(rz) and w,(r) = W(rz), we have f,(0) = f(0) =0 as f is odd.
Therefore we may use Lemma 8.4 and bound our integral by

/aK /OOO w+ (n—1) (M>2 — (VW (rz), z) firz) et WOD drdg e (7).
(4) S

r r

J/
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For term (B) we will exchange the order of the integrals, and use Lemma 8.2 for the
functions f,.(z) = @ and W,.(z) = W (rz). Since f, is odd and he™"" is even we
have f&K frhe="r =0, and so by the lemma

/8 B (n—1— (VW (rz),rz)) (f ('r’x)>2 he=W(ra) < /8 ; I (Vor fr(2), Vg fr(x)) h2e VD),

,
Note that Vg f.(z) = P, (Vf(rz)), where P, denotes the projection to T,0K.
Therefore we see that our integral [ vUizl) £2q5, i bounded by

lll

/aK /000 [(Vf(m:), x)2 + 1P,V f(rz), P,V f(rz)) h} et M=WOD qrdo e ().

Using Lemma 8.1 the right-hand side above is equal to
/ / <(V2a(ra:)) - Vfirz), Vf(?“x)> et =W qrdoy (z),
oK Jo

where we also used the fact that V2a is 0-homogeneous and therefore VZa(rz) =
V2a(z). Again by the co-area formula this expression is nothing more than

/Rn ((v2)" V1V ) v,

so the proof is complete. O
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