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Notation

e R" — the n—dimensional space

e |-|or|-|; (for a set) — Lebesgue k—dimensional volume
e || (for a vector) — Euclidean length

e (-,-) — the scalar product in R™.

e For z € R", denote 2% = (z,z) = |x|.



e B3 — the Euclidean ball
e S"~! — the unit sphere

A + B — Minkowski sum of sets

vt ={y e R": (x,y) = 0} (for a vector x € R"\ {0})

1 Volumes in High dimensions, hands-on computations
and pretty pictures.

1.1 Introduction

The first lecture is all about some pretty pictures (including the one from the course website)
and getting our hands onto some basic volume computations in high dimensions. We will
generally work in R” and assume that the dimension is very large (tends to infinity). High-
dimensional phenomena manifests when complex systems that depend on many parameters
actually behave in a simple way. Concentration of measure phenomena can be viewed as
part of it. Roughly speaking, it tells that Lipshitz functions in certain high dimensional
spaces behave similarly to constant functions. In high dimensions, if you walk a bit far, you
quickly end up nowhere.

Where do the concentration phenomena stem from?

Example 1.1 (Central Limit Theorem). Let X, --- , X, be i.i.d. uniform random variables
on the interval [—1,1]. Then as n tends to infinity, the random variable

n—l/Q(X1 +-+ X))
1

2
converges, in distribution, to the Gaussian random variable with density \/T?e_%, for the
appropriate constant ¢ > 0.

To get a geometric interpretation of this, note that the vector X := (Xj, -, X,,) is dis-
tributed uniformly over the unit cube B := [—1, 1]". Given the vector § = (1/y/n,--- ,1/y/n)
the above example says that the random variable (X, 6) is distributed roughly as a normal
random variable.

What is the geometric meaning of the density f(t) of (X,0)7 After thinking a little, we
see that

f@t) =B N {(z,0) = t}|n-1-

Thus f(t) the n — 1 dimensional area of the hyperplane section of the cube perpendicular
to 0, distance t from the origin. Although sections of cubes are hard to compute exactly, as
the dimension goes to infinity they resemble a normal random variable, which is a simple
object.
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This phenomenon appears to stem from independence. However, this fact is true not just
about cubes! For any convex body there exists a direction # (in fact, many of them) for
which (X, 8) behaves a bit like a Gaussian (in the appropriate sense). This is the content of
the Central Limit Theorem for convex bodies from 2007 due to Bo’az Klartag.

In fact, it turns out that a lot of concentration type phenomena stems from independence,
while some other concentration phenomena stems from convezity and isoperimetry. While
concentration via independence is often simpler and better understood, it is also often less
general. This semester, we will only discuss concentration stemming from convexity and
isoperimetry, while concentration via independence will be discussed next semester in the
HDP course.

1.2 Computing the volumes of the cube, the cross-polytope and
the Euclidean ball.

We define an L,-ball to be the set
By ={z€R": > |z <1}.
i=1

The set BY is called the Euclidean ball, while the set B} is called the cross-polytope, or
diamond. The set
Bl ={z € R": max,—y,_n|z;| <1}

is called the unit cube. Note that B} C B} if p < gq.
For a Borel-measurable set A C R", denote by |A| or |A|, its Lebesgue volume. In this
course we always consider sets which are Borel-measurable. Note (a small home work) that

|Bgo| = 2n7
while o
Bl =~

Computing the volume of the ball BY is a bit harder. To get started we denote the unit
sphere (the boundary of the unit ball) as

S"t={reR": |z| =1}.
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Lemma 1.2. [S"7!|,_; = n|By|.

Proof. Use polar coordinates:

0 1 1 1
Bil= [ do= [ [ Camoetaras= [ [etaeas— [ ap— s
By sn—1 Jo sr—1 Jo n Jsn—1 n

with the change of variables x = 6,0 € S*~ !t > 0. n
Now we want to compute the area of S"~!. Building towards that, we show
Lemma 1.3. [, exp(—2?/2) dz = v/27.

Proof. Let us consider the following two-dimensional integral:

| ewi—ta )2

We first use the fact that it equals ([ exp(—2?/2) dx)2 (follows from Fubini). On the other
hand, rewriting [, exp(—(2* +3?)/2) in polar coordinates you get

/ / te™/? dt df = |S"| = 2.
st Jo

Now we tie this back to what we originally wanted.
Lemma 1.4. .
(2m)2

Sn—l — ’
[S" T

where Jo_y = [;° m=le=% dt,
Proof. Again by Fubini’s theorem,
o0 oo N 0 2 n n
/ exp(—2?/2) dr = / / Hexp(—xf/Z) dxy -+ dx, = (/ e2dt> =V2r .
n —00 —00 L1 —00

Again we use polar coordinates to rewrite this as

oo
/ 6—332/2 dr = |Sn_1|n—1 . / tn—le—t2/2 dt = |Sn_1|n—1 . Jn—l'

0

From which we conclude the Lemma. O

Next, we need to evaluate .J,,_1. One could reduce it to Gamma function, but we employ
the so-called Laplace Method, which is a useful tool in handling integrals of this type.
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Proposition 1.5 (An example of the use of the Laplace method). Let F : R — R be a
real-valued function, and m be a positive number. We make the following assumptions.

e [ attains the absolute mazimum at the point so, and for every s # sy we have F(s) <
F(SD).

Further, assume that there exist numbers a,b > 0 such that F(s) < F(so) —b whenever
|s — so] > a.

Suppose that the integral feF(S)ds < 00.

Suppose that F' is twice differentiable in some neighborhood of sg.

Suppose that F"(sq) < 0.

When m — oo, the integral

V21
/—mEF"(s0)

Proof. See home work with a series of hints! O

/emF(S)ds = (14 o(1))emFs0)

Consider
F,(t) = (n—1)log(t) — t*/2.

Setting the F,(t) to 0 one can check that F,(t) has a maximum at ty = v/n — 1. One can
also check that F(ty) = —(n — 1)/t — 1 = —2. Thus Proposition 1.5 gives

Jp—1 = /°° e 121 gt = /00 e ™ gt
0 0
V2
= (Lo, (1))e ™) o
—F/(to)
1 n—1 27T

(1+o(1)e 5 (n—1)"7 Nk

Combining the above with Lemma 1.4, we conclude

Corollary 1.6.
(2m)"/2e T
(-1 7
Remark 1.7. The volume and surface area of euclidean balls tends to 0 asn tends to infinity,
but non-montonically (|BY| is increasing in n up to roughly n = 16).

(27T>n/2
Jnfl

s" = = (1 +on(1)) -

Remark 1.8. Note that

‘Bg_l‘nfl o 0 ﬂ
—IBS\n =(1+ (1))\/%.



1.3 The first taste of the Concentration phenomena

Let € > 0. Consider the problem of computing
1By N {[{z,0)] < e},

where 6 € S"1. We can write this volume (using Fubini and homogeneity of the volume) as

£

B {0 <) = [ I BBy Y di= [ (1= )" By

—€
We could evaluate this using Laplace’s method but instead we write out a coarse bound: by
Remark 1.8, and since the function (1 — #2)("=Y/2 decreases on [0, €], we get

By (.0 (B o / _— y .
= . 11—t dt > (14 0(1)) Y= - 26 - (1 — €2)(n=1)/2,
;| i A > (14 o(1)) 5= 2+ (1 =€)

Now for e = 1/4/n the above ratio is at least
2

e\ 2w

(1+0(1)) ~ 0.294.

Suppose n is very large. Then the slab of width \/iﬁ that we are considering is very thin. We

see that he volume of the intersection of the ball with a very thin slab is more than 29% of
the volume of the ball!

This means that for n = 1000000, a constant fraction of the mass of the unit ball lies
0.001 away from the equator! Any equator!!!

Remark 1.9. A more honest estimate using the Laplace Method would give 99%, provided

that the slab has width \% for an appropriate C' > 0.

)

This begs a question: maybe this means that most of the mass of the ball lies near the
center? We will shortly see that the answer is “no”, and it couldn’t be more “no”!
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1.4 About the thin annulus around the ball

Last time we concluded that the a sphere (even though it is convex) has its mass concentrated
near the equator, so it “looks like a spinning top in every direction”. That would suggest
that most of the mass is contained in the center (because the center is contained in all the
slabs). However it is actually all concentrated near the boundary of the ball.

Define the annulus A. = B \ (1 — ¢)BY. Then

Al = B3] - (1= (1 —¢))" = B3| - (ne — O("))

assuming € < ¢/n for ¢ a constant say.
Conclusion: almost all the mass of the unit ball is located 1 — c¢/n away from the origin!!!

1.5 First hand-wavy glance into the connection between isoperime-
try and concentration: most of the mass of a convex body is
near the boundary.

Definition 1.10. A set K C R" is called convex if for every pair of z,y € R™ and every
A € [0,1] one has A\x + (1 — \)y € K.

Remark 1.11. We note that the interval connecting vectors x and y in R™ can be written

[z,y] ={ )+ (1—-XNy: Ae€[0,1]}.

Definition 1.12. We say that K is a conver body if it is a compact convex set with non-
empty interior.

Note that the definition of convex body doesn’t allow for infinite cylinders or disks (In
the former case because it is not compact and the latter because it has empty interior), even
though both sets are convex.

We now want to argue that most of the mass of a convex body is near its boundary. For
a convex body K we consider an annulus A,

A.={zx e K : :dist(z,0K) < ¢}
Recall also
Definition 1.13 (Minkowski sum). For A, B C R™ define their Minkowski sum as
A+B={z+y: z€ A yec B}
Definition 1.14 (Perimeter). For a Borel measurable set A C R” define perimeter as

[A+eBy\ Al

|0A| = lim inf
e—0 g

10



Picture (c) Klartag

Claim 1.15 (a very hand-wavy part). When € is sufficiently small (depending on K,n) we
have |A.| ~ e|0K]|,_1.

A nice way to lower bound the perimeter is via the isoperimetric inequality:

Theorem 1.16 (The isoperimetric inequality). Balls minimize perimeter relative to volume.
In other words, for any Borel-measurable set K in R"™ such that |K| = |RBY|, for the right

R >0, one has
K| > [0(RBY)|.

A fable has it that Roman soldiers wanted to maximize the amount of land they received
as payment for military service:)

N 7
EC]N\O\ | N
Permeter

/

Note that the expression u‘(a‘f;'l is invariant under dilations of K: indeed, the volume is

n—homogeneous while the perimeter is (n — 1)-homogeneous, and therefore for any t > 0:

O@K)| _ oK) _ [9(K)|

K
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Therefore, the isoperimetric inequality is equivalent to the fact that for any Borel-

measurable set K in R",
oK| _ |oBy]

K By

Thus by taking € = ¢/+/n for ¢ a sufficiently large constant we conclude that |A.|/|K]| >
99% (we leave out some details).

Remark 1.17. Please note that the above is not a mathematical argument but merely a
hand waving. The point is to provide the very first illustration of concentration arising from
isoperimetry!

1.6 Some more fun regarding metric estimates in high dimension

Consider the cube B2 and place a copy of BY centered at each vertex of Bl (see the Figure
below). Note that the largest ball you can place at the center of B,, without intersecting
any of the copies of By will have radius y/n — 1. This might be somewhat surprising, since
in many directions the ball extends out much further from the origin than the cube does,
when n is large.

1.7 Home work

Question 1.18 (1 point). Let F' : R — R be a real-valued function, and m be a positive
number. We make the following assumptions.

e F attains the absolute maximum at the point sq, and for every s # so we have F(s) <

F(SO).

e Further, assume that there exist numbers a,b > 0 such that F(s) < F(so) —b whenever
|s — so] > a.

12



e Suppose that the integral [e®)ds < oo.
o Suppose that F is twice differentiable in some neighborhood of sq.

e Suppose that F"(sg) < 0.

Prove that when m — oo, the integral

V2
\/—mF"(sq)

Hint 1: Observe that WLOG sy = F(sg) = 0, and that F' is equal to —oo outside of the
support.

Hint 2: Pick any € > 0 and note that one may find a § > 0 so that for all s € (=6,0) we
have

/emF(S)ds = (14 o(1))emF 0

F"(0)s?

|F'(s)

b
/ ™) s,
-5

Hint j: Note that the assumptions imply that for every 6 > 0 there is n(d) > 0 such that
F(s) < F(so) —n(0);

Hint 5: Find an estimate for féoo ™) ds and f:(i ™) ds: to do that, use the previous
hint, and also note that e™F) = e(m=DFE)F(S) - Use the assumption about the converging
integral as well.

Hint 6: Carefully make sure that the assumptions allow you to let m — oo and € — 0.

| <e.

Hint 3: Find an estimate for

Question 1.19 (1 point). All the questions below require an answer up to a multiplicative
factor of 1 + o(1), when n — oo.

a) Find |51

1By a1

Hint: Use the formula from Question 1 and the Fubbini theorem. Note that this method

is alternative to the one we used in class to express |BY|,.
b) Find the volume of

{r eR": |z| < 2,21 € [a,b]},
where b1) a=0,b=0.1; b2) a = —m, =1

Hint: Use the expression for |BY |, which we derived in class.
c) Using any method you like, find the volume of

conv({r € R": || < 3,20 =0} U{x € R": |z — €| < 1,29 = 1}).
Z2
d) Let ~y be the standard Gaussian measure on R"™ with density ﬁe_%. For each

€ (0,00), find y({z : || > t}), depending on t (find the best approzimation you can for
each range).
e) Let pu be the probability measure with density C(n)e 1. Find C(n).
f) Let pi be as above. Let R € (0,00) be such that p(RBY) = 5. Find R.

13



Question 1.20 (1 point). Let A be a convez set in R™ satisfying x1 = 0 for all x € A. Find
the volume of conv(A, Rey), in terms of |Al,—1, R and n

Question 1.21 (1 point). a) Using Laplace’s method, prove that at least 99% of the volume
of the n—dimensional Fuclidean ball is contained in a strip of width % around any equator,
for a sufficiently large n.

b) Prove the same fact on the sphere. (hint: use Fubbini’s theorem directly on the sphere,
but be careful about how the curvature of the sphere impacts your integral.)

Question 1.22 (2 points). Find a function F : Rt — R" such that for every symmetric
convez body K in R™ with |K|, = 1, there exists a vector u € S"~! (possibly depending on the
body), such that |K Nut|,_; > F(n). Acceptable answers could be F(t) =20t~ F(t) =57,

F(t)=3t7 F(t) =1, F(t) = 4, F(t) = 100¢~1, F(t) = o (1) = 0.00001, F(t) = V2,
etc.

2 Background from Convexity

2.1 Convexity: basic concepts

We start with some more definitions.

Definition 2.1 (Convex and concave functions). A function f : R" — R is called convez if
for every pair of z,y € R" and every A € [0,1] one has f(Az+(1—=N)y) < Af(z)+(1—=N)f(y).
Similarly, a function f is concave if —f is convex.

Recall that we also defined a convex set and a convex body in subsection 3.2. Given a
convex set K, one example of a convex function is the function

o 0 reK
ﬂK(x)I{—i—oo r¢ K

Note also that a hypergraph of any convex function is a convex set (recall that a hypergraph
of a function on R™ is the set of points in R™™ which are located above the graph of f).
Recall that if a convex f € C*(R) then f”(x) > 0. The Hessian of a C? function f is the

matrix an
2,

Recall also that a matrix A is called non-negative definite if for all z € R” we have

(Az,z) > 0.
Claim 2.2. If f € C*(R") is convex then the Hessian of f is non-negative definite.

Proof. See home work with hints! m
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This fact is classical and important:

Theorem 2.3 (Jensen’s inequality). For any convex function F and probability measure p,

o F ( / fdu) < [ P

2.2 Minkowski functional of a convex body and the radial function
Definition 2.4 (origin-symmetry). We say that a convex body K is origin symmetric if
re K = —rekK.

Definition 2.5 (Minkowksi functional of a convex body). Given a convex body K C R" we
define the associated Minkowski functional ||-||x : R" — [0, 00) according to

||| = inf{X >0 : 2z € \K}.
Definition 2.6 (Radial function of a convex body). We can define the radial function pg
of a convex body K according to px(z) = ||z| &

Remark 2.7. Pick 0 € S"~'. Note that px(0) equals the distance between the origin and the
furthest point from the origin inside K, in the direction 6.

We now list some properties of the Minkowski functional:
o If ¢t > 0 then ||tz|x = t||z] -

o |z]|x > 0and ||z]|[x =0 < 2z =0.

e If K is symmetric then ||z||x = ||—z| k.

e triangle inequality: ||z +y|x < |lz|x + [|y]lx-

Note that if K is a symmetric convex body then its associated Minkowski functional is a

norm. Conversely, given a norm ||-|| in R™, the unit ball with respect to this norm is a
symmetric convex body. Recall that the unit ball of a norm || - || is defined to be
{llz] < 1}.

15



2.3 Hahn-Banach theorem and the supporting hyperplanes
For 6 € S*!, we denote the proper subspace perpendicular to 6 as
0+ = {x € R": (z,0) = 0},
and the affine subspace as
0+ +t0 = {x € R": (x,0) =t}.
More generally, for a proper subspace H C R™ of dimension k we define
H* ={r eR": (z,y) =0Vy € H}.
This set is a subspace of dimension n — k.

Definition 2.8 (supporting hyperplane of a convex body). Given a convex body K and a
direction 6 € S"71, a supporting hyperplane is the affine hyperplane {6+ + t0}, such that K
is fully contained in the half-space {(z,6) < t}, while no points of K are contained in the
half-space {(z,0) > t}.

Now, we state:

Theorem 2.9 (a version of Hahn-Banach in R™). Let K be a convex body in R™. Then for
all § € S"' there exists tg € R such that the hyperplane 0+ +t40 is the supporting hyperplane
of K 1in the direction 6.

Proof. Homework! ]

Note that the intersection of convex sets is convex. In particular, intersection of half-
spaces is always a convex set.

Remark 2.10. For any convex body K we have

K = ﬂ {z: (x,0) <ty}

fesn—1
where 0+ + tyf is the supporting hyperplane.

Let us give a name to this ty...
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2.4 Support function of a convex set

Definition 2.11 (Support function of a convex body). The support function hx: R* — R
of a convex body K C R" is defined as

hi(z) = sup(z,y).
yeK

Remark 2.12. Note the geometric meaning of the support function when 0 € S*~! is a unit
vector: h(0) is the (sometimes signed) distance from the origin to the supporting hyperplane
of K which is orthogonal to 6.

7he)

convex body Q

0, unit vector ©

The support function has a few nice properties:

e hy is 1-homogeneous: hg(tx) = thg(x) for all ¢t > 0.

e For all § € S*™ 1, 6+ + hg(0)6 is the support hyperplane for K.
e hy is a convex function.

e If K is symmetric, then hg is a norm.

2.5 Duality/Polarity
Definition 2.13 (Duality/Polarity). Suppose K is a set in R™. The polar of K is

Ke={zxeR":Vye K, (z,y) <1}

Letting the half-space H, = {x € R" : (z,y) < 1}, we see that K° = Nycx H,. Therefore,
the polar set is always convex (even if K is not). Note also the following:

Claim 2.14. K° is the unit ball under the norm hg. In other words, hx and || - ||k are dual
norms: for all x € R™ we have hi(x) = ||| ke.

17



Example 2.15. For instance, a symmetric interval and a strip are polar to one another.
[—af,ab]° = {z € R": [(z,0)] < 1/a}.

Definition 2.16. The convex hull of a set Q C R" is

k

k
conv ) = {Zmi: D N=1X12>04"¢ Q} :
i=1 i=1

Definition 2.17. A polytope K C R™ is the convex hull of finitely many points: There exist
01,...,0, €S ! ay,...,a; € R, such that

K = conv{a0y,...,a;0}.

Equivalently, one may define a polytope as an intersection of finitely-many half-spaces
(see home work).

Remark 2.18. For a polytope K = conv {a6s, ..., a0} we have

K°=({z eR": (2,6,) < 1/a;}.

=1

Some other examples:

18



e K°= K if and only if K = Bj.

o (10B3)° = 0.1BY.

e (BL)° = B}, and more generally (B})° = B} where p~' + ¢! = 1.
A few more definitions:

Definition 2.19 (Section of a convex body). Let H be an affine k-dimensional hyperplane.
A section of K with H is KN H.

Definition 2.20 (Projection of a convex body). Let H be an affine k-dimensional hyper-
plane. The projection of K onto H is

KIH={xcH:3yc H" v +yc K}.
Now, some more properties of polarity:
(a) (K°)° =K.

(b) Let T be an invertible linear operator. Then (TK)° = (TT)"*K°. A special case is
(aK)° = a 'K°. Also, ellipsoids are closed under taking polarity.

(¢) (K|H)°N H = K°nN H for all proper hyperplanes H.
(d) K C L implies that L° C K°.
Recall the Minkowski sum of K, L C R" is
K+L={x+y:ze€ K,ye L}
Claim 2.21. hg,;, = hg + hy,
Proof. Homework! |

1 1\
PK°+L° = + .
PK°  PLe

Later in the course, we will discuss the following related notion:

Equivalently,

Definition 2.22 (Legendre transform). Let ¢: R® — R. The Legendre transform of ¢ is
the function ¢*: R™ — R defined as

¢*(x) = sup ({z,y) — ¢(v))

yeR™

The following connection between the Legendre transform and polarity is important to
remember: for a convex body K, hj = 1%, where, as before,

o 0 reK
ﬂK(w):{—i—oo r¢ K
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2.6 Home work

Question 2.23 (1 point). Prove that for any convexr body K in R™ and for any point
r € R"\ K, there exists a vector § € S*™' and a number p € R such that (z,0) > p and for
ally € K, (y,0) < p. (this is a finite-dimensional version of the Khan-Banach Theorem)

Question 2.24 (1 point). Prove that a convex hull of a finite number of points in R™ either
has an empty interior, or can be expressed as an intersection of a finite number of half spaces.

Question 2.25 (1 point). Show that the Minkowski functional of a symmetric convezr body
1s a norm on R™.

Question 2.26 (1 point). Show that for a convex set ) containing the origin we have

1 1
=— n(0)do = — 0||5"do.
Q= [ o= [ el
Question 2.27 (1 point). a) Show that for any pair of convex bodies K, L we have
hicvr(x) = hi(2) + b (y).

b) Show that for a > 0, hx(azx) = ahk(x) = hex(x).
¢) Pickv € R™. Show that hj_, () = |(v,z)|. Here [—v,v] is the interval connecting vectors
—v and v.

3 Brunn-Minkowski inequality and friends
3.1 Brunn-Minkowski inequality and the Isoperimetric inequality
Theorem 3.1. Let K, L C R™ be Borel-measurable sets. Then
|K + LIY™ > | K| 4 | L]V
Some remarks:

e Note that for A > 0 we have |AK| = A"|K|. So, the theorem is equivalent to the
statement that for all A € [0, 1],

IAK + (1= N L[Y™ > A\K|Y™ + (1 = N)| L]V

In other words, the Lebesgue measure to the power 1/n is “concave” under Minkowski
addition.

e The theorem admits a dimension-free reformulation: For all A € [0, 1],
K+ (1= AL > [KPIL (1)
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Note that for all a,b >0, A € [0,1], p > 0,
(Aa? + (1 = NP > b=

by which the Theorem 3.1 implies (1). The other direction is a homework problem
using the homogeneity of the Lebesgue measure.

We now define log-concavity.

Definition 3.2 (Log-concave function). A function f: R"™ — R is log-concave if log f is
concave:

log f(Az + (1 = N)y) > Alog f(z) + (1 — A)log f(y)
for all x,y € R",0 < A < 1. Equivalently,
FOz+(1=Ny) > fA2)f ).

Definition 3.3 (Log-concave measure). A measure p on R” is log-concave if supp p has
nonempty interior and for all Borel-measurable K, L and 0 < A < 1,

POE + (1= X)L) 2> p(K) u(L)'
Recall once again

Theorem 3.4 (the Isoperimetric inequality). For all K C R,
‘8K|n—l > ‘83721]”_1

(K% By
Proof. (Using Brunn-Minkowski) We have
K By — | K
|8K|n_1:liminf‘ + B3| — |K]
e—0 £
QKD By
T e—0 £
KD el By — K
e—0 €
n=1 n|l/n
KLl By 4 O ~ K]
e—0 9
n=1 n|l/n
_ e KL 1B
e—0 g

n-1 n|l/n
= n|K| | By V",

Rearranging, we have

|8B;‘]n,1
By

OK|,—
Hngznmwm:
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Claim 3.5. We have the equality
|K + L‘l/n _ |K‘1/n + |L|1/n
if and only if K =tL +v,t > 0,v € R™.

3.2 Proof of the Brunn-Minkowski inequality, due to Lazar Lyusternik
in 1935.

Remark 3.6. Unfortunately, Lazar Lyusternik is also known for his actively negative role
in the Luzin affair.

Step 1. Suppose K and L are coordinate boxes, i.e. K = [0,a1] X -+ x [0,a,], L =
[0,b1] X -+ x [0,b,]. We have

K4 L= (00040 % x 0,0 + b,

SO
n

K+ L| = [ (a: + by).
i=1
Hence, it will suffice to show that

n

[ +0)"" > ﬁ al" + f[ b/

i=1 =1 =1

Using AM-GM (the arithmetic-geometric mean inequality),

u a; L/n - bz 1/n < 1 " a; 1 - bz

i=1
a; + b;
:_;a,—kb

from which the claim follows.

Step 2. Suppose K and L are finite unions of disjoint boxes. We will proceed by induction
on the total number of boxes comprising K and L. The base case with 2 boxes was proved
in step 1. So, suppose the Brunn-Minkowski inequality holds for N boxes. Let H = 6+ + t0
be a hyperplane which does not intersect at least one of the boxes that form K, and set

t={reR": (z,0) >t}

and H- = R"\ H". Note that on each of the sides of H there is no more than N boxes.
Next, by shifting L. we may ensure that

|[KNHT| B |ILNH

= =a € [0,1].
K] L]
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By induction, we have

K+ L > KNH"+LNHY+|KNH +LNH|
> (IKNH V" + |[LoHYY) + (IKnH- V" + | Lo H V)"
= (a'/" K"+ ML) 4 (1= ) K (L= a) )
=a (K" +|LY™)" + (1 —a) (K[ + L)
= (1K™ (L)

which gives the result.

Step 3. The statement follows by approximation, using the definition of Borel-measurable
sets. [J

3.3 Steiner symmetrization

Throughout this subsection, we assume that the sets involved are convex.

Steiner symmetrization is a technique used by Jacob Steiner to prove the isoperimetric
inequality in 1837. Loosely, given a hyperplane 0+ and a set K, we will take every interval
of K along # and shift them to be symmetric about 6.

Definition 3.7 (Steiner symmetrization). Let § € S*™!, and K C R™ Borel-measurable.
The Steiner symmetrization of K is

So(K) = | So(Kn{y+1t0:teR})

yeot

where Sg(KN{y+t0: t € R}) is an interval symmetric about 6+, contained in {y+¢6: ¢t € R},
and of length |[K N{y +t0: t € R}|;.
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Claim 3.8. |K| = |Sp(K)|
Proof. Using Fubini,

|K|:// ]Kﬂ{y+t6:t6R}\1dt:// 1Sy(K) N {y +10: £ € RY[udt = |So(K)).
0L J -0 0L J -0

]

Now we define a notion of Hausdorff distance between convex bodies.
Definition 3.9 (Hausdorff distance). The Hausdorff distance between convex bodies K, L C
R™ is
dg(K,L) =inf{t > 0: Ja > 0 s.t. K C aL C taK}

Properties of the Steiner symmetrization

e Sy(K) is convex whenever K is convex.

e circ K > circ Sp(K') where the circum-radius

circL =inf{s > 0: 3y € R", L C sBy +y}

inrad K < inrad Sy(K) where the inradius

inrad K = sup{t > 0: Jy e R",tBy +y C K}

ASp(K) = Sp(AK) for all A > 0.

Sp is continuous in the Hausdorff metric.
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° S@(K)"‘S@(L) - SQ<K+L).
(] ]859([()%,1 S |8K’n71
e diam K > diam Sp(K), where the diameter of a set A is

diam(A) = sup |z —y|.
r,yeA

Basic trick: The distance from 6+ to the boundary of K on each of the sides of f is a concave
function. Denote them, say f,g: R"™' — R. For Sy(K), these functions are both %.

Claim 3.10. There exists a sequence {0y }r € S" ! such that for all convex bodies K,
K, Sp,(K), S,(Ss, (K)), ... = RBY

K 1/n . . .
where R = ‘LBJW, and the convergence is in the Hausdorff distance.
2

Sketch proof. Since K is compact, there exists ¢ > 0 such that K C tBJ. Consider the
family 2 of all successive Steiner symmetrals of K. Note that by our properties, all of these
symmetrals are also contained in tBj. Let r = infreqcirc(L) (where once again circ(L)
stads for the circum-radius), and consider a sequence of radii 7, — r, with the corresponding
bodies Q.

The Blaschke selection theorem provides that for any family of convex bodies contained
in tBY, there exists a convergent subsequence. Since circ(K) > circ(Sp(K)), there exists a
sequence { L} C Q such that Lj converges to L with circ(L) =r > 0.

We claim that L is a ball. Suppose not. Then L misses a cap of the ball »Bj. By
compactness we may cover the boundary of the ball »BJ with rotations of this cap, corre-
sponding to directions 64, ...,0,,. Then, symmetrizing L with respect to 64, ...,0,, one may
get a body with a strictly smaller in-radius, which contradicts our choice of L. O]

3.4 Proof of the Brunn-Minkowski inequality via Steiner sym-
metrizations, valid for convex bodies only

Using the properties of the Steiner symmetrization, we see
| K+ L| = [So, (K + L)| = |Se, (K) + S5, (L)]
Next, for another direction 6y,
S, () + So, (L)| = [Se, (So, (K) 4 So, (L)) | = |6, 56, (K) + Sp, 5, (L)].

By iterating symmetrizations so that the symmetrals of K and L converge to balls Ry By, Ry BY
respectively, we obtain
|K + L| > (Ri + Ry)"| B3|
By the volume preservation property of the Steiner symmetrization, we see that |K| =
RY|BE|,|L| = Ry|B%|, and this yields the Brunn-Minkowski inequality. [
We proceed with a couple essential applications of Brunn-Minkowski inequality.
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3.5

Mixed volumes, Minkowski’s first inequality

Definition 3.11. Let K and L be convex bodies in R". Define mized volumes

—_ NI .
Vi(K,L) = %mﬂugﬁo, for j € {0,1,2,--- ,n}.

We briefly outline the following facts about mixed volumes:

When j =0, we have Vo(K, L) = |K]|.

V;(K, By) are called intrinsic volumes. When K is a polytope, those are multiples of
the total j—dimensional area of its j—dimensional facets.

We have Vi(K,By) = 1|0K]|, i.e. the first intrinsic volume is proportional to the
perimeter of K'; more generally, V; (K, L) is called anisotropic perimeter.

|K + tL| is a polynomial in ¢ of degree n, called Steiner polynomial:

n n 1

1 N ! R :
K+t =" <K + L0 = jjﬁvj(f{, =Y j(@)v;(K, L)t
= g! = gl (n—7)! = J

Vo.(K, BY) is a multiple of so-called mean width w(K) of a convex body K :
w(K) —/ hi(0)d6.
Sn—1

There is a surprising symmetry property: V;(K,L) = V,_;(L, K).

Note that the above implies that on the plane Vi (K, L) = Vi(L, K). Therefore in R?
there is only three mixed volumes for a pair K and L, and

|K +tL| = |K|+2tVi(K, L) + t*|L|.

Lemma 3.12 (Minkowski’s first inequality).

Vi(K, L) > |K|*% | L]

Proof. Home work! Similar to how we deduced the isoperimetric inequality from Brunn-
Minkowski. [

Remark 3.13 (concerning Minkowski’s second inequality which appears in the home work).
The direct application of Brunn-Minkowski inequality implies that for any pair of convex
bodies K and L, the function |K + tL|% is concave in t.

Recall that if a function F' is concave, then

1.

F"(t)]e=0 < 0;
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2. Vx,y, letting F((1 —t)xz + ty) — (1 — t)F(x) — tF(y) = a(t), we have a(t) > 0, and
a(0) =0 and therefore o/(0) > 0.

In order to obtain Minkowski’s first inequality, we basically used idea (2). Your home work
Question 2.15 is asking to use idea (1) to deduce some other inequality, which is called
Minkowski’s second.

Remark 3.14. More generally, so-called Alexandrov-Fenchel inequalities state that mized
volumes form a log-concave sequence (a log-concave sequence is a function on N which is
log-concave). The normalization for the mized volumes is chosen deliberately so that this
happens (without any extra coefficients).

3.6 Brunn’s concavity principle

Definition 3.15 (section function). Let § € S*~'. We define the section function of a convex
body K C R™ in the direction 6, to be the following function on R :

Agxc(t) = |K 0 (6% + t0)]n_s.

We recall that support of a function is the closure of the set of points where this function
is not zero.

_1
Theorem 3.16 (Brunn). For any conver body K, the function Ay (t) is concave on its
support.

Proof. We aim to show for any A € [0,1] and any s, in the support of Ay k,

[K 0 (0" + (As + (1= 00| > A[K N (05 + s0)[71 + (1 — N)[K N (0 + t0)]7.
Since K is convex, for all z,y € K we have Az + (1 — \)y € K since K. Also

(0 4 s0) + (0 +t0) = 0 + (As + (1 — \)t)d.
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Therefore, we get
MK N (0 +50) + (1= NK N (6 +t0) € KN (04 (As+ (1 = \)t)d). (2)
We conclude

K (6 + (As + (1= N0)8))[77 > |AK 0 (6% + 50) + (1 — \)K 1 (6% + 16)] 7

> MK (0% + 0) |77+ (1= N[ K 0 (0% + )] 7,

where the last inequality is obtained by applying the Brunn-Minkowski inequality in R"~!.
O

Remark 3.17. We remark that for any subspace H of dimension k, the function F : H+ —
1
R given by F(y) = |[K N (H + y)|* is concave on its support. The proof is exactly the same.

3.7 Log-concave functions and measures, Borell’s theorem and the
Prekopa-Leindler inequality

Recall that a function f on R™ is called log-concave if f(Az + (1 — N)y) > f(2)*f(y)'™*. In
other words, f(z) = eV(® where V is convex. Note that if a function is log-concave then
its support is necessarily a convex set. Note also that if f and g are log-concave then fg is
also log-concave. Some examples of log-concave functions:

e f(r) =1k(x) where K is a convex set

o fr)=cF

o f(x) =e ol . 1 (z) for some convex sets M and K.

Recall that we say that a measure p on R™ is log-concave if for all Borel-measurable sets
K, L and any A € [0, 1], we have

POAK + (1= AN)L) > p(EK) u(L)' ™.

Theorem 3.18 (Christer Borell). A measure p on R™ is log-concave if and only if it has
a density f with respect to Lebesgue measure (possibly with respect to Lebesque measure on
some affine subspace), and f is a log-concave function.

Remark 3.19. Borell’s theorem is more general than the Brunn-Minkowsk: inequality: in-
deed, the density of Lebesgue measure is 1, which is indeed a log-concave function, and thus
Borell’s theorem implies that Lebesgue measure is log-concave, which is equuivalent to the
Brunn-Minkowski inequality.

But more than that, Borell’s theorem implies, for instance, that for ~ (the standard
Gaussian measure), Y(AK + (1 — A)L) > y(K)*y (L)',
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Theorem 3.20 (Prekopa—Leindler inequality 1970, the functional version of Brunn-Minkowski).
Fiz X\ € [0,1]. Let f,g,h € L*(R™). Suppose for all x,y € R™,

h(Ar + (1= N)y) < Af(x) + (1= N)g(y).

foa(f ) ()

Remark 3.21. FEquivalently, let H =e™", F=e¢ 7/ and G =e™9. If

Then

Hz+ (1= Ny) > F(2)*G(2)" ™,
we get [ H> ([ F))[G)'.

Proof of Theorem 3.18.

e The forward direction — home work!

e The backward direction (if f is a log-concave function, then du(z) = f(z)dz is a
log-concave measure) follows from Prekopa-Leindler inequality. Indeed, let f(z) be some
log-concave function, let K and L be Borel-measurable sets, and let A € [0, 1]. We let

H(z) = f(2)lxg+a-ni(2),

One may check that
H(\z + (1= \)y) > F(2)*G(2)' 7,

and by Prekopa-Leindler inequality we get [ H > ([ F)*([ G)'*, which amounts to
pOK + (1= X)L) > p(K) (L)

Thus Prékopa—Leindler inequality implies the main (backward) direction of Borell’s theorem.
O

3.8 Proof of Prékopa-Leindler inequality

Lemma 3.22 (the layer-cake formula). Let f : R™ — R be a non-negative continuous
function. Then for any measure u on R™ we have

- f(x)du(z) = /000 p({x € R": f(x) > t})dt.

Proof. One can use Fubbini’s theorem in dimension R™*! and write the measure of the
sub-graph of f, i.e. the set {(z,t) € R"™ : ¢ < f(z)}, in two different ways. O
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Recall the alternative statement of the Prékopa-Leindler inequality.

Theorem 3.23 (a restatement of Theorem 3.20.). Fiz A € [0,1]. Let F, G, H be non-negative
function in LY(R™). If, for all z,y € R™,

H(A\z+ (1= Ny) > F(x)*G(y)"

fre(1e) (o)

As remarked in the previous lecture, this is equivalent the the original form.

then

Proof. The proof is by induction on the dimension.

Step 1: n=1. First, we rewrite the left-hand side of the desired inequality using the
layer-cake formula Lemma 3.22:

/H(t)dt:/ooHt ER:H(t) > 5| ds.

Notice that
{H >s} DMF >s}+(1—-XMN{G>s}. (3)

Using (3) together with the one-dimensional Brunn-Minkowski inequality, we get:
/RH(t)dt:/OO]{tER:H(t) > s}|ds
0
> /OOOM{F>5}+(1—)\){G> 5| ds
Z/\/OOO|{F>s}|ds+(1—)\)/ooo|{G>s}\ds.

From here, we can use the layer-cake formula Lemma 3.22 in reverse, and finish with the
AM-GM inequality:

/RH(t)dtz/\/Ooo|{F>s}|ds+(1—)\)/ooo|{G>s}|ds
)\/F()dtJr (1) /tht
( ) ( /R G(t)dt)l_A.
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Step 2: induction. We proceed by induction on the dimension. Assume inductively that
n > 1 and that the claim has been verified for smaller dimensions. Define the one-dimensional
function

H,(z,) = H(xq,...,2,)dxy - dx, 1,
Rn—1

and define F,, and G,, similarly. Fubini-Tonelli implies that F,, G,, H, € L'(R). Also, for
fixed x,,y, € R, we can still see that

HAZ, 2,) + (1= N (T y) > F@,2,) G@, ya) 7,

where T = (z1,...,2,-1) and ¥ = (Y1, .. .,Yn—1). When viewed as functions only of T and 7,
the induction hypothesis implies that

Hy,(Azy + (1= N)yn) > Fn(Id>/\G(yd)1_)\-

We now apply the one-dimensional version of the Prékopa-Leindler inequalit and obtain

/RHn(t) it > </RFn(t) dt)A (/RGn(t) dt)H,

and another application of Fubini’s theorem gives the desired result. O

3.9 Log-concavity of marginals and convolutions of log-concave
measures

Definition 3.24 (marginal). Let u be a Borel measure on R™, and H a subspace of R™ or
dimension k. Define 7,(H) (the marginal measure of u1) to be the measure on H* given by

. (H)(Q) :/Q/Hd,u(x—l—y), for Q C H+.

Proposition 3.25. If i has a density f, and H is a subspace, then m,(H) has density on
H* given by the section function:

fron(x) = / Sy

Example 3.26. Let A C R" be a Borel set, and consider i to be the uniform distribution
over A. Then, for any subspace H of dimension k, the marginal measure w,(H) has density

fun(x) =[AN0 (z + H)l

We can also give a probabilistic meaning to the marginal measures. Suppose that we
have a random vector X which is distributed according to p. Then the projection of X onto
H* (proj(X|H*) =Y where Y € H+ and X —Y € H) will be distributed according to the
marginal measure 7, (H).

As a consequence of Prékopa-Leindler inequality, we get the following fact:
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Theorem 3.27. If u is a log-concave measure on R™ and H is a subspace, then the marginal
measure 7, (H) is also a log-concave measure on H*.

Proof. Let f be the density for the measure p, and fy(x) = fHH f(2) dz be the density for
the marginal measure 7,(H). By making an affine change of variables we can also write that

= [ f(x + z) dz. Our final goal is to show that fy(Az + (1 —Ay) > fu (@) fu(y)' ™
for all x,y € H+ and X € [0,1]. For now, fix x,y € H- and X € [0,1], and we define three
functions A, B,C : H — R as follows:

D
—
N
~—
I

B(z) = f(y + =),
C(z) = fOx+ (1= Ny +2).

Now we can verify that these three functions satisty the hypothesis of Prékopa-Leindler. For
u,v e H

CQu+u—Awy:ﬂMx+w+w-—M@+v»
> fla+u)fly+0v)
= A(u)*B(v)' ™,

where in the middle we use the assumption that f is log-concave. Thus, we can apply
Prékopa-Leindler and conclude that

FaOha + (1= \)y) = / C(2) dz

</A du> (/Hf_fs(v)du)l_A

= fu(@)* fu(y)'™,

which shows that the marginal measure is also log-concave. O

By looking at convolutions as an affine marginal in a higher-dimensional space, we get
the following corollary.

Corollary 3.28. If f and g are log-concave functions, then the convolution is also log-
concave.

Proof. Fill in the details: home work. O

We conclude that the class of log-concave random vectors is closed under sums (convolu-
tions) and projections (marginals).
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3.10 Borell-Brascamp-Lieb inequality
Definition 3.29. We say a function F' on R" is p-concave if F? is concave.

Theorem 3.30 (Borell-Brasscamp-Lieb). Suppose p € (—1/n,00) and f,g,h > 0 and fix
A€ [0,1]. Ifp>0 and h(Ax + (1 — Ay) > Af(x) + (1 — N)g(y) then

(o) en () soon(f )

If p <0 and h(Ax + (1 — Ay) < Af(z) + (1 — N)g(y) then

(/hl/p> = ) (/fl/p> e 1= (/gl/p)npp-&-l.

Using this theorem in place of the Prékopa-Leindler inequality we can get similar corol-
laries.

Corollary 3.31. If F is p-concave for p > —1/n then its k-dimensional marginals are

_P__
Tp+1 concave.

Note that when p 0 we recover the Prékopa-Leindler inequality, and when p — —1/n
the result becomes a tautology.

3.11 Linearizations of geometric and functional inequalities

Idea: Suppose that F is a functional on some reasonable class of functions, such that F
is concave:

F((1 = 1] +19) > (1= )F(f) + tF(g).
Then, for fixed f and g, we can define the univariate function
a(t) = F((L=t)f +1tg) — (L =) F(f) —tF(g),
and notice the following properties.
1. a(t) >0 on [0,1] and «(0) = 0, which implies o/(0) > 0;
2. &"(0) <0 and j—;?(f—l—tg) <0,
3. If F(f) < F(fo) then £F(fo +ef)l=o = 0, and G5 F(fo + ef)=o < 0.

Our first goal will be to understand in what sense the Prékopa-Leindler inequality can be
understood as a statement about concave functionals. The hypothesis of Prékopa-Leindler
is that

(1 =tz +ty) < (1—1)f(z) +tg(y).
What is the best possible h in this inequality?
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Definition 3.32 (Infimal convolution). Given functions f,g : R* — R and ¢ € [0,1] we
define the infimal convolution

fBg(z) = inf — {(1—1)f(x) +1g(y)}-

(1—t)z+ty==

We will also write

fOg(z) = inf {f(z)+g(y)}.

Note that f[d;g = h satisfies the condition, so Prékopa-Leindler implies that

fer= ([ =) ()

We also can note that fllyg = f and f[,g = ¢, so in some sense the infimal convolution
interpolates between the two functions f and g. What we want, is to find a functional F

such that - .
/ ¢ F=DF+g) > ( / e—f(f)) ( / e—f<g>)

Example 3.33. When K,L are convex bodies, consider the infmal convolution of their
convex indicator functions:

1FO1R(:) = inf {12(2) + 1F ()} = 1%,,(2).

Recall that hyg,;, = hx + hp, so our goal will be to find a functional F such that
F(fOg) = F(f) + F(g), and a good hint for what we are looking for is that we want

3.12 Legendre Transform
Recall the definition

Definition 3.34. For f : R" - R = RU {co} we define

(@) = sup{(z,y) — f(y)}.

yeR™

Example 3.35. 1. For a convexr body K
(LZ)"(x) = sup{(z,y) — 1Z(y)}
yeR?

= 33}13{@, y)}
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. Suppose f(z) = |z|: R* = R. Then

f(z) = sup{(z,y) — |y[}

yeR”
= sup{t|z| —t}

>0
_J 0 el < o
_{ oo if |z > 1 = 15 (@).

. When if f* = f? This happens when f(x) = L|z|*. Indeed

2
f*(@) = sup{(z,y) — |y|*/2}
yeR”
= sup{t|z* — *[z|*/2}.
t>0

The function inside the supremum is a quadratic in t and is maximized when t = 1.
Thus

fr(@) = |=[*/2.

. Consider f(x) = C a constant function. Then

[*(z) = sup {(z,y) — C} = oo.

yeR”

Note that this does not depend on the choice of constant C'.

. Consider f(y) = { —/1=yl* if |yl <1

00 if ly| > 1.

(@) = sup{(z,y) — f(y)}

yeR”

= sup { (z,5) + VT =Ty}
ly|<1

= sup {t|x\2+ 1—t2\:c|2}.
tel0,|z|~1]

Once, again, we can try to optimize by hand:

tlzf?

d
- (tm? +4/1 —t2m2) = |22 —

This is zero when ;

S
V1= t2z]? 7
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which rearranges to t = \/#—W (which is in the correct range). Now we can plug this

back in to see that

\ |z|” i
f@) = ———=—=+4/1- 3
1+ [z]? 1+ |z]
|z 1+ | — |=]?
= + 5
V1 [z]? 1+ |z]
|2 +1
| |z|? +1,

:TW:

which is the top branch of a hyperbola with asymptotes y = +ux.

Lemma 3.36 (Properties of the Legendre transform). There are a few important
properties of the Legendre transform:

1. For any ¢ : R — R, ¢* is convex (since it is the supremum of linear functions.)

If ¢ is convex then (¢*)* = ¢.

For any a € R, (¢ + a)*(z) = ¢*(z) — a.

f(x) < g(x) implies that f*(z) < g* ().

(af)"(z) = af*(3).

Proof. Home work! O

We outline another key property:

Proposition 3.37 (Legendre transform linearizes infimal convolution). For f, g convex
(fOg)" = f"+g"

Proof. This is a direct calculation:

(fOg)*(x) = sup {{z,y) — [Og(y)}

= {0 = a0 +a0)
= sup {(@,a+b) = fla) —g(b)}
= f"(z) + 9" (2).
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Remark 3.38. Consider what happens to the epigraph when taking the infimal convolution.
The following are further important properties of the Legendre transform.

Proposition 3.39 (Legendre transform of smooth functions). Let V' be a strictly convex C*
function R™ — R.

1. V(z)+ V*(VV(z)) = (z, VV(z)),
2. VV(VV*(x)) =z, in other words VV o VV* = Id.
3. V2V*(VV(x)) = (V2V) L(2).

Proof. 1. For all 2,y € R™ we know that V(z) + V(y) > (z,y), just from the definition
of Legendre transform. Now

V*(y) = sup{(y, 2) — V(2)},

z€R™

where at teh optimal point, V.[(y,z) — V(z)] = 0. This implies that the optimal
y = VV(z), and equality holds.

2. Take the gradient of both sides in 1.
VV(z)+ V*V(z) - VV*(VV(x)) = VV(2) + V*V(2) - .

Rearranging and cancelling terms using the fact that V strictly convex implies V2V is
invertable, and we conclude
VV*(VV(x)) = =.

3. This is equivalent to 2. since the Hessian is the Jacobian of the gradient map.
]

Remark 3.40. Note that the relation (2) from Proposition 3.39 implies that V** =V (i.e.
property (2) from Lemma 3.36) under the assumption that V is C? and only takes finite
values.

3.13 Generalized Log-Sobolev Inequality

Recall that Prékopa-Leindler inequality can be written as

forea () (1)

By replacing functions with their Legendre transform we get the following inequality (for
which, in fact, convexity is not needed):

t 1-t
/e—(tf+(1—t)g)* > (/ e—f*) (/ e—g*) )
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This convenient formulation was noted by Cordero-Erausquin and Klartag [51]. In other
words, log [ e~/" is a concave functional on the space of reasonable functions (for which the
corresponding integrals exist).

Remark 3.41. Note also the dual fact: the functional logfe_f 15 convex by Holder’s in-
equality.

Now, let

aft) = 10%/6_((1_t)f+t9)* —(1-1) log/e_f* — tlog/e‘g*.
We know that a(t) > 0, and a(0) = 0, so we can conclude that o/(0) > 0. In order to

compute what this means, we shall need:

Lemma 3.42. Let Vi(x) be a family of functions on R™ fort € [0, 1] such that V; € C*(R™, R)
and Vi(x) is convex for each t. Then

d * ) *
V(@) = VATV (@)
d2 . . .
Ve (@) = =Vi(VV (@) + (V@) VVilvve @) VIVilev; @))-
Proof. We will only show the first identity
d

SV @) = —VA(VV; (1),

as the second identity will appear in one homework problem (Question 4.12).

Recall the following duality formula for Legendre transform:
Vi(z) + ViI(VVy) = (VV,, z).

Differentiating with respect to t on both sides, we get

. d . .
Vi(z) + a‘/;*(VVt) +(VV(VV), VV) = (VV,, z).

Now using VV;* o VV; = x, the above identity is rewritten as

. d . .
Viw) + SV (V) + (@, VWi = (TVi.a),
which yields
d_ ., .
T (VVi) = =Vi(z).
It remains to set y = VV; and use VV,* o VV; = = again to complete the proof. [
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We deduce:

e 1"
WO = g [ =0 bt o

| i 9 4108 5
:W./_e T (V) g

When f and g are convex, we let F' = f* and G = ¢g*, and using the fact that o/(0) > 0 we
get the inequality

/—e—F (F* — G*)(VF) + /e—F log fz_g > 0.

This can be seen as a version of Minkoswki’s first inequality

Theorem 3.43 (Minkowski’s first inequality for functions). Suppose F,G are convexr and
[e = [eC Then

/ G*(VF)e ¥ > / F*(VF)e
and the left-hand side is minimized when G = F'.

Remark 3.44. Compare this to the inequality Vi (K, L) > |K|"5 |L|= in the case that |K| =
L]

Continuing with our previous inequality before the theorem. We can use the lemma to
make some substitutions:

/ F*(VF)e ™ = / (VF,z) — F(x))e F.

Note that [(VF(z),z)e " = — [(Ve™F x), so we use integration by parts

/(VF(x),x)e_F _ —/(Ve_F,x) _ /e—F-A%Q :n/e—F.

Plugging all this back in, we get the following inequality
Theorem 3.45 (Generalized log-Sobolev inequality). If F, G are convez functions, then

Jewnerenfer- frere [t

Corollary 3.46. If F,G are convex functions and [ e = [e™%, then

/G*(VF)e—F > n/e‘F—/FG_F.

Remark 3.47. For the first time, the derivation of the Log-Sobolev inequality using lin-
earization of Prékopa-Leindler inequality was done by Bobkov and Ledouz.

Remark 3.48. Recall that for any function F that is nice enough (convez, smooth and does
not take infinity values), VF* o VF = x. Note that this in fact already implies F** = F' for
such functions.
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3.14 Reformulations and notable partial cases of the Generalized
Log-Sobolev Inequality

We continue with a few remarks on Theorem 3.45:
Remark 3.49. The equality holds if F = G.

Remark 3.50. Theorem 3.43 (equivalent to Theorem 3.45) implies Minkowski’s first in-
equality Lemma 3.12. To see this, let F' = 152(x) for some set K and G = 15°(x) for some
set L. Then [e™F = [e7% is equivalent to |K| = |L|. We get, using that G* = hy, :

[ ewner = [ ewr = [ mEw = [ nm),

where ng is the outer unit normal vector to OK. We have seen in a homework problem that
the last quantity is actually proportional to the mized volume nVy(K,L) = |K + tL|,_,. By
Theorem 3.43, we get

[K +tLfi—o > [K + tK ],

which is precisely Vi(K,L) > |K| = |K|"+ - |L|n, in view of the volume restriction.

Now let us state a reformulation of Theorem 3.45. Consider ¢ = e~ for some convex F.
Then F = —log¢ and VF = —V¢/p. Assume G is convex and [ e~ = 1, then Theorem
3.45 can be rewritten as

[ (52)on o foms- oo

Definition 3.51 (Entropy). If du is a measure on R", then the entropy with respect to
measure j of a function ¢ is defined as

Eut, (6) i= [ olog ody - ( / ¢du> log ( / ¢du) |

When g is Lebesgue we write Ent(¢) for simplicity.

Remark 3.52. By Jensen’s inequality, we get, using that tlogt is convex: Ent,(¢) > 0 for
any probability measure p.

Theorem 3.53 (Reformulation of the Generalized Log-Sobolev Inequality). For any log-
concave function ¢ and convex function G with fe*G =1,

[0 (-Z) 020 [ o+ buie

We derive, by plugging in G*(z) = |z| — log | BY|:
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Corollary 3.54 (L;-Sobolev inequality, Bobkov-Ledoux, 2000). For log-concave function ¢,

Ent(¢)+6’n/¢ < /IWJ\,

where C,, = n + log | BY|.

Next, we get, by plugging in G*(z) = @ — nlog+/2m:

Corollary 3.55 (Classical Lebesgue Log-Sobolev inequality, first form).
1 [ |Vo|?
(1st form)  Ent(¢) —|—nlog(\/27re)/¢ < 5/%

Note that [ % is called the (Lebesgue) Fisher information. By substituting ¢ = f?,

one can also write

Corollary 3.56 (Classical Lebesgue Log-Sobolev inequality, second form).

(2nd form) Ent(f2)+nlog(\/%e)/f2 §2/|Vf|2.

Remark 3.57. In the Corollaries 3.55 and 3.56 one does not need to assume that ¢ is
log-concave — see home work.

We also note by plugging G* = |z|P + C(n,p) :

Corollary 3.58 (L,-Sobolev inequality).
Bul?) + Coy [ 12 <970 [ 1927,

where Cyp, = n —log(|S™H - [7¢" e /9dt), 1/p+1/q = 1.

Finally, we formulate
Theorem 3.59 (Gaussian Log-Sobolev inequality). Let dvy be the standard Gaussian measure
in R™, and let g € W2(dv), then

Ent,(¢%) < 2/|V9|2d7.

Remark 3.60. Log-concavity assumption on g is not needed; see home work.

. 2
Remark 3.61. Theorem 3.59 is equivalent to the Corollary 3.56 by choosing g = (271')%67‘](.
See home work.

Remark 3.62. g =1 gives the equality case in Theorem 3.59.
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Remark 3.63. Theorem 3.59 (or Corollary 3.55, since they are equivalent) implies the
Lebesgue Sobolev inequality:

1 w70
n| B ( Nk dx) < [ 1vsla,

which holds for all smooth f such that the integral converges.

Remark 3.64. The inequality also holds on the sphere S, which actually implies Theorem
3.59:

Progr = [ pog [ peaf vesp
Sn—l Sn—l Sn—l Sn—l

Lastly, we mention the following fact (whose prove is left as a home work problem):

Theorem 3.65 (Generalized Log-Sobolev inequality for log-concave measures). Let dyu =
e~Vdx be a log-concave measure and F,G be convex functions such that fe*Gdu = 1. Then

Ent,(e™F) + n/e_Fd,u — /(VV, zye Fdu < /G*(VF)G_Fd,u.

Proof. Home work! m

3.15 The p-Beckner Inequality
We mention, without proof:

Theorem 3.66 (p-Beckner inequality). For f € W'2(R" v) and p € [1,2),

/dev— (/Ifl”dv);i < (2—p)/|Vf|2d7.

This result implies the so-called Gaussian Poincare’s inequality when p = 1:

[ra-(] fdv)z < [1vspar

We will formally prove this fact soon.
Also, Beckner’s inequality implies the Gaussian Log-Sobolev: one can obtain

Ent, (f) <2 / V1 2y

by letting p — 2 in Theorem 3.66 and taking the derivative; see home work.

Remark 3.67. The p-Beckner inequality is stronger when p is bigger. In other words, the
Gaussian Log-Sobolev Inequality is the strongest inequality in the family of all p-Beckner
imequalities.
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Remark 3.68. The inequality is also known to hold on the sphere S™~1.

Question (Siva): Is there a Lebesgue Beckner inequality?

Question 2 (Siva): What will happen if we plug ¢ = f?e~" into Theorem 8.47

Below we fix a log-concave probability measure du = e~“dx on R": that is, we assume
that G is a smooth convex function and [e™¢ = 1.

Definition 3.69 (Variance). The variance of a function ¢ w.r.t. p is defined as

Var, (0) i= [ oy~ ( / ¢>du>2-

Note that variance of a constant function is zero. Also, variance is invariant under adding
constants to ¢. In a sense, variance measures “how far is ¢ from a constant function”.

3.16 A few words about the Laplace operator with respect to log-
concave measures

Definition 3.70 (Laplace operator associated to p). For a “reasonable” function u (to be
discussed in more detail in November),

L,u:=Au— (VG, Vu).
Example 3.71. 1. If pu is Lebesgue then L,u = Au.

2. If p is Gaussian then L,u = Au — (z,Vu), which is called the Ornstein—Uhlenbeck
operator.

Lemma 3.72 (Integration by parts). If u,v € C?(R") such that the integrals converge, then
/uL“vdu = —/(Vu, Vu)du.
Proof. Using the classical integration by parts [ fAg = — [(Vf,Vg), we get
/uLMvd,u = /(ue_G)Av— /u(VG,Vv}e_G
= —/(V(uec),Vv> — /u(VG, Vu)e @
= —/(Vu, Vv>e_G+/u(VG, Vv>e_G—/u<VG, Vu)e @
= —/(Vu, Vo)dp.
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3.17 A short and non-standard proof sketch of the integration by
parts

In fact, we can prove the integration by parts formula for Lebesgue measure (as well as for
any Log-concave measure) in the following simple and unusual way. Here is the sketch.

Lemma 3.73 (Integration by parts). Let du = e ¥ dz, with L,u = Au — (Vv, Vu), with
f,g9: R" — R such that g is smooth and bounded. Then

[ £ Lugdn=— [(v5.vg)

A special case for v =20 is

/f-Agdx:—/(Vf,Vg>dx

Proof. Consider the change of variable z = y + tVg(y), which has Jacobean det(Id +tV?g).
Then:

/ fw)dp(z) = / fly +tVg(y))e V90D det(Id +£V2g) dy

Noting that the LHS does not depend on ¢, differentiating gives

% / fly +tVg(y))e VW) det(1d +1V?g) dz| =0

t=0

Differentiating under the integral,
0= / (<Vf» Vgye™ — f(Vu,Vgle ™ + f - Age‘”) dy

where we used the fact that & detId 4 tA = tr(A). Then it follows that

[ Lgdn=- [(v.V9)

3.18 A word about eigen-functions

An interesting topic related to this operator is its eigen-functions. Define the first eigenvalue
A1 to be the smallest A > 0 such that there exists a u # 0 such that L,u = —Au. It can be
shown that 1/)\; is actually the Poincaré constant, i.e.,

2 2
M= inf Vel J IVl
w20 [2dp — ([ udp)?  w#0 [ u?dp
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where the last equality follows from Var,(f) = inf, [(f — a)?du. Note that in general it is
nontrivial to have A\; > 0, but this is true for log-concave measures. We will discuss this in
more detail in November. The main takeaway for now is that we always have the Poincaré
type inequality for log-concave measures, i.e., for any function wu,

1
Var,(u) < /\—/|Vu|2d,u.
1

3.19 The derivation of the Brascamp-Lieb Inequality from the
Generalized Log-Sobolev inequality

The idea: Recall that we obtained the Generalized Log-Sobolev inequality from Prékopa-

Leindler inequality by taking the first derivative near the point of the minimum. In this

lecture, we will continue with this approach: Derive new inequalities by taking further
derivatives of Prékopa-Leindler (or Generalized Log-Sobolev) around the point of maximum.

B(C+£%)

Recall the Generalized Log-Sobolev inequality: For convex functions F, G with [ e =1,

/G*(VF)G_FZn/e_F—/Fe_F—/e_Flog/e_F,

where the equality is attained when F' = G. To take the derivative around this point, let
F = G + t¢ and denote

B(t) := /G*(VG—Hngf))e—G_w—n/e_G_w—l—/(G—l—tgzﬁ)e_G_w—i—/e_G_w log/e_G_t‘b.
We have that, 8 > 0 and 5(0) = 0. We will see that also 5'(0) = 0 (as is customary at a point

of minimum), and this will imply that 5”(0) > 0, which will amount to a nice inequality
called the Brascamp-Lieb inequality.
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1. Write the Taylor expansion of G* up to the second term:

G* (VG +tV¢) = G*(VG) + t{VG*(VG), V) + §<V2G*(v0)v¢, V) + o(t2).

We will drop all o(t?) terms from now on.

2. Usee®=1—-6+ % to obtain

t2
e 0T =G e = ¢ (1 —to+ Eng) .

Combining this with log(1+4d) = 4§ — % and note that [e™% =1, we get

() (05
= log (1 - t/gbe‘G + g/nge_G)
B | T

With the variance notation, () becomes
log ( / th¢> = —¢ / odp + g\/aru(@.

Gloing back to our differentiation, the first term of B(t) i

/ G*(VG 4 tV¢)e 91

_ / (G*(VG) VG (VG), Vo) + §<V2G*(va)v¢, ng)) (1 o+ ggb?) dy
- / GH(VG)dy + 1 / (VG (VG), V) — 6G*(VG)) dy

+ g / (V2G*(VG)V¢, V) + ¢°G*(VG) — 20(VG*(VG), V) du
- / GH(VG)du + 1 / (V. 2) — 6G*(VE)) d
2

+5 [ (((V26) V6, V6) + 6°G" (VG) — 26(Vo,2)) du,
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while the other terms are

-n / e 71 4 / (G +tp)e " + / e ¢ log / e G710
—n/ (1—t¢+ﬁ¢2) du+/(G+t¢) (1 —t¢+§¢2> du
+ [a-1 du( t [ odn+ Vam(qs))
= —n+ /Gd;H—t (n/qbdu - /gbGdu) +§ (/(G —n)¢*dp — Varu(qb)) :

Here we used that f e ¢ =1
To proceed, we need the following observations:

1. Using the duality formula G+ G*(VG) = (VG,z) and [(VG,z)dp=n [e % =n, we
can easily obtain

/ G (V@) =n — / Gdp,

so the constants cancel out, and as expected, confirm that 5(0) = 0.

2. By Lemma 3.72,

Combining this with the duality formula, one can get
[ (6.0) = 66" (V@) du+n [ oau— [ oGy
—n [ odn+ [ oVG.wydn~ [ (V) = G+ [ 6du~ [ oG

so the first order terms also cancel out, and we have, as expected that 5'(0) = 0.

3. (Conclusion) From the second order terms, we obtain

/ (((V?G)™'V, V) + ¢°G*(VG) — 2¢(V, z)) dp + / (G — n)¢*du — Var,(¢) > 0.
(4)

We are left with showing:

47



Claim 3.74.
@6 (96) ~26(v6.adu+ [(G - mtdu=o.
Proof. Tndeed, by the duality formula and Lemma 3.72, one has
[(66:(96) - 20(9,))du
= / ($*(VG,x) — ¢*G)dp — / (Vo?, x)du
- [@vamn - [orSa
~ [@96.2) ~ G+ [ i~ (VG
:/m—m&@.

Finally, by combining (4) and Claim 3.74 we arrive to

Theorem 3.75 (the Brascamp-Lieb inequality, 1976). Let G be a strictly convex function
with [ e~% =1 and let du = e=%dx. Then for any locally Lipschitz function ¢, we have

Var,(6) < / (V2G) 'V, V)i,

where Var,(¢) = [ ¢*dp — (f gbd,u)z.

Remark 3.76 (Brascamp-Lieb inequality is the local form of the Prekopa-Leindler inequal-
ity!). One can alternatively show directly that the Brascamp—Lieb inequality is equivalent to
the following consequence of Prekopa-Leindler inequality:

d2 *

- —(f+tg)

s log / e 9 <0.
by substituting G = f* and ¢ = g(Vf*). In fact, Brascamp-Lieb inequality also implies
Prekopa-Leindler “by integration”. See home work!

Remark 3.77. The Brascamp—Lieb inequality attains equality when ¢ = (VG, 0) for any 0 €
R™. Something cool happens here: For any measure p, one can obtain L,(x,0) = —(VG,0).

Remark 3.78. In fact, it may be tempting to continue our explorations of the linearization
idea, and set ¢ = (VG,0) + ef into the Brascamp-Lieb inequality, take derivatives in €
and see if a new inequality comes out for the function f. Unfortunately, it turns out the
Brascamp-Lieb inequality is “the end of the line”; see home work.
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For dy = dy being the Gaussian measure, one has V2G = Id which yields
Corollary 3.79 (the Gaussian Poincaré inequality).

Var,(¢) < / (Vo|*dry.

Recall that we discussed it as a partial case of Beckner’s inequality, but now we formally
proved it.

Remark 3.80. By our earlier discussion about eigenfunctions, this inequality means that
the first eigenvalue of L., is 1. One can check that the corresponding eigenfunctions are the
linear functions, i.e., L,(x,0) = —(x,0) for all € R".

Remark 3.81. In fact, one may deduce the Gaussian Poincare Inequality from the classical
Gaussian Log-Sobolev inequality (rather than from the generalized one), in the same way as
above. That computation however is markedly simpler; see home work.

Remark 3.82 (An important observation about Brascamp-Lieb). For G = V + W and
dv = e~ VWdx, we have

2
/ Sy — ( / ¢dy) < / (V2(V + W) 'V, V).
Suppose that V,W are convex functions. Then clearly V*(V + W) > V2V, which yields

Var,(6) < [(9*V) 196, Vo)
Let K be a convex set and consider in the previous remark W = 1%2(z) 4+ C,, with some
properly chosen constant C,,. We obtain the following automatic generalization:

Corollary 3.83. Let du = e~ Vdx be a log-concave measure and K a convex body. Then for
any function ¢ that is nice enough,

ﬁ /K Sy — (ﬁ /K ¢du>2 < ﬁ /K (V2V)"1Vo, Vo)dp

In other words, Brascamp-Lieb inequality can be automatically restricted to any convex
set.
As another corollary, we obtain:

Corollary 3.84 (An extension of the Gaussian Poincare inequality). If du = e~ Vdz is a
probability measure and V*V > k- Id, then

1
Var, (6) < 7BV o

In this case, the Poincaré constant (or the inverse of the first eigenvalue of L,) can be
bounded by k.

49



3.20 Going back to Poincaré inequalities: Payne-Weinberger and
Poincaré on the circle

Let dp be a log-concave density, A; the first eigenvalue of L,. The Poincaré inequality is

Var, () < & / IV 7] dy

Theorem 3.85 (Payne-Weinberger). Let K be a convexr body, with diam K = R. Then for

all locally-Lipschitz f,
1 / 1 > R
1) i S T) = e Y

Theorem 3.86. Let ¢ € C'(—m,m). Then

%/_Zﬁde— (%/Me)zg%/_:ﬁd@

Proof. Recall the Fourier series:

where ) -
= — do
]

We have (¢)(n) = n¢(n). By Parseval’s theorem,
/ F= S o =Y 2 ldmE > 3 b
n=—00 n#0 n#0
Then observe that
1 ™ 1 U 2 e N ~ N
o | a0 (5 [ o) = 37 B - O = 3 lotn)
2 J_. 2 J_ . Bt s
which gives the inequality. O]
Remark 3.87. For ¢(0) = acosf + bsinf we have equality.
Remark 3.88. If ¢ is even on [—m, 7], then for all odd k, (k) = 0. From this we obtain
dolem)P =" lon Z n’[o(n)[?
n#0 [n|>2 \n|22

so we may sharpen the above inequality to Var ¢ < %Eq‘ﬁz.
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3.21 Colesanti’s inequality via Brascamp-Lieb (Cordero-Erasquin’s
approach)

We have certain parallels between inequalities for functions and inequalities for volumes (and
can often deduce the volume version from the functional one):

Functional Volumetric
log [ 9" is concave log |K + tL| is concave
Generalized log-Sobolev Minkowski’s first inequality
Brascamp-Lieb inequality | Minkowski’s second inequality

Explicitly, Minkowski’s second inequality is

n—1
|K +tL|"| - | K] <

— (K + 1Ll =)

The factor of = arises when we differentiate (twice) ¢'/", which differs from (but resembles)
the logt involved in deriving Brascamp-Lieb.

Now, suppose we have smooth convex bodies K and L, and we take v = 1%,¢ = hy in
Brascamp-Lieb. This will give

[ ( [o ) < [(v20) 196, vo)e

We have V1% = n, and V1% = I, the second fundamental form... It is difficult to see this
through, however. The right approach, due to Cordero-Erasquin, is to consider v = h?./2.
With some work, one deduces:

Theorem 3.89 (Colesanti). Let ¢: 0K — R, where K is a smooth convex body and ¢ €
CY OK). Then [, ¢ =0 implies that

| amewars [ @vs.ve)

oK

Proof. Homework! Take v = h% /2 in the Brascamp-Lieb inequality, then integrate in polar
coordinates. 0

3.22 Dimensional extensions of Generalized Log-Sobolev and Brascamp-
Lieb inequalities

Recall the following corollary of the Borell-Brascamp-Lieb inequality:
Corollary 3.90. For p € [—1/n,0] and f,g convez, the function

([ 5 saym)™

o1

18 concave in t.



Corollary 3.91 (Bolley, Gentil, Guillin [29]). For g € (—oo, —n|, and a probability measure
dp = eV dx satisfying
Ve Ve .

" ~

A& 0

for all locally-Lipschitz g, we have

2 -1
v v — Vv &® Vo
/(9-6 /9)? dp — (/g-e /qdu) < —q—qH/<<VQU—T) Vg,Vyg)du

Remark 3.92. When g — —o0, we recover Brascamp-Lieb. When ¢ = —n, we obtain
2 2 n 9 Vo® Vo)
/(9-6‘”/”) dﬂ—(/g-e‘“/"du) < — ((V v+—) Vg, Vg) du
n+1 n

Theorem 3.93 (Bolley, Cordero-Erasquinn, Fujita, Gentil, Guillin [30] extension of BBL).
Let h, g,w be Borel-measurable functions satisfying Vx,y € R",t € [0,1],

h((1—t)x+ty) < (1 —t)g(x) + tw(y)

and [w™" = [g " =1. Then

/hl—” > (1—t)/g1‘”+t/w1—"

Corollary 3.94 (Convex Sobolev inequality extension of generalized log-Sobolev from [30]).

Letn > 2, w: R" — (0, 00) such that liminf,_, % > 0 for somey > -5, and nonnegative

g: R" = R satisfying [ g7 = [w™ =1. Then

1
* —TL> 1-n
/w(Vg)g _n_l/w

Remark 3.95. Plug

and g = fP—Ln to recover the Sobolev inequality,

172

. Up
(f ||Vhpﬁp>”p (/ ”Vf”p)

where hy,(z) = (1 + |x|p%1) " oand pr = 2.

[fllp <
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3.23 Home work

Question 3.96 (1 point). Below S, stands for Steiner symmetrization with respect to u*;
K stands for a convex body in R™ with non-empty interior. Show that

a) Sy(aK) = aS,K for all a > 0;

b) If K C L then S, (K) C S.(L); conclude that S, (K) is continuous with respect to Hausdorf
metric;

¢) Su(K)+ Su(L) C Sy (K + L).
Question 3.97 (1 point). Recall that for a compact set A C R", the diameter
diam(A) = maz, yealr — y|.
Prove that
diam(S,(K)) < diam(K).

Conclude the isodiametric inequality: if the volume of a set is fixed, its diameter is minimized
by a Euclidean ball.

Question 3.98 (1 point). Prove that the Steiner symmetrization decreases the perimeter of
a conver set. Note that this gives another proof of the isoperimetric inequality for convex
sets.

Question 3.99 (1 point). Recall that for a convex set K C R", the in-radius of K 1is
r(K)=sup{t>0: JyeR": y+tBy C K},

and the circum-radius of K is
RK)=inf{t>0: JyeR": K Cy+tBy}.

a) Prove that r(S,(K)) > r(K).

b) Prove that R(S,(K)) < R(K).

Conclude that the Fuclidean ball mazximizes the in-radius and minimizes the circum-radius
when the volume s fixed.

Question 3.100 (2 points). Prove the Urysohn inequality. Define mean width of a convex

body K as
2

P
Show that if |K| = |BY| then w(K) > 2.
Hint: use the Brunn-Minkowski inequality and Steiner symmetrizations.

w(K) hie (0)d0.

Question 3.101 (1 point). Fiz Borel measurable sets K, L. C R". Confirm what we discussed
in class: the validity for every X € [0,1] of the inequality

AK + (1 =X)L > [K L
implies the validity of
IAK + (1= N)L|» > ME[" + (1= A\)|L|5.
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Question 3.102 (1 point). Show that for a,b > 0, one has (Aa? + (1 — )\)bp)% —ps0 AT

Question 3.103 (2 points). a) Let p > —%, and suppose functions f, g and h on R™ satisfy

Az + (1= A)y) = (1= N () + Ag"(y))7 -

Show that

np+1

o (om0

Hint: try, for example, a similar proof to Lyusternik’s proof of the Brunn-Minkowski inequal-
ity. b) Conclude that if a measure’s density is supported on a convex set with non-empty

interior and is p-concave, then the measure is #—concave.

¢) Deduce that if the density of a measure p on R"™ is p—concave, then the density of a

marginal measure Ty (1) is hg-concave, if H is an (n— k)-dimensional subspace (note that

this is a generalization of Brunn s principle).

Question 3.104 (2 points). We say that a function f in R™ is unconditional if it is invariant
under coordinate reflections. That is, f(e1x1, ..., €,x,) = f(x) for any choice of ¢; € {—1,1}.
A set K is called unconditional if 1, is an unconditional function.

Suppose K is an unconditional convexr body and V' is an unconditional convex function
in R". Denote du(z) = e~V @dx. Show that log (e’ K) is a concave function in t € R.
Hint: pass the integration from R™ to the set {x € R" : Vi = 1,...,n, z; > 0}, and make a
change of variables in the Prekopa-Leindler inequality given by (xq,...,x,) = (€™, ... e').

Question 3.105 (1 point). a) Prove Minkowski’s first inequality: Vi(K,L) > |K|" |L|x
(similar to the isoperimetric inequality which we deduced in class.)
b) Prove Minkowski’s quadratic inequality: for convex bodies K and L in R",

Va(K, L)|K| < Vi(K, L)*.

Hint: use the Brunn-Minkowski inequality to obtain some information about %|K + tL|%.

Question 3.106 (1 point). (this question is added upon Alex’s request) Give an example of
a (rough, non-conver) set K such that lim,_q w does not exist, and

lim inf |[K +eBs| — K] < lim sup K +eB3| — |K|

e—0 € e—0 €

Question 3.107 (1 point). Show that any convex function V : R™ — R is
a) continuous on the support of e=V (i.e. on the set where V does not take infinite values)
b) Of class C* almost everywhere on the support of e~V
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Question 3.108 (1 point). a) Suppose V € C*(R™). Show that for all zy,z, € R",

21+ 2 V(z) + V(2
V(12 2)‘1‘5(21,22): (1)2 (2)7 (5)
where, letting z(t) = w, we have
1
B(z1, 22) = 3 / (1 — [tU{V2V (2(1) (21 — 22), 21 — 2o)dt > 0. (6)
-1

b) Conclude that convexity of a C*-smooth function is equivalent to the non-negative
definiteness of its Hessian.

Question 3.109 (2 points). a) Show that for any pair of convex bodies K and L the function
|K + tL| is a polynomial in t of degree n.
b) Conclude that |K + tL| = > "_o () Ve(K, L)tk. This is called the Steiner polynomial.

Question 3.110 (2 points). For a convex set K define the Gauss map vi : 0K — S"! by
vi(xz) = {n,} (the set of all outer normal vectors to OK at x; it is a singleton almost every-
where). Define also a measure Sk on the sphere S*™1 by letting, for every Borel measurable
Qcs+t:

S () = [V (.
Here |-|,—1 stands for the (n—1)—Hausdorff measure, i.e. for M C 0K we let |[M|,—; = [},
in the sense we usually do it in class. The measure Sk is called the surface area measure of
K.
a) Show that for a pair of convex bodies K and L,

VL) = [ he(O)dSi(o)

n

In particular,
1
|K| = —/ hi(0)dSk(6).
n S§n—1
b) Use Minkowski’s first inequality to prove that the surface area measure determines a convex
body uniquely up to shifts (i.e. if dSkg = dSy then K = L + v for some vector v.)

Question 3.111 (2 points). Recall that the projection of a convex body K onto a hyperplane
0+, for some O € S*1, is the set defined as

Kot ={zecht:FHcR: z+1thec K}
a) Prove the Cauchy formula for a symmetric convex body K :

1
Kl = 5 [ 0ldSk(w).
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Hint: option 1 — use elementary geometry and approximation by polytopes. option 2 — use
Questions 2.27 part ¢) and 3.110 part a).

b) Suppose K and L are symmetric convex bodies such that for every 0 € S™1 one has
|K|0+],—1 = |L|0+],,—1. Conclude that K = L + v for some vector v € R",

(you don’t want to me to add a hint here on which Question(s) to use, right?)

Question 3.112 (1 point). Prove that when h € C*(R?) is a support function of a strictly
convexr compact region K in R?, the surface area measure has a density expressible in the
form

Fre(w) = h(w) + h(u),
for allw € S'. Note that h+ h is translation invariant.

Question 3.113 (10 points). Prove (perhaps using elementary Harmonic Analysis?) that for
every pair of m-periodic infinitely smooth functions i and h on [—m,w|, such that h4+h >0
and h > 0, one has

</_1(h2 - hQ)d“) (/_:W — 7+ ¢2h%h)du> <2 (/_Z(hw - h¢)du)2. (7)

(I can provide explanation/motivation upon request. Note that the assumption is w—periodic
rather than 2w —periodic.)

Question 3.114 (2 points). Prove the Rogers-Shepherd inequality. For a convex body in R",
define the difference body
K-K={r—-y:z,ye K}.

2
K - K| < ( ”)rm.

Show that

n

Hint: use the Brunn-Minkowski inequality to show that |K N (95+K)|% s a concave function
supported on K — K, and therefore it can be estimated from below by 1 — px_k(x). Using
this estimate (among other considerations) show that

9 -1
|K|2:/ KN (x+ K)|de > < ”) |K|-|K — K|.
K-K n

Question 3.115 (2 points). Prove the Grunbaum inequality: let K be a convex body whose
barycenter is at the origin (that is fK xdx = 0.) Show that for any 6 € S*™1, one has

: > > — >
ek o zon > () K= B

Question 3.116 (3 points). Prove Busemann’s theorem: given x € R™\ {0}, the function

|xﬂK| is convex in R™. Conclude that it is a norm. The unit ball of this norm is called the

intersection body of K.
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Question 3.117. Derive the Santalo formula for the area of a convex region in R2:

1 [ .
|K|:§/ h? — h2dt,

—T

where h is the support function of K.
Hint: use Questions 3.112 and 3.110

Question 3.118 (2 points). Using elementary Harmonic Analysis, prove that for every pair
of C* periodic functions on [—7, 7|, one has

[ [ (o)

Ezplain why this provides an alternative solution to Question 3.105 b) on the plane (hint:
use Questions 3.117 and 3.110 for this explanation).

Question 3.119 (1 point). Prove the general version of Brunn’s principle: for a convex
body K in R"™ and a k—dimensional subspace H, the function |K N (y + H)|% is concave on
its support (inside H-.) Here k € {1,....,n — 2} (the case k =n — 1 we did in class.)

Question 3.120. Show that the convolution of log-concave functions is log-concave.
Hint: Use the fact that marginals of log-concave functions are log-concave, in dimension R*".

Question 3.121 (1 point). Provide an alternative proof (to what was done in class) of the
Gaussian Poincare inequality

REEE fd7>2 < [ 1vstar

using the decomposition of f into the series of Hermite polynomials (the orthonormal system
with respect to the Gaussian measure — you can read about them e.g. in Wikipedia.)

Question 3.122 (1 point). As per our discussion in class, prove the following statement
using the Borell-Brascamp-Lieb inequality (Question 3.103).

Fiz q € (—oo,—n]. Let du = e~Vdz be a probability measure and g be a C function.
Suppose V € C*(R") and V*V — @ >0 (i.e. V is qg—concave.) Then, assuming all the
integrals below exist,

2 v 2 — 2 Vv Vv -t
/(ge\q/> dp — (/ geqdu) < a /(e_‘; (V2V—|— m) Vg,Vg)du.
—q+1 —q

Question 3.123 (1 point). Deduce the Gaussian Poincare inequality from the Gaussian Log-
Sobolev inequality via the linearization method (this is sort of a partial case of the argument
we discuss in class).
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Question 3.124 (1 point). Prove that the (classical) Gaussian Log-Sobolev inequality and
the (classical) Lebesgue Log-Sobolev inequality (as stated in class) are indeed equivalent.

Question 3.125 (1 point). By differentiating the infimal convolution directly, prove the
Gaussian Log-Sobolev inequality without the convexity assumption on f :

Ent,(f?) < 2 / VIP,

for any f € CY(R") for which the corresponding integrals converge.

Question 3.126 (1 point). Deduce the Sobolev inequality from the Log-Sobolev inequality
for the Lebesgue measure.

Question 3.127 (1 point). Show that the Gaussian Beckner inequality implies the classical
Gaussian Log-Sobolev when p — 2.

Question 3.128 (1 point). Deduce Nash’s inequality from the (classical) Lebesgue Log-
Sobolev inequality: for any non-negative f € L*(R") N C*(R™)

(/dex)Hi < % (/ny|2da;) (/fdx)

Question 3.129 (1 point). Deduce the isoperimetric inequality from the Sobolev inequality
for Lebesque measure.

4
n

Question 3.130 (1 point). Prove the following variant of the Generalized Log-Sobolev in-
equality: given a log-concave measure i on R™ with density e=V', and any pair of smooth
conver functions f and g with [ e fdu = [ e 9du, one has

/g*(Vf)efd,u > n/efdu—/<VV7x>efdu—/fefdu-

Question 3.131 (3 points). Is it possible to obtain Gaussian Beckner inequalities for p €
[1,2) wvia linearizations of (some) geometric inequalities directly?

Question 3.132 (2 points). Prove the following extension of the Borell-Brascamp-Lieb in-
equality due to Bolley, Cordero-FErasquin, Fujita, Gentil, Guillin: for convex f and g on R"
withn > 2 :

Jaa=nsvwryrza-n [y f@)

Question 3.133 (Generalized Sobolev, 2 points). Prove the following extension of the
Sobolev inequality due to Bolley, Cordero-Erasquin, Fujita, Gentil, Guillin: for conver F
and G on R™ with n > 2 : such that fF_" = fG_” =1, and assuming that % —r—soo 0,
for some v > "= and that all the integrals exist, we have

n—1’
* -n 1 1-n
/G (VE)F™" > /G .

n—1
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Question 3.134 (Coredero-Erasquin’s proof of Colesanti inequality, 4 points). Prove the
following inequality: when K is a C? convex body, 11 is its second fundamental form and
f € CYOK) is an arbitrary function such that [, f =0, then

/ tr(IDf? — (17 'V kf, Voxf) < 0.
oK

Here Vg f stands for the intrinsic boundary gradient of f. Compare to Question 3.105 part

b).

Hint: Use Brascamp-Lieb inequality with V(x) =
formula

hk ()
2

/KF(x)dx:/ooo /M F(ty)t" Yy, n,)dtdy,

where n, is the outer unit normal to OK at y, and dy stands for the boundary integration.

and the “body polar coordinates”

Question 3.135 (1 point). Show that when ¢ : [—7, 7| is C', even and periodic, then

T 1 ™ 2 1 T
2 L <t 2
/_ng 2w (/_WSO> _4/—71’()0

Question 3.136 (1 point). Show that when ¢ : [—7, 7] is C*, periodic, and ¢(0) = 0, then

/ 902§4/ @

Question 3.137 (1 point). Show that Brascamp-Lieb inequality is “the end of the line” for
the linearization method: let du(z) = eV @ dx and plug the function f(z) = (VV(z),0) +ep

into Brascamp-Leib:
2
[ #an= ([ ran) <[4V e s

and observe that while (VV (z),0) indeed attains equality in the above inequality, and the
terms corresponding to € cancel out as well, still, the only inequality that we obtain as a
result is again the Brascamp-Lieb inequality.

Question 3.138 (1 point). Let u be a log-concave probability measure on R™ with the density
eV for some convex function V and the associated Laplacian Lu = Au — (Vu,VV). Let
A1 > 0 be the first non-trivial eigenvalue of L, that is the smallest number such that there
exists a non-zero function fi; such that

Lfi =-=Mf.
Show that f |Vf|2d f |Vf|2d
: W p
A= inf  LIEILER g .
Y gewtian [ Pdp T Pdp— (] fdp)?
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Hint: use general convezity/compactness considerations to show that the infimum is attained
for some function fi. Then consider f = fi+€eg and argue that the derivative in € of that ratio
must be zero. Conclude that f has to be an eigenfunction (use general PDE considerations
to argue that it exists).

Question 3.139 (1 point). Show that for a positive definite matriz A,
N 2
det(Id +tA) =1+t -tr(A) + §||A||HS + o(t?),
where || A||% ¢ ts the square of the Hilbert-Schmidt norm (that is, the sum of the squares of

all entries).

Question 3.140 (3 points). Show that one can improve the Gaussian Log-Sobolev inequality

2
—V—-%-—nlogV2r

to the following: suppose du = e dr = e~ Vdy is a probability measure. Then

Qd _ 2d _ 2d
—/Vduﬁ—fx a n+glog<2+f|vv| o ,u)'

2 n

Question 3.141 (1 point). Prove the following improvement of the Brascamp-Lieb in-
equality in the unconditional case (recall that a function f(x) is called unconditional if
flerxy, ...,ex,) = f(x), for every x € R™ and every choice of signs ¢; € {—1,1}; that
is, [ is invariant under coordinate reflections).

Suppose f,w are unconditional and w is convex. Then for the probability measure du =

Ce "dx one has
2
[ Frdu- ( / fdu> < [(VPw+ 1) VLV D

1 ow L_f’w}
r1 0x1’ """ Ty Oxp 1°

where T' = diag|

Hint: use the multiplicative version of Prekopa-Leindler inequality for unconditional func-
tions, as in Question 3.104.

Question 3.142 (2 points, important question). a) Prove the second part of Lemma 7.9
(from the notes) concerning the second derivative of the Legendre of an interpolation: that
for a family of convex functions vy such that vi(x) € C*(x,t), one has

— v} (1) = —0(V}) + (Vi (2)) " Vi (Vo)) Vi, (Vo).

b) Use it to deduce the Brascamp-Lieb inequality from Prekopa-Leindler directly, without
going via the Generalized Log-Sobolev. Namely, note that Prekopa-Leindler ineqaulity implies
that

d2

e e~ (f+t9)” <0

Y
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and do the computation which confirms that this is equivalent to the Brascamp-Lieb inequality

/sozdu— (/ sodu)Q < /((V2V)1V<p, Ve)dpu,

with dp = e”Vdz, where V = f*, and p(z) = g(Vf*(x)), and we assume that [ dp = 1.

4 The Blaschke-Santal6 inequality and friends

4.1 The formulation of the Blaschke-Santalé inequality

Let K be a symmetric convex body, recall
K ={a:Vy € K, (z,y) <1}

is its polar, and let 7" a linear operator. Recall that (TK)°> = (T-')TK°. The volume
product |K| - |K°| is affine invariant:

ITK|-|(TK)°| = det T|K|det TV |K°| = 1- |K| - |K°| = |K| - |K°|

In particular, for any ellipsoid F,

2me?\"
Bl 17 = g~ (225

and for any parallelpiped P,

m o (4e)

pP|-|P°| = |B"|-|B"| = — .
Pl |Po| = Bl 1Bl = — ~ =2

We formulate the celebrated
Theorem 4.1 (Blaschke-Santalo inequality [161]). For any symmetric convex body K,
|K|-|K°| < |By[?
And what about the estimate from below?

Conjecture 4.2 (Mahler, 1937 (symmetric version)). For a symmetric convex body K in
R", |K|-|K°| = 35 = |By| - Byl

= n!

Mabhler proved it in dimension 2, but also see home work. Iryeh, Shibata proved it
in dimension 3, and their proof was later simplified by Fradelizi, Hubard, Meyer, Roldan-
Pensado, Zvavitch.
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Remark 4.3 (answering Siva’s question). Obtaining an isoperimetric inequality in the other
direction in a similar fashion is less simple, since it is not invariant under affine transfor-
mations. (That is, there are needle-shaped convex bodies with arbitrarily small isoperimetric
ratio.) However, we may make it affine invariant by taking the infimum over affine transfor-
mations. There is the following theorem by Kieth Ball: Let K be a symmetric convexr body
with |K| = |BL| = 2", then
inf |O(TK)|,—1 < |0BY|n-1-

T:det T=1
In general, cube often appears as (sometimes conjectured) optimizer in various reverse isoperimetric-
type inequalities, thus Mahler conjecture is not the only one of this sort.

4.2 Hanner polytopes

The following interesting construction of a class of convex bodies appears in [82].

Definition 4.4 (Hanner polytopes). Hanner polytopes are defined inductively. In dimension
1, the symmetric interval [—1, 1] is the Hanner polyope.

Next, let H, K be Hanner polytopes in R¥, R"~* respectively. Consider them in orthog-
onal subspaces in R". Then H x K = {(z,y): * € H,y € K} is a Hanner polytope in R",
and conv(K, H) — the convex hull of K U H — is another Hanner polytope in R".

\ Q2 4
XN

N/

The family of Hanner polytopes in R" includes B} and BY..

In dimension 2, the only Hanner polytope is the square. In dimension 3, the cube B3, and
the diamond B? are the only Hanner polytopes (up to rotations and dilations). In dimension
4, the Hanner polytopes are B2, B} and B} x B2.

It is a homework problem to show that for any Hanner polytope H C R™ with nonempty
interior,
(e] 4n n n
[H]-|H?| = & = |B| - |Byl.
Therefore, there is many conjectured minimizers in Mahler’s conjecture. Kim [89] showed

that all the Hanner polytopes are locally minimal for the volume product.
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4.3 About Bourgain-Milman’s theorem

Bourgain and Milman [38] showed the following “isomorphic version” of the Mahler conjec-
ture:

Theorem 4.5 (Bourgain-Milman 1987). For any symmetric convex body K C R™,

n

K| |K°| > — = &"|BL| - |B]|

Corollary 4.6.
(n| K[ - |K°)V" € [er, o]

Here ¢y = 2me? 4 0(1) comes from the Blaschke-Santalo inequality, and ¢; is the constant
from Bourgain-Milman’s theorem. If Mahler’s conjecture is true, then ¢; = 4e + o(1). The
current best constant is due to Kuperberg [119] who showed ¢; = me+o0(1). See also Nazarov
[148], Berndtsson [20], Giannopolous, Paouris, Vritsiou [70].

The Bourgain-Milman theorem has many applications to problems where the dimensional
dependence is studied up to an absolute constant.

4.4 Volume product of non-symmetric convex bodies and related
questions and results

Note that if 0 & int(K), then |K°| = co. Indeed, in this case K C H for some half-space
H which does not contain the origin, and therefore, H° C K°. But one may check that H®
contains an infinite ray, and therefore is unbounded.
Hence there is no hope to have Blaschke-Santal6 inequality for convex bodies without
the symmetry assumption, unless we do some trick...
Consider the quantity
inf |K —z|-|[(K —2)°|=|K|- inf |[(K — 2)°|.
inf |5 = 2| |(K = 2)°| = K| inf |(K — )
This quantity is now bounded, and in fact, the infimum is attained (by compactness) at
a unique point (see home work).

Definition 4.7 (Santalé point). The point z for which the infimum is attained is called the
Santal6 point of K, san(K). If san(K) = 0, the convex body is said to be in the Santal6
position. It is a homework problem to show that the Santalé point exists and is unique.

Theorem 4.8 (the Non-symmetric Blaschke-Santal6 inequality). For any convex body K,
K]+ inf (K —2)°| = |K]| - |(K —san(K))°| < |B3".

z€R™

Many special centers (besides the Santalé point) can be defined for a non-symmetric
convex body. Below we define one of the most commonly used ones:
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Definition 4.9 (Center of Mass). The center of mass (or barycenter) of a convex body K
is bar K = [, xdz.

More generally, for a measure p on R™ its barycenter is defined to be the vector fR" xdj.
In general, the Santalo point and center of mass do not coincide, and in fact, they may be
very far from each other.

One might ask if Blaschke-Santald inequality holds when the center of K is chosen to be
some other point rather than the Santalo point. Naturally, one can claim Blaschke-Santald
inequality when K is in the Santalé position, rather than K. It turns out (home work!) that
K is in the Santal6 position if and only if K° has the barycenter at the origin! Therefore,
the Blaschke-Santalo inequality is still valid if the center is chosen to be the center of mass
(of either K or K°):

Claim 4.10. For any convez body K,
K| - [(K —bar K)°| < |By|”

A notable original proof of the (non-symmetric) Blaschke-Santal6 inequality was found
by Lehec [129], [130], using explicitly that the body is positioned to have the barycenter at
the origin.

The following remarkable recent theorem from [73] interpolates between the two equiv-
alent formulations of the non-symmetric the Blaschke-Santalé inequality, and allows for an
estimate for any convex body which contains the origin in its interior!

Theorem 4.11 (Gozlan, Fradelizi, Sadovsky, Zugmeyer). For any convex body K with origin
in the interior,
|K|-|K°| < |By*(1 — (bar K,san K°))"!.

Remark 4.12 (An analytic characterization of the Santalé point). If K is a conver body
with support function hg, then pxo = 1/hg. For a convex body L

1
N GL

n

as can be shown using polar coordinates (see home work!) Therefore,
1
|K°| = —/ hi"(6) do
n S§n—1

Additionally, hx.(0) = hg(0) + (0, 2). So,

02 =5 [ (et 0.2

n

Taking derivatives in z,

0.
2 _d6=0
/S;zl h}z{—&—l(@)

for eachi=1,....,n.
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Finally, we mention the famous

Conjecture 4.13 (Non-symmetric Mahler conjecture). For any convex body K,
K] [K°] =[S [

where S, _1 = conv(ay, ..., a,y1) 1S the reqular simplex.

4.5 A connection with the slicing problem

Klartag [93] found a connection between Conjecture 4.13 and the sharp version of the noto-
rious Bourgain’s slicing problem [36], [37], [109]:

Conjecture 4.14 (Bourgain, sharp version of the slicing problem). Let K be a convex body,
and let Cov(K) be the covariance matriz of the random vector distributed uniformly on K.
Then the quantity
det(Cov(K))
|K[?

15 maximized when K is a reqular simplez.
Theorem 4.15 (Klartag, [93]). Conjecture 4.1/ implies Conjecture 4.13.

It is worth also noting, that the affirmative answer to Conjecture 4.14 would yield the
affirmative answer to the following long-standing and simple-sounding open problem:

Conjecture 4.16 (Bourgain, the slicing problem). Let K be a convez body in R™, |K| = 1.
Then there exists € S*™' and t € R such that |K N (60+ + t0)|,_1 > ¢, where ¢ > 0 is an
absolute constant independent of the dimension.
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It should be noted that the (asymptotic) equivalence between Conjectures 4.14 and 4.16
is fairly straightforward, in contrast to the highly non-trivial Theorem 4.15.

Definition 4.17. A measure p is called isotropic if [ zdp =0 and Cov(p) = Id, where
Cov(p) = (EX;.X;)i
for a random variable X ~ p.

Remark 4.18. For any (full-dimensional) measures p there exists T such that po T is
180tropic.

One may also show (see e.g. Eldan, Klartag [59]) that Conjecture 4.16 follows from the
so-called KLS conjecture:

Conjecture 4.19 (Kannan, Lovasz, Simonovits [88]). Let pu be an isotropic log-concave
measure. Then for any locally-Lipschitz function f : R™ — R, the Poincare inequality holds
with a constant that does not depend on dimension:

/fzdu— (/fdu)2 < C’/\Vf|2d,u,

where C > 0 is an absolute constant.

Equivalently, if K is a convex body, and we want to find a cut which splits K into two
parts each with volume half of | K|, then the cut of least perimeter is the one determined by
a hyperplane (up to a constant.) See the home work for the equivalence.

4.6 Proof of the symmetric Blaschke-Santalo inequality, and an
interesting open problem

Claim 4.20. For any symmetric convex body K C R",

K| |K°| < | By
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The proof uses Steiner symmetrization. We shall show:
Lemma 4.21. |K°| < |S,(K)°| for all u € S*.
Proof. WLOG, suppose u = e,,. We write

s—1
2

Se, (K) = {(z, ): (z,8),(x,t) € K}

Therefore,
s—1

Se (K)" ={(y,2): (z,9) + 2
Define the slice L(r) = {z € R"*: (z,r) € K} for L C R". Consider
K*(r) 4 K*(=r) _ v+
2 2
By reducing the number of restrictions, we obtain
K°(r)+ K°(—r)
2

<1VY(z,s),(z,t) € K}

Az, y) +sr <1, (w,z) —tr <1, Y(z,s),(w,t) € K}.

g{y;Z: (@, y) +sr < 1 (,2) —tr <1, ¥(z,s), (z,1) € K}
yt+=z

' Y+ z s—1

= {v: (2,0) + 2 <1 Y(x, 9), (x,) € K}
= S, (K)°(r).

c{ r <1V(z,s),(x,t) € K}

QNGO T TN

¢ V\2)

v

N~

Next, |K(r)| is an even function of r because K is symmetric,. By the Brunn-Minkowski
inequality,

Ke(r) + K°(-r)
2

> VIE(r) - [Ko(=r)] = [K°(r)],
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which implies |S, (K)°(r)| > |K°(r)|. Therefore, using Fubini’s theorem, we get

= | K dr < / 1S, ()P () dr = [S. (K.

[e.o] —00

]

In order to derive the Blaschke-Santalo inequality from Lemma 4.21, we select a sequence
of directions such that the successive symmetrizations of K approach a ball, and note that
the polar volume increases along this sequence, while the volume remains preseved. Namely,

w K — RBY, where R = 1K™ Then

choose a sequence uy, ug, ... such that S, ARG
2

77777

K|+ |K°] < |RB3||(RB3)°| = | By [*.0

We mention another open question:

Conjecture 4.22 (Cordero-Erasquin). Let u be an even log-concave measure and K a sym-
metric convexr body. Then

p(K)p(K°) < w(By)?.

In particular, for any symmetric convex body L,
IKNL|-|K°NL|<|BynLP
Klartag proved this holds for some rotation invariant measures [96].

Question: Is it even true that u(RBY)u((RBY)°) < u(By)*?

Answer: yes! and this fact is equivalent to the recent deep result of Cordero-Erasquin
and Rotem [49] (which we will discuss in more detail in Remark 7.35).

4.7 A fun inequality on the circle

Recall that (see Remark 4.12): if K is a symmetric convex body in R™ with support function
hi, then pge = 1/hg, and we have

1
K°| = —/ B (60) do.
Snfl

n

We now want to deduce the volume of K (on the plane) in terms of the support function.
To start, suppose that K is a polygon with h; denoting the distance to side ¢ with length a;
(see Figure 4.7). Then, |K| = 1. a;h;
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a,

a;

What happens as K becomes smooth? We need to understand what the heights h; and
side lengths a; converge to. Indeed, the geometric interpretation of the support function tells
us that h; converges to hx (see Remark 2.12),; and the side lengths converge to the surface
area measure, the inverse of which is called the curvature, denoted ki (#). Also, we note that

krk = hK}r.}.LK (see HW). This implies
|K|—1/ e (0)— de—l/ hic(0) - (hic (0) + o (6)) d6 (8)
T2 e TV kg(0) T 2 e K K '

Note that h is a periodic function, and on integrating by parts we obtain

[ wi=- [ i
Combined with (8), we conclude
1 :
K1 =5 [ (ki) ~ i) 0. ()

Equation (9) is called Santalo’s formula. Recall that the Blaschke-Santalo inequality in R?
implies | K| - |K°| < 72, for a symmetric convex body K. Thus,

(% /_ﬂ (n3(0) ~ 73.0)) d6> . (% /_W hid(6) d9) <n’,

™

(2 -ty ([ o)

—T

which gives

In fact, we do not need to assume that A is a support function. We have the following
general result.
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Proposition 4.23. Suppose [ : [—m, 7] — R such that f € C, w-periodic. Then,

([ (For-ro)a)+ (5 [ r0w) =0

Proof. Without loss of generality we may assume that f > 0 and f € C*(—x, 7). If f is the
support function of a symmetric convex body in R?, then result holds by the Blaschke-Santalo
inequality, as we explained above. Note that f is a support function if the 1-homogeneous
extension of f into R? is convex. This means that f + f > 0.

So, we consider any function f > 0, and consider F' : R* — R such that F(z) =

|| - f (é—|), and G(z) = F**(z), the double-Legendre transform of F' (or, the convexification

of F'). Furthermore, define g(f) = G(#) where g is a support function such that g < f and
g is the largest such function. Then, we have the following properties:

1.0<g<f,
2. g+ ¢ >0, and
3.if f+ f >0, then g = f.

Using these properties, we can show the following result.

/ (/f ) /g—g)+(/92)_1-
First, by property 1, we have
) =)

Next, consider




where the first equality uses integration by parts, the third equality uses property 3, the
second inequality uses — [ <09 (9+§) <0 (which follows from properties 1 and 2), and
the final equality again uses integration by parts. Combined with (10), we get the desired
inequality, which concludes the proof. O

In fact, the following more general result holds (from the non-symmetric Blaschke-Santalo
inequality).

Theorem 4.24. For all functions f € C'(—n,7) and periodic, there exists t,s € R such
that f;s(0) = f(0) + tcos@ + ssinf such that

(L)) () =0

Remark 4.25. This was obtained via an independent proof by Lutwak, Young, Zhang [45],
who in fact proved a more general result, and in particular found a new proof of the Blaschke-
Santalo inequality on the plane.

Now, consider the result in Proposition 4.23, and reparametrize it such that ¢(0) = f (g)
Since f was w-periodic, ¢ is 2m-periodic, and we obtain the following result.

Theorem 4.26. For all functions ¢ € C'(—n,7) and circle-periodic, we have

cL9)2 G o) -G L)

Remark 4.27. This result looks similar to the p-Beckner inequality (see Theorem 3.66). We
recall it here for completeness. For p € [1,2), we have

(L) Gl o) <en (] .%)

We have shown that the Blaschke-Santalo inequality in R? is equivalent to the p-Beckner
inequality on the circle for p = —2.

A HW question. Is there an interval of negative p where the p-Beckner inequality holds
on the circle?

Remark 4.28. If g = ¢~ 2, then

G l2)-G L) <G5

and if f = ¢*, we obtain

(/)G ) < (%)
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4.8 Functional version of the Blaschke-Santalo inequality

Below we present a functional version of the Blaschke-Santalo inequality. introduced by
Ball [10]. We shall see that it implies the usual (geometric) Blaschke-Santalo inequality;
our proof will also be based on the geometric version, following the work of Arstein-Avidan,
Klartag, Milman [5]. For simplicity, we focus on the symmetric version, but a non-symmetric
functional Blaschke-Santalo is available too [5]. We recommend also the proof by Lehec [129]
which did not rely on the geometric Blaschke-Santalo inequality.

Theorem 4.29 (Ball [10]; Arstein-Avidan, Klartag, Milman [5]; Lehec [129]). If¢ : R* - R
is an even function such that [ e < oo, then

N 2
/e‘¢-/e_w < (e‘xz/Q) = (2m)".
Recall that given a function v, the function ¥* is the smallest of the functions ¢ which

satisfy for every z,y € R" the inequality 1 (z) + ¢(y) > (x,y). Therefore, we get:

Corollary 4.30. Suppose that f,g : R" — R are such that f(z) - g(y) < e @¥ then
Jf-[g<@mnm

Proof of theorem 4.29. For any constant ¢, we have () 4 ¢)* = 9* — ¢, and so we can assume
that ¢ > 0. Moreover, we assume that 1(0) = 0 which implies that *(0) = 0 and ¢* > 0.

Furthermore, we can assume without loss of generality that v is convex. Indeed, otherwise
we can replace the left hand side with ¥** and it only increases.

We have
/ e_d’dm:/ [{e™¥ > t}|dt
n 0

=/O°oe8\{w < s}|ds,

where the first equality follows by the Fubini theorem, the second equality applies the change
of variable ¢t = e¢™*. Similarly, we obtain

/ e V" da :/ e *[{y* < s} ds.
n 0

We make the following claim.

Claim 4.31. For any s,t > 0,

{Y* <t} C(s+t) {v <s}.

Proof. Consider x € {1 < s} and y € {¢* < t} and note that it suffices to show that
(x,y) < (s+t). By the property of the Legendre transform, we know that

(z,y) < Y(x) + P (y) < s+t
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Consider the following three functions on R, :
o f(s)=e [{vh < s}

o g(t) =e"- {y* < t}]

o h(z)=|By| -2%? e . x"?

We will apply the Prekopa-Leindler inequality on these functions. First, we claim that

h (3‘2”) > /T(5) - 900).

Indeed, we can write

t t\"
h2(8+ ):‘BSP,Q@G_(H@),(H) =[By[* e e (s )",

2 2
We have,

f(s)-g(t)=e - [{v < st e [{v" <t}
<e [y <sie (s +t)" o < s}

t
Se_s.e_t.(s_i_t)n.’Bg’Q:h? (%)’

where the first inequality uses Claim 4.31, and the second inequality uses the Blaschke-
Santalo inequality. Thus, the three functions satisfy the conditions of the Prekopa-Leindler
inequality, and we get

/e_w-/e_w* :/e—sw < s|-/e—tw <t < (/e_z-x"/2)2-2”-|B§|2 — (2m)"

O

IESIF

Remark 4.32. Setting ¢ (x) = % and Y*(x) = ==, and integrating in polar coordinates
recovers the usual Blaschke-Santalo inequality (see home work).

Remark 4.33. The equality case occurs if and only if ¥ (x) = %, as was shown in [5].

We also mention the following theorem (see HW).

Theorem 4.34 (Fradelizi-Meyer [67]). Consider even functions f, g : R™ — R such that for
all v,y, € R, f(z) - g(y) < p((z,y)) whenever (x,y) > 0. Then,

(f7)-(Js)= (f o)

This holds for any p: R, — R,.
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4.9 Linearizing Theorem 4.29.

Take ¢ = % + ef for some function f. Then, we have
(1= (12?4
/e(2+f)./e(2+f)§(27r)n_

2 2

. t . t _ ) .
vf = v — toy (Vo) — Evt(V?}t) + §<(V2vt) 'V [0y v, V[0i|vos@)])-

Recall that

Then ) . ) )
(’ T f) =%—ef+%|Vf|2+o(eQ>,

since Vg = x and V?vy = Id. So, we have (up to the terms of order o(e?)):

T I I e 1
e 2 -] e 2 2 S(Qﬂ')n.

Usinge @ =1-4§+ % (up to lower order terms), we get

(zw)nz(/6—22-<1—ef+§f2)>-(/e i (1—ef+—|Vf|2 2;2>)+0(62).

Dividing both sides by (27)" gives

12(/<1—ef+§f2)dv)-(/<1—6f+§lvf|2 Qf)dv) oé).

where dv is the Gaussian measure. We note that the constant terms cancel out, and so do
the terms which are multiplied by e. Collecting the terms multiplied by €? gives the following
inequality:

Theorem 4.35. For all even functions f, we have

2
1
fzdv—(/ fdv> <5 [ IV/Pdv
RTL R’I’L R’ﬂ

Remark 4.36. Note the improved the constant as compared to the Gaussian Poincare’s
inequality which we obtained from Theorem 3.66.

Remark 4.37. We note that using the non-symmetric version of the Blaschke-Santalo in-
equality, it suffices to assume [V fdy =0, as integrating by parts, we obtain

of 4

0z, /Wfawz /f Ly dy = /f 2 dy.

So, [Vfdy = 0 is equivalent to showing that for all linear functions (x,8), we have
[ f+(z,0) dy = 0. This implies that the second eigenvalue of the Ornstein—Uhlenbeck operator
18 2.
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Remark 4.38. The same result could be obtained using methods of Fourier Analysis and
the decomposition into Hermite polynomials.

Recall that the Brascamp-Lieb inequality allowed us to restrict the Gaussian Poincare’s
2
inequality to any convex set K; that is, [, fQ% - <fK f%) < [ |Vf|2%. Can we
also do this for Theorem 4.357

4.10 A brief excursion into mass transport

Below we present a brief (one leg here one leg there!) excursion into mass transport. For a
more detailed (but still brief) introduction we recommend Klartag [105]. Another insightful
survey was done by Ball [11]. See also books by Villani [170], Figalli, Glaudo [64] and
Bogachev, Kolesnikov, Shaposhnikov [28].

Definition 4.39. Let u, v be Borel finite probability measures on R"”. We say that a map
T : supp(u) — R™ transports p into v, denoted T,pu = v if for all A C R" (measurable), we
have

or equivalently, for all ¢ € L(v),

odv = ¢oTdpu.

R” R
We consider some examples.

Example 4.40. Consider a discrete measure p such that 1 = Y, X\i0y,. Suppose T is any
bijection from R™ — R", and v = Y, \idry, = Tip. In other words, fully atomic measures
can be transported into other fully atomic measures via bijections. See the picture below.

s

S~

\./’
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Example 4.41. Let v be the Gaussian measure on R, and let ® be the corresponding cu-

mulative distribution function; that is, ®(t) = ffoo \/%6_52/2 ds. Then, ®,v = Unifl0,1]. To

see this, consider [x,y] C [0,1]. We have

1 (y) ) d~1(y)
ux,ynzy—x:/ @(t)dt:/ dr,
P P

()
which verifies the claim.

Remark 4.42. Suppose Ty = v, and Tx = (Thz, ..., T,x). If the map T has a Jacobian,

where Jac(T) = (%) then, by change of variables, we have [ ¢dv = [ ¢ o T Jac(T)dv.
J z"]

Combined with [y, ¢dv = [, ¢ o T du we get, Jac(T)dv = dp.

Definition 4.43 (Optimal Transport). A map T: it — v such that T\*u = v is called optimal
with respect to quadratic cost if for all T such that Tiu = v:

/ |fx—x|2du§/ T2 — z|* dp.
n Rn

Theorem 4.44 (Brenier). Suppose u,v are absolutely continuous Borel measures and Typ =
v. Then T is optimal with respect to quadratic cost if, and only if, there exists a convex
function F': R" — RU {oo}, F < 0o a.e. on supp(p) such that T = VF.

By a standard compactness argument, we get

Corollary 4.45. Suppose pu and v are Borell finite absolutely continuous probability mea-
sures.

There exists a convex function F' : R" — R such that VFE,u — v for all absolutely
continuous probability measures (this is unique upto constant addition).

Remark 4.46. We know that Jac(VF) = V*F (if F € C*(R")). Then, for any probability
measure pi, dv = det(V2F)du, and VEu =v.

We consider some examples.

Example 4.47. Suppose that we want to transport the Lesbesque measure into the following
measure: dv = (0¢, + d_¢,) where 0,(y) = oo if y = x, and is 0 otherwise. What is the
optimal way to transport all the points in space into the two points ey and —ei ? It is easy
to observe that, given any point x, we transport its measure to the “closer” point. We want
f(z) = g(Tx), so it suffices to set

€1 if vt1 >0,
Ty = .
—e1 Zf T S 0
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(-1,0) (1,0)

Picture (c) Ball

Observe that Tx = VF(z) where F(x) = [(x,e1)|. The pictures above and below are (¢) Ball.

Picture (c) Ball

Note that this examples is not in the setting of the aforementioned theorem since the
measures considered are not finite.

Example 4.48. More generally, if we want to transport the Lesbesque measure into a mea-
sure with density which is the sum of some points, say Y. 6p,. Then, one can check that
T\ =), 0p, with Tx = VF(x) for F = max((z,6;)). Here A denotes the Lesbesgue mea-

sure.
We now consider a discrete version of the easy direction of Brenier’s theorem.

Lemma 4.49. Suppose we have points x1,...,xN,Y1,-..,Yyn € R™. Furthermore, suppose
there exists a convex function F': R" — R such that, VF(x;) = vy; for alli € [N]. Then, for
any permutation o on N elements,

N N
Z |z — yd(i)|2 > Z |2 — il
i=1 i=1

Proof. Since F is convex, we have F(y) — F(z) > (VF(z),y — z).
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By summing up this inequality over pairs (z;, Z,())ic|n], We get

N

> V(). 2o() — 1) < Z (o) — Fla;)) =0

i=1

where the final equality follows from the fact that ¢ is a permutation of xq,...,xx. So, we
get

N N

> (VF(x;) <> (VF(x),

i=1 i=1
which implies Zf\il |F(x;) — 2]? < 22 (@) — 240)]?, where we once again used the
commutativity of addition. m

Lastly, we state the following important result by Cafarelli [41] (see also Kolesnikov [111]):

Theorem 4.50 (Cafarelli’s contraction theorem). Let v be the Gaussian measure, and let
i be a “strongly log-concave” measure; that is, du = e *dx such that Vv > Id. In other
words, ( x) / (dx) 15 log-concave. Then the Brenier map T : Tiy = p is 1-Lipschitz; that 1s,
for all z,y € R*, |Tx — Ty| < |z —y|.

Remark 4.51. Recall that when K is a convex set, the restriction of the Gaussian measure
onto K, given by dvg = I -dy- ﬁ, 15 strongly log-concave. By Theorem 4.50, the Brenier
map between v and i s a contraction.

4.11 Restricting the symmetric Gaussian Poincaré inequality onto
a symmetric convex set

Using Theorem 4.35 (the corollary of the Blaschke-Santalo inequality) and Cafarelli’s con-
traction theorem, we prove the following result.
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Theorem 4.52. For any symmetric convex set K C R", and any even function f : K — R,

we have
/KF% - ( Kf%) < %/K\WP% (1)

Proof. Let dyg = ﬁ - [ dy be the restriction of the Gaussian measure on K. Consider
the Brenier map T' : T,y = vk, which by Theorem 4.50 is a contraction. Consider the L.H.S.
of (11), and using the definition of mass transport, we have

/KF%—( Kf%):/n(fondv— ( Rnfonv>2-

Additionally, by the Lipschitz property, we have

2 o T2 _ 2d_7
V(oT)Pav< [ 9o dv—/K|Vf| eIt

Rn

Applying Theorem 4.35, we get

1

5[ wen Pz [

2
5 fonv) ,

n(foT)Qdfy—(

Rn

which on combining with the prior two (in)equalities completes the proof. Note that we
could apply Theorem 4.35 because f o T is an even function, which follows since f is even
(by assumption), and T is even as its a Brenier map from v — v, for symmetric K. O

Remark 4.53. In fact, Klartag [96] used Cafarelli’s theorem to deduce the following exten-
sion of the Blaschke-Santaloinequality: for any even log-concave measure p and any even

function v on R™ one has
) 2
/e‘wd,u-/e_w*du (/ e_gdu) .

Specializing to du = 1 (x)dx and using the computation similar to the one in subsection 4.9
one gets from this Theorems 4.52 and thus 4.56.

4.12 The B-conjecture

Conjecture 4.54 (B-conjecture). Let p be an even log-concave measure on R™ and K a
symmetric convez set. Then u(e'K) is log-concave in t € R, i.e.

p(VabK) > /u(aK)u(bK) Va,b> 0.

Remark 4.55. By Prekopa-Leindler, we know that, for any convex set K,

u(“50K) = VREROR).

Note that, by the AM-GM inequality, this is weaker than the B-conjecture.
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4.13 The B-theorem for the Gaussian measure due to Cordero-
Erasquin, Fradelizi, Maurey

In the case of the standard Gaussian measure, the Conjecture 4.54 was verified:

Theorem 4.56 (B-theorem, Cordero-Erasquin, Fradelizi, Maurey [50]). Let v be the stan-
dard Gaussian measure and K a symmetric convex set. Then v(e'K) is log-concave int € R.

Proof of theorem 4.56. 1t is enough to show

d? ¢
a2 logy(e’K) ‘t 0 =0

Let us introduce the auxiliary function

P sy)?
=21 y(sK) = / e 2dr = / s"e_%dy, s > 0.
sK K

We have

S 2 S
F'(s) = ns"‘l/ e~ F dy — s”“/ e dy
K K
and therefore

F(1) = V27" (ny(K) —/

K

defy) :
Further differentiating yields

F'(1) = \/ﬁn<n(n —1)y(K) — n/Kyzdfy +(n+1) /Kde’y + /y4dfy>

= Vor"y(K (n —n—(2n+1)]£<y2d7+]£<y4d7>

We use this to calculate

d? . d2 d etF'(e
a2 logy(e'K) ‘t:OZ % |t =0 gt F ét ‘t 0
_ ( tF/( )+€2tF//(€t))F( ) QtF/(et)}
F(e)? t=0
_FPMFQ)+ P1)FQA) - F(1)?
(1) '

Denoting EY? = fK y?dy and EY* = fK Y?2dry, we continue

=n—EY?+n(n—1)—2n+ DEY? + EY* — (n — EY?)?
= 2EY? +E(n - Y?)? - (E(n — Y?))?

= 2EY? + E(Y?)? — (EY?)?

= —2EY? 4 Var(Y?)

= —2][ y2dfy+][ y4dfy - (][ defy)Q.
K K K
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Recall that we proved for all symmetric convex K and locally-Lipschitz and even function f

f ran=(f rin) <54 IVifar (13)

If we apply this with f(y) := y? and Vf = 2y, we get

][ y'dy — (][ ydy)” < 2f y*dy
K K K

which together with eq. (12) implies that j—; logy(e'K )‘ o = 0 which yields the claim. [

Remark 4.57. In general, Cafarelli’s theorem is a universal tool in transporting Gaussian
inequalities to measures dy = e~"dx with Vv > Id (more generally Vv > k- Id), including

Vg
There are several applications of the B-theorem:

e Klartag, Vershynin [110]: to small-ball estimates (which we will discuss later in sub-
section ?77).

e Bobkov [23]: Let T' be any volume preserving linear transformation (i.e. |detT| = 1)
and K a symmetric convex body with |[K| = 1. Then maxy [, dvy is attained for

T = Id if and only if
_a? 2
7|K =e¢ 2 ——lgdx

V21 v (K)
is isotropic (recall that the measure is called isotropic when its barycenter is zero and
its covariance matrix is identity).

4.14 Some more history on the B-conjecture
The B-conjecture is known in the following cases:
e Gaussian (see theorem 4.56 by Cordero-Erasquin, Fradelizi, Maurey [50]);

o dy = e I#lic,dr (Eskenazis, Nayar, Tkocz [60]) — this result directly relies on the
Theorem 4.56;

e in dimension 2 (Livne Bar-On [132], Boroczky, Lutwak, Yang, Zhang [35] and Saraglou
[163])

e Rotation-invariant measures (Cordero-Erasquin, Rotem [54]) — we shall discuss this
result later in the semester;

e Unconditional case (Saraglou [164], Cordero-Erasquin, Fradelizi, Maurey [50]; see be-
low section 4.15).
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In fact, we state below a more general version of the B-conjecture, which is allegedly the
“Original conjecture” made by Banazchyk. One may see (home work) that the affirmative
answer to this implies Theorem 4.56.

Conjecture 4.58 (Banazchyk). Let K be a symmetric conver body and v the standard
Gaussian measure. Then for any z € R”

v(z + tK)
V(tK)

1s monotonic increasing for t > 0.

4.15 B-conjecture in the unconditional case

Definition 4.59. A set A C R" is called unconditional if for all = (xy,...,x,) € A the
point (g1, ...,e,2,) € A for any choice of signs ¢; € {—1,1}. In other words, A is invariant
under coordinate symmetries. A function is unconditional if

f(x) = f((e121, ..., enxy)), Vo eR" g € {-1,1}.

Theorem 4.60 (Multiplicative Prekopa on R} ). Let f, g,h: R — R, where
RY = {z: z; > 0 Vi}

such that

V(@)g(y) < h/T1,y1s s /Tnln).

Jo! Jr= Uy

n
+

Then,

n
+
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Proof. The proof is done by a change of variables in Prekopa-Leindler inequality. Given f,
consider F': R" — R,
F(xy,...,xy) = f(e™, ..., e‘””)ez?:l i

and define G and H analogously. The assumption is then equivalent to

H(”“" . y) > F(2)'2G(y)"?, Va,y € R™.

for=1or

and the analogous statement for G and F. Now, Prekopa-Leindler inequality Theorem 3.20
implies the conclusion. [

Furthermore, we have

Corollary 4.61 (Cordero-Erasquin, Fradelizi, Maurey). Let u be a log-concave unconditional
measure and K a convex unconditional set. Then, u(e'K) is log-concave in t € R.

Proof. For a set A in R" denote by AT = ANRY. Consider f = Lukyre™”, g = Lpryre™”
and h = 1 apryr€ " where du = e Vdx. Checking the conditions of theorem 4.60 yields

w(aK)p(bK) < u(v/abK). See home work for the details and the case A # 1/2. O

4.16 About Log-Brunn-Minkowski conjecture
Definition 4.62 (Log-addition). Let K, L be symmetric convex sets. We define

Py —

ueSn—1

where hx and hj, are the support functions of K and L, respectively.
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Note that we can write the usual Minkowski sum as

K;—L:: N {xER”:(m,u)gM}‘

uesSn—1
Therefore, by AM-GM, we have

K+0LCK+L
2 2

(14)

Therefore, the following conjecture is a strengthening of the Brunn-Minkowski inequality
in the case of symmetric convex bodies:

Conjecture 4.63 (Bordczky, Lutwak, Young, Zhang 2013 [35]). Let K, L be symmetric and

convex sets. Then " I
+0
ek > IRTL

It turns out, the validity of this inequality for Lebesgue measure is equivalent to the
validity of the same statement for any given even log-concave measure:

Theorem 4.64 (Saraglou [163]). Equation (14) is equivalent to the following: For all log-
concave even measures p on R™ and all symmetric convex sets K, L, it holds

u<K o L) > V(D). (15)

Proof. For “ = " use Prekopa-Leindler inequality (homework). For “ <= ”: any log-
concave measure behaves like the Lebesgue measure near the origin. O

We conclude that the Log-Brunn-Minkowski conjecture 4.63 implies the B-conjecture
conjecture 4.54. Indeed, for any log-concave even measure eq. (15) holds. We set K < aK
and L < bK and have % > vabK Therefore, the validity of Conjecture 4.63 implies

p(VabK) > /u(aK)p(bK).

In R?, Boroczky, Lutwak, Young, Zhang 2013 [35] showed that Log-Brunn-Minkowski is true,
and therefore the B-conjecture conjecture 4.54 is known to be true on the plane.

Let us get back to the Blaschke-Santald inequality (see theorems 4.1 and 4.29).

4.17 Reverse Log-Sobolev inequality

Recall the notation
Ent(f) = flog fdx.

]RTL
In this subsection we shall discuss another nice corollary of the Blaschke-Santalé inequality:
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Theorem 4.65 (Artstein-Avidan, Klartag, Schutt, Werner [6]). Let v: R" — R be a convex
even function with [ e "dx =1 (i.e. du:= e "dx is a probability measure). Then

- /vdu = Ent(e™”) > /log Vdet V2udu — nlog v2me. (16)

Remark 4.66. Equality holds if and only if v(z) = & + nlogv/2r. Equation (16) is also

2
equivalent to
2

1 z
Ent(e™ ") — Ent e~z | > [ log Vdet V2udpu.
™) <¢% ) _/ & s

Indeed, we have
2
/% + nlog V2ndy = g + nlog Vv 2m,

where we used det(Id) =1 and

/xQd’y = Z/ ridy = Z/ t2dy(t) = n.
i=1 JR? =17~

Remark 4.67. Recall the generalized Log-Sobolev inequality (cf. theorem 3.45):
Ent(e™) < /G*(Vv)d,u —n,

whenever fe_” = fe_G = 1. In the Gaussian case,

2

G* = % — nlog v 2m,

we get

Ent(e™) < / ’v;‘Qd,u — nlog(v/2me) = %/A(v — %2) — nlog(V2me).

For the last inequality, recall Lu = Au — (Vv,Vu). Then for all functions u, we have
[ Ludp = 0. In particular, [ Lvdp =0, so

/Avd,u:/|Vv|2du.

1 1 ’
5 /log det(V*v)du < Ent(e™”) + nlog v2re < §/A(v — %)d,u.

We have

If dp = dry, the inequalities become 0 < 0 < 0. Note that both inequalities are sharp in the
Gaussian case. In total, it is all about measuring the distance to the Gaussian. The second
inequality can be made even stronger (homework):

Avd
Ent(e™") < glog JAvdn nlog v2me.
n
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Proof of theorem 4.65. Without loss of generality, let v € C?*(R"), v # oo and V strictly
convex. By Blaschke-Santald, since f e ? =1, we have

/wz/gv/ggemn

A change of variables with z = Vu(y) yields

/e”*(v“(y)) det V20 (y)dy < (2m)™.
Since v*(Vv) = (Vo,y) — v(y), we get

/e_<vv’y>+”(y) det V20 (y)dy < (2m)",

Recall Jensen’s inequality (Theorem 2.3), which states that for any convex function F’
and probability measure u, we have

F(/ﬁm)S/Fﬁﬂw

We take the convex ' = e, and further write

(2m)" > /e‘wv’y)“’(y) det V2 (y)dy = /€_<v”’y>+2”(y) det V20 (y)dp

> exp (/ —(Vu,y) + 2v(y) + log det V%(y)du) :
This implies
nlog(2m) > /—(Vv,y> + 2v(y) + log det V?v(y)dpu.

We claim that [ —(Vv,y)du = n. Indeed, [ Ludp = 0 for all u. Taking u := ”"72 we calculate

2 .1'2 2

x x
L—=A——(V— =n— .
5 5 (V 5 , Vo) =n — (z, Vo)
With the claim, we get

nlog(2me) > /21} + log det Vvdp,
which finishes the proof. O

Remark 4.68 (On the Reverse Log-Sobolev Inequality). In the proof of Theorem 4.65 we
assumed that v € C*(R"™). However the inequality holds for a more general class of v by
approzimation and a direct proof was outlined in a paper of Caglar, Fradelizi, Gozlan, Lehec,
Schutt, Werner [43], leading to the equality case characterization.
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Remark 4.69 (Entropy Power Inequality). Let X be a random vector whose density with
respect to lebesque measure is f. Define the entropy function h : R™ — R as

h(X) = —/f log(f) de = —Ent(f).
Let X,Y be random wvectors and let X', Y’ be independent Gaussian random vectors that
satisfy h(X) = h(X'), h(Y) = h(Y'). Then the entropy function satisfies
h(X +Y)>h(X' +Y7).

Since the equality cases of the Log-Sobolev inequality and Reverse Log-Sobolev inequality are
achieved by gaussians, one can ask if the Log-Sobolev inequality combined with the Reverse
Log-Sobolev are sufficient to imply the Entropy Power Inequality. If so, it would give an
interesting connection to information theory.

Remark 4.70. Suppose F,G are 2-homogeneous convex functions on R™ (i.e. F(tr) =
t*F(z)). An ODE exercise (home work) tells you that

F(tr) = t*F(z) <= 2F(x) = (VF(z), 7).

From Proposition 7.6 we know that the Legendre transform satisfies F(x) + F*(VF) =
(VFE,z). Therefore by the previous equivalence we get

F*(VF)=F.

This leads to the following claim (see home work):

/ 552 et (VQ(F );WG)) . \/ / e F det(V2F) / G det(V2G).

This inequality follows from applying the Prekopa Leindler inequality and verifying the Prekopa
Leindler condition, which involves the same trick we used to prove that [ e is log-concave.

4.18 Fathi’s symmetrized Transport-Entropy Inequality

Let u, v be probability measures so that u is absolutely continuous with respect to v, and
write du = fdv where f is the density of p with respect to v. We write

Entg, (1) = /flogf dv.

Remark 4.71. Take dy = e "dy = e~v=*"/277108(V20) gy Suppose [ du = 1. Then we have
Ent,(p) = /—ve‘” d,
Entg,(p) = / —(v+2%/2 + nlog(V2r))e™" dy,
1 [ 2?2
= Ent, (u) — 53 dp — nlog(v/2m).
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Remark 4.72. For any measure i we have Ent, () = [1log(1) du = 0. In this way one
can think of Ent, (1) as measuring the distance between v and p (known as the entropy
distance).

Definition 4.73. Suppose v and p are absolutely continuous Borel finite measures. Recall
that T,y = v (T transports p into v) if

WLip ¢, [ o) du(o) = [ o(T0) dvla).

We define the Wasserstein 2-distance between v and p as

— _ 2
Walu,v) =  inf V\//p; Tz|? dp.

By Brenier’s theorem 4.44, if ;4 and v are Borel finite absolutely continuous measures, the
infimum is attained when 7" = VF' for some convex function F.

Remark 4.74. In general one can define a “coupling” between measures p and v, both on
R", to be a measure m on R™ x R™ such that the marginals of m are p and v:

dr(z,y) = F(z,y)dzdy.

where dpu = f de,d v =g dy and [ F(z,y) dv = g(y), [ F(z,y) dy = f(z).
In particular one can formulate the definition of Wasserstein distance as

Wy, v) = inf |z —y|? dn(z,y).
- coupling of p,v R2n

When v and v are absolutely continuous then Wy is attained on the coupling “supported” on
the surface {Tx =y}, with T being the Brenier map.

oy

%:TX

88



Finally, we formulate the main result of this subsection, which we will derive as a corollary
of the Blaschke-Santalé inequality.

Theorem 4.75 (Fathi [63]). Consider a pair of even probability measures u,v. Then
Wo(u,v)? < 2Ent,(u) + 2 Ent, (v).

Remark 4.76. In fact, instead of assuming that both measures are even, it suffices to assume
that one of the measures is mean zero.

Fathi’s Theorem yields as a Corollary the following important fact (which was historically
proven much earlier and via different means):

Corollary 4.77 (Talagrand [166]).

Wa(p,7)? < 2 Ent, ().

Remark 4.78. Since Wy is a metric, we have by the triangle inequality that the result of
Talagrand tmplies the result of Fathi with an additional multiplicative factor of 2. This
improved factor will play crucial role for applications to the concentration of measure, for
mstance.

As an immediate application of the Talagrand inequality and the Log-Sobolev inequality,
we get:

Corollary 4.79 (Talgrand + Gaussian Log-Sobolev). For dy = e~ (@te?*/2+nloa(vV2m) gy —
e ’dy one has

Wl 7)? < / Vo — af.

In order to prove Fathi’s result, we shall need a few Lemmas. First, we point out

Lemma 4.80. Fathi’s theorem is equivalent to the fact that

/ /—(:1:, y) dr(x,y) < Entg, (1) + Entg, (v) + nlog(2m).
m-coupling of p,v

Proof. This follows right away from the definition of Wasserstein distance and Remark 4.71.
O

Without loss of generality we will assume that v, u are Borel finite absolutely continu-
ous measures with bounded densities. We outline the following variational formula for the
entropy (see also e.g. Artstein-Avidan, Giannopolous, Milman [4]):

— _ f
Entg, (1) Sl}p (/f du log/e dx).
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Proof. Write du(xz) = [ g(x) dx with |g| < C (follows from g being a bounded density).
Next consider the class of functions F for which e/ < C for all f € F. Then

sup(/fd,u—log/efdm).
feFr

is bounded from above and so by compactness the supremum is obtained by some f € F.
Suppose now f, is a maximizer. Then f, is a local maximizer in the following sense: Define
f- = fo + €y and define

F(e) = /(fo +ep)g dx — log/ef”w d.
Then F' satisfies
F'(0)=0, F"(0)<0.
We now determine fy. By differentiating with respect to € we get
[ efepes?
Jge=s

Pe) = [ g da -

Setting ¢ = 0 we get

F'(0) = /apg dx — /gpef" for reasonable .

Now take ¢, to be a sufficiently nice function who support is essentially the point z.
By the definition of F’(0) we conclude that a local maximizer must satisfy g = e’ at z.
By varying z over R” we conclude that ¢ = efe almost everwhere. Thus f, = log g almost
everywhere. This means fy = log g is a local maximizer. To show that it’s a global maximizer
one needs to argue that F”(0) < 0. But by the choice of f, we can show that

F%m:—/ﬁﬁ+(/902:—wWwoso

This solves the case where f is bounded. Observe now that without loss of generality we
can assume that f is bounded since we can always approximate f by a bounded function
and then appeal to the bounded case. The result follows. O

Lemma 4.82.

// (x,y) dr(z,y) = sup (/fdu—l—/gdu).
f9:f(@)+9(y)<—(z.y)

Proof. This is an application of the Kantorovich duality theorem. Suppose u, v are absolutely
continuous finite. Then from the definition of a coupling one can write

[ #@) duta) + [ oto) //' ) d(z,y).



This immediately gives LHS < RH.S of the desired inequality since the supremum is over
all f, g satisfying f(z)+g(y) < —(x,y). Toget LHS > RHS we first define ¢ = —f, ) = —

Then the RHS becomes
mf / / (y)dm(z,y).
(z,y)

By the definition of the legendre transform this is at least
—inf / / (y)dm(z,y).
Taking the difference of the above and the LHS we see

RHS — LHS > ir(;f i%f//—@(x) — " (y) + (x,y) dn(z,y).

It remains to recall by Brenier’s theorem that there exists a function ¢ for which y =
V¢(x) on the entire support of T'. Using the identity ¢(z)+¢*(Ve) = (x, V¢), we conclude
that the above is non-negative, and the lemma follows. O

Proof of Theorem 4.75. Recall that the functional version of Blaschke-Santalo says that if ¢

is an even function then
/ / e ¥ < (2n)"

and equivalently, for all non-negative even functions f, g satisfying f(x) + g(y) > (z,y)

for all x,y € R™ one has
/e_f/e_g < (2m)"

To prove Theorem 4.75 we will use Lemma 4.80, Lemma 4.81, Lemma 4.82 and the
equivalent version of Blaschke-Santalo Inequality. To that end recall that, by Lemma 4.80,
Theorem 4.75 is equivalent to

/ /—(x, y) dr(z,y) < Entg, () + Entg, (v) + nlog(2m).
m-coupling of p,v

To prove this inequality we apply Lemma 4.81 to the left hand side to get

Entg, (1) + Entg,. (v) + nlog(2)

—sup(/fdu log/ dm+/gdu—log/egdx+nlog27r>
> sup (/fdu—log/efdx+/gdy—log/egd:c+nlog27r>.
fr9:f (@) +g(y)S—(z,y)Va,y
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Then we apply Blaschke-Santalo inequality to get

sup (/fd,u—log/efd:):+/gdl/—log/egdx—l—nlog27r)
f.9:1 (@) +9(y)<—(z,y)Vay
> sup (/fd,ujt/gdu).
[.9:f(@)+9(y)<—(z,y)Vzy

sup </ fdu+ /g dy) < Entg, () + Entg, () + nlog(27)
f,9:f (@) +9(y)<—(z.y)Va,y

Thus

Finally by Lemma 4.82 this is equivalent to

/ [~} dr(e,y) < Butan(p) + Bntas(v) + mlog2s).
7-coupling of p,v

]

Remark 4.83. We note that Fathi’s inequality not only follows from, but is equivalent to
the Blaschke Santalo Inequality (Home work)

4.19 Home work
Question 4.84 (1 point). Let P be a polytope given by
P={zxeR": (z,u;) <a;,Vi=1,.., N},

for some unit vectors uq, ..., un and positive numbers aq, ..., ay, and suppose that P is bounded.

Show that
P° = conv {ul,..., u—N} .
aq an

Question 4.85 (1 point). In this question, K and L stand for convex bodies in R™ with
non-empty interior, containing the origin.

a) Prove that K = K.

b) Prove that for a linear operator T : R™ — R™ with det T # 0,

Conclude that (B})° = BLL.

(T'K)° =T 'K°.

Conclude that a polar of an ellipsoid is an ellipsoid.
c¢) Prove that
(B,)” =By,
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where % —+ é =1, for all p,q > 1.
d) Prove that
(KN L)°=conv(K°UL°).

e) Prove that for every subspace H of R"
(K|H)°NH=K°NH.

f) Prove that if K C L, one has L° C K°.

g) Prove that if K is symmetric then K° is symmetric.

h) Show that for any (possibly non-convex) set A, we have A° = (conv(A))°. Conclude
that the polar is always a convex set.

Question 4.86 (1 point). Let K be a symmetric convex body. Show that if K = K° then
K = B}.

Question 4.87 (1 point). Show that for any symmetric convez body K, we have hy(0)pgo(0) =
1 for all § € R™.

Question 4.88 (3 points). Verify Mahler’s conjecture in R? for symmetric polygons: show
that for any symmetric polygon P in R2,

P|-|P°| > 8.

Question 4.89 (1 point). Given a Borel measurable set A in R™, a function a: A — R and
a vector v € R" \ 0, consider the shadow system

K = conv{z + a(z)v : z € A},
and define the convex body
K = conv{z + ta(z)e,1 € R

Show that for u € eiﬂ,
hic,(u) = hg(u+ t(u, v)entq).

Question 4.90 (2 points). Prove the Blaschke-Santalo inequality using shadow systems.
Hint 1. Ezpress |K?| combining the formulas from Questions 2.26, 4.87 and 4.89.

Hint 2. pass the integration on S"* to the integration on By ' = {x € R" : (z,v) = 0} with
the map x =6 — (0, v)v.

Hint 3: now extend the integration to R"~!.

Hint 4. Conclude that |K?| is —1-concave in t for any shadow system, using Question 3.103.
Hint 5. Notice that Steiner symmetrization can be realized as a shadow system, and, using
the fact that |K°| = |K°| for any reflection K of K, and the —1—concavity of |K?| along any
shadow system, conclude that Steiner symmetrization increases | K°|. Conclude the Blaschke-
Santalo inequality.

(this proof was discovered by Campi and Gronchi).
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Question 4.91 (1 point). a) For any ¢ : R — R one has ©* is a convex function.
b) If ¢ is convex then ™ = .
¢) If [ = g then f* < g".
d) Find |z1|*.
e) Find (%)*
f) For a convex body K, one has (—log 1x)* = hg.
g) For an a € R, find (ap)* in terms of ¢*.
h) Letting @q(x) = @(ax) for some a € R, find .
i) Show that (p 4+ a)* = ¢* — a, for any a € R.
j) Show that
(f*+9)(z)=__inf — (f(z)+g(y))-

z,yeR":x+y=2
k) Fix o > 1. Show that is f is a—homogeneous (i.e. f(tx) = t*f(x) for allt € R) then
(V) =(a=1)f.

Hint: wuse one of the properties we proved in class, combined with the fact that for an
a—homogeneous function one has (V f,z) = af (verify this).

Question 4.92 (1 point). Find an alternative short proof of the functional Blaschke-Santalo
wnequality for unconditional functions by passing the integration from R™ to the set

{reR": Vi=1,..,n, x; >0},

and making a change of variables in the Prekopa-Leindler inequality given by (x1,...,x,) =
(e, ...;e"). (see also a similar Question 3.104).

Question 4.93 (1 point). Show that the Santald point of a convex body exists and is unique.

Question 4.94 (4 points). Find a statement and a proof for the Blaschke-Santalo inequality
and the functional Blaschke-Santalo inequality for non-symmetric convex sets and non-even
functions (as per our discussion in class).

Question 4.95 (3 points). a) Note that the Blaschke-Santalo inequality on the plane is
equivalent to showing that for any even periodic function h € C*([—m,x]), such that h > 0
and h+h >0,
F(h) :/ h=2dt / h? — h2dt < 4x>.
(or equivalently, one may drop the even assumption and restrict to [0, ] ).
Hint: use Questions 4.87 and 2.26 to conclude that

1 U
K°| = h™2dt.
=3/

—T

Also use Question 3.117.
b) Observe that the equality is attained when h is the support function of an ellipse.
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¢) Find some way to show that this inequality is true.

Option 1: maybe use basic Harmonic Analysis (I don’t know if it is possible and would
love to see it if it works)?

Option 2: maybe use variational approach? That is, suppose that a given function h
mazimizes the functional F(h), argue* that it suffices to assume that h € C*([—m, 7]) and h >
0 and h+h > 0, then argue that for any € > 0 and any even smooth ¥ > 0, %F(h—l—ew) =0,
and conclude some ODE that h must satisfy (in view of the arbitrarity of ). Then conclude
that the support function of an ellipsoid is the only type of function that satisfies this ODE.

* This “argue” may not be easy and you are encouraged to pursue other steps in this hint
even if this step is not clear at first.

Option 3: try whatever you like! :)

Question 4.96 (1 point). Let K be a smooth conver body with 11 > 0. For x € 0K let
x* € OK* be given by x* = V||z||x. Show that the Gauss curvature at x of OK is inverse to
the Gauss curvature at x* of K°.

Hint: use the properties of Legendre transform of hy(x).

Question 4.97 (5 points). a) Find an example of a non-symmetric convezr body for which
the Santalo point and the center of mass do not coincide.

b) How far could they be?

¢) For a convex body K in R™, let d(K) be the distance between the center of mass and the

Santalo point. How large could dizgf(}() be?

Question 4.98 (1 point). Let H be a Hanner polytope (as defined inductively in class).
Show that indeed N
|H[|H| = —.
n!

Question 4.99 (2 points, Saint-Raimond’s theorem via Meyer’s proof). Prove the (symmet-
ric) Mahler conjecture in the case when the body K is unconditional (that is, it is symmetric
with respect to every coordinate hyperplane).
Hint 1: Note that the result is true in dimension 1 and proceed by induction.
Hint 2: Consider K™ ={x € K : x; > 0Vi=1,....,n}. Given a point © € Kt consider n
cones

K; = conv{z, KT Nej}.

Note that .
K| >2" ) |Ki,
i=1

recall Question 1.20 and write the above out to deduce that the vector with coordinates

(s 2|17;r;;|j|’ ...) belongs to K° (use the unconditionality in the process).

Hint 3: Do the same argument for K°, and then use properties of polarity along with the
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fact that K Nel = Kle; (which is another place where the fact that K is unconditional is
used!!!), to conclude that

o 4 - o
KN 2 5 S K et |(K N ety
=1

and use induction.

Question 4.100 (5 points). Iryeh and Shibata’s proof of Mahler’s conjecture in R?® followed
the same idea as in Question 4.99, and hinged on the fact that it is possible to bring a
symmetric convexr body in R into a position where it is possible to split it into 8 parts
with coordinate hyperplanes so that each part has the same volume, and each of the three
coordinate hyperplane sections of K is split into four equal parts, and also each projection of
K onto coordinate hyperplane coincides with a section.

a) verify that this fact ensures the validity of Mahler conjecture (in the same way as above);
b) prove this challenging fact.

Question 4.101 (3 points). Verify the non-symmetric Mahler conjecture in dimension 2.

Question 4.102 (3 points). Using the ideas from Question 4.99, prove the result of Barthe,
Fradelizi: if a conver body K in R™ has all the symmetries of the reqular simplex then it
verifies the non-symmetric Mahler conjecture, that is, |K||K°| > |S,|* where S, is the self-
dual reqular simplez.

Question 4.103 (10 points). Is it possible to use the ideas from Question 4.102 to prove the
non-symmetric Mahler conjecture in R3, that is, to show that for any convex body K in R?
one has |K||K°| > |Ss|* where Ss is the self-dual reqular simplex? Maybe one could prove the
appropriate non-symmetric version of the fact proved by Iryeh and Shibata about bringing K
into a certain position?

Question 4.104 (2 points). Prove the following result of Fradelizi and Meyer: Mahler’s
conjecture is equivalent to the following functional version. For any convex function ¢ on

R™ one has
/e“‘“/es"* > 4",

Question 4.105 (2 points). Prove the following result of Fradelizi and Meyer which extends
the functional Blaschke-Santalo: let p : [0,00) — [0,00) be a measurable function and suppose
f and g are even log-concave functions such that f(x)g(y) < p*({z,y)) whenever (x,y) > 0.

. [ o< ([oer).

Question 4.106 (5 points). We saw in class that the p— Beckner inequality on the circle for

periodic functions
2
1 s 9 1 ™ » ; 1 ™ '2
il I < (2 — p)—
w1 (27/_Wf) <C-py- [ i
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holds not only for p € [1,2) but also for p = —2. By any chance, is it possible to arque
that there is a range of negative p for which this holds (rather than just one value p = —2)?
Maybe argue similarly to Question 3.1277

Question 4.107 (2 points). Show that Talagrand’s transport-entropy inequality implies the
Gaussian Poincare inequality.
Hint: linearize.

Question 4.108 (10 points). Try and make some progress on the question we discussed in
class: for any even log-concave measure |1 and any symmetric convex body K one has

p(E)p(K°) < p(By)*.

Maybe you can find a proof in some partial case — for some class of measures, for uncondi-
tional measures/bodies, in dimension 2, etc?

Question 4.109 (1 point). Prove the symmetric Gaussian Poincare inequality
1
Varw(f) < §E7|Vf|2

for all even locally-Lipschitz functions f on R™ by using the decomposition into Hermite
polynomials (rather than by linearizing Blaschke-Santalo inequality like we did in class).

Question 4.110 (1 point). Show that the Blaschke-Santalo inequality and Fathi’s inequality
are in fact equivalent (in class we only deduced the latter from the former).

Question 4.111 (2 points). Prove the result of Saraglou.
a) See the lecture notes for the definition of the log-addition. Show that the Log-Brunn-
Minkowski inequality for Lebesgue measure

’K+0L’

L2 > VKL

(for any symmetric convex bodies K and L in R"™) implies the Log-Brunn-Minkowski inequal-
ity for any even log-concave measure i on R™ with full support:

1 (K;(’L) >/ i(K)u(L)

(for any symmetric convex bodies K and L in R™). Conclude that the Log-Brunn-Minkowski
congecture implies the B-conjecture.
Hint: use the Prekopa-Leindler inequality.

b) Show the converse implication.
Hint: consider the situation near the origin and use the scale-invariance of the inequality in
the Lebesgue case.
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Question 4.112 (2 points). Confirm that the validity of the B-conjecture for all rotation-
wmvariant log-concave measures 1s equivalent to the fact that for any even log-concave measure

M,
n 1 n n
W(RBY) (EBQ) < u(BY?.
(recall that this corresponds to a very partial case and a sanity check in the Congjecture from

Question 4.108.)

Question 4.113 (2 points). Show Klartag’s theorem generalizing the functional Brunn-
Minkowsk: inequality: for any even log-concave measure p,

2
T2
/e“bdu-/ed’*d,ug (/eédu) :

Hint: use Cafarelli’s contraction theorem.

Question 4.114 (10 points). Attempt to make any progress on the “original B-conjecture”:
let z € R™ and let K be a symmetric convex set in R"™. Then the function

Y(tK + 2)
V(LK)

s non-decreasing in t > 1. Here v is the standard Gaussian measure.

Question 4.115 (2 points). Show that the B-theorem of Cordero-Erasquin, Fradelizi and
Maurey would follow from the confirmation of the conjecture from Question 4.114.

Hint: write the conclusion in terms of a non-negative derivative at t = 1; then note that
the arising inequality implies that certain function which depends on z € R™ is increasing
along each ray, and therefore it is convex at the point z = 0. Consider the Laplacian in z.

Question 4.116 (2 points). Prove the result of Bobkov: the following are equivalent:

e For a symmetric convex body K of volume 1, the measure with the density
1 22 1e(2)d
————e¢ 2 lg(x)dx
V2m y(K)

18 180tropic.

e For a symmetric conver body K of volume 1 and for any volume-preserving linear
transformation T on R™, v(K) > v(TK).

Hint: use the B-theorem.

Question 4.117 (3 points). Prove the improved Log-Sobolev inequality: for any convex
function V- on R™ such that [e™V =1,

-V
—/Ve_v < glogfAL — nlog V2me.
n
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Question 4.118 (10 points). Is it possible to deduce from the Reverse Log-Sobolev inequality
and/or the (generalized) Log-Sobolev inequality the following corollary of the Entropy Power
Inequality?

Let X andY be any two centered random vectors in R™ and X' and Y’ are independent
centered Gaussians (whose covariance matrices are scalar), such that h(X) = h(X') and
h(Y)=h(Y"). Then

h(X+Y)>h(X' +Y7),

where

hx) =~ [ 1o,

where f is the density according to which X is distributed.

Question 4.119 (2 points). Find Fathi’s original proof for his inequality, which relies on the
Reverse Log-Sobolev inequality (which we discussed) as well as the following fact (following
from works of Cordero-Erasquin, Klartag and Santambrogio).

Let 1 be a centered probability measure whose support has non-empty interior. Then
there exists an essentially continuous convex function v, unique up to translations, such that
p = e %dx is a probability measure on R™ whose push-forward by the map V¢ is pu. Moreover,
it satisfies

1
p = argmin {—§W2(u, v)? + Entv(y)} .

Clarification: do not aim to prove this fact, only aim for the implication of Fathi’s theorem
from this fact combined with the Reverse Log-Sobolev.

Question 4.120 (1 point). Suppose u,v on R™ are 2-homogeneous convex functions. Prove

that
2 2
/e—"?’det (W) > \// e~tdet(Vu) - /e”det(V%).

Hint: wuse the fact that for a 2-homogeneous function, 2u = (Vu,z) and the change of
variables that we used when proving the Reverse Log-Sobolev inequality, together with the
Prekopa-Leindler inequality.

Question 4.121 (1 point). Prove the conclusion of Question 4.108 under the assumption
that both K and p are unconditional.

5 Concentration of Measure Phenomenon: the soft ap-
proach

We shall now use all the acquired knowledge in order to study concentration of measure
phenomenon stemming from convexity. Often times we will be happy with approximate
estimates. The phenomena we shall encounter will often grow out of the Brunn-Minkowski
inequality (and its many consequences which we learned).
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5.1 Introduction to the basic concepts related to concentration of
measure

Let p be a measure on a metric space (X, d). For every point z € X, and subset A C X we
define the distance between x and A as

dist(A, z) == ;g; d(x,y).
We define the thickening of A by ¢ as

Ap={r e X : d(z,A) <t}

We will study lower bounds for the quantity

inf  p(A4;\ A).

A p(A)>e
A related question is the isoperimetry. Define, as before,

A+ eBy) — p(A)

€

+ T
p(0A) = hren_%lf
What are the lower bounds for the quantity

. + ?
asat” OA

A complete answer to the first question gives an answer to the second question. In many
instances an answer to the second question can give the complete answer to the first question.

Example 5.1 (Concentration of Measure on the Sphere). Let o denote the Haar measure
over the sphere S*~1 (the uniform probability distribution on S"~'). Take d to be the metric
on the sphere defined by d(x,y) :== Z(x,y) for all z,y € S"™'. Then

o(A) >1— \/ge_tQ/Q VA C S o(A) >1/2.
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Example 5.2 (Concentration of Measure on in Gauss space). Lety denote the n dimensional
Gaussian measure. Then taking d to be euclidean metric, we get

v(A)>1-— %e‘t2/2 VACR", ~(A) > 1/2.

Example 5.3 (Concentration of Measure on the Hamming Cube). Let Q = {—1,1}" denote
the hamming cube. Define d to be the hamming distance on Q:

d(z,y) = % i x £y

We define p to be the normalized counting measure on Q (i.e. pu(A) :=27"|A|). Then

1 e
p(A) 21— ge7 " YA CQ u(A) > 1/2.

We now state and prove a soft version of the concentration of measure theorem on the
sphere:

Theorem 5.4 (non-sharp concentration on S !). Let A C S" ! satisfy o(A) = 1/2. Let
t € [0,7/2]. Then the following inequality is true:

o(Ay) > 1— e,
where ¢y, cy are absolute constants.
The proof of 5.4 will require the following lemma.

Lemma 5.5. Let p be a Borel measure on BY defined by u(A) = |Al/|BY|, where |-| denotes
volume. Let A, B be disjoint Borel measurable sets and define

p(A,B) :=1inf{la—b] : a€ A;be B} =:p>0.
Fixz an o > 0. Then whenever u(A) > a and u(B) > «, we have:
a < e~P'n/8,

In other words, if two sets on the sphere are far away, then at least one of them must
have a small measure.

Proof. We first note that the Brunn-Minkowski inequality implies that

1 1
§|AmBg\1/”+§\BmBg|1/”§‘ N By

A+ B
- (252)
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Next for every a € A,b € B we use the parallelogram rule, the definition of p, and the
fact that A and B are sets are on the sphere to get

la + b = 2|a® + 2[b]” — |a — b < 2|af® +2[b]* — p* < 4 - p*.
Since this holds for every a € A, b € B we conclude that

A+ B [ p?
Cy/1—-—DB~".
2 = 42

T <A+ B) < (W%‘) = (1 p?/4)""* < exp (—np?/8) .

Hence

2

We now prove the theorem.

Proof of Theorem 5.4. Recall that A C S"~! satisfies 0(4) = 1/2 and ¢t € [0,7/2]. Let
A € (0,1) be a parameter that we’ll specify later. Let B = S"~1\ 4;. We define the following
relevant sets

A=U{sA : se[\1]}, B=U{sB : se[\1]}.

Observe that p(A, B) = 2ssin(t/2) (exercise). Furthermore 2ssin(t/2) > 2st/m fort < .
Applying Lemma 5.5 to sets A, B we get

min(u(A), u(B)) < exp(—p*(A, B)n/8) = exp(—n(2st/7)*/8) = exp(—ns’t*/(2n7)).

Since o(A) = 1/2 by assumption one has u(A) = (1 — A")o(A) > (1 — A")/2. On the

other hand p(B) = (1 —A")o(B) < (1 —\")/2. Therefore the minimum is achieved by p(B).

\
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In particular Lemma 5.5 implies that

1 2,42 2
B) < —)\tn/(27r).
WB) < e

Since B is the complement of A, in S"~! the above inequality is equivalent to

1 242 2
1 —o(A,) < =A%t n/(27?)
U( t)_ 1_)\n€

Taking A = 1/2 we conclude that

o(A) > 1 — cre b,
where ¢; = 2, ¢y = 1/(87?). O
Proposition 5.6. Let A be a non-empty Borel measurable set in R™. Then
1
d(x,A)2/4d <
e v < )
/ " 7(4)

Proof. We will prove this inequality via Prekopa-Leindler. To that end we define the follow-
ing functions:

RN S BT
= e

We now verify that i (£5£) > /f(z)g(y) on R so as to apply Prekopa-Leindler. To do
this we will case on y. If y is not in A then g(y) = 0, hence:

h(5Y) = 0= Vi

If y € A we first note that ||z — y|| > d(z, A). Next by the parallelogram rule and the
inequality we just mentioned we have
dw, A? ol _ e+ ol
4 2 2 - 4

Thus we have
F(2)g(y) = (2m) ed@A?/4=lallP 2= /2
< (2m) e letul?/a = (/o) 2ne @ ty)/2)?

— VT0g) < (Var) e et

) (3)




Therefore for every choice of y the Prekopa-Leindler condition holds. Applying Prekopa-
Leindler to f, g, h we conclude that
1= / h dx

ZWfdegdx

= e

. /ed(x,A)2/4 dy < ! _
v(A)

O

Theorem 5.7 (Gaussian concentration with weaker constraints). Let A be a Borel measur-
able set satisfying v(A) > 1/2. Then

Y(A) > 1 —2e7 074,

Proof. First we decompose the integral into two parts

/ 6d(ac,A)2/4 d’}/ :/ ed(a},A)2/4 d’}/‘i‘/ ed(x,A)2/4 d,y
n d(z,A)<t d(z,A)>t

Since e?@4)*/4 {s non-negative we may lowerbound the first integral by 0. Since d(xz, A) >

t on the domain of the second integral we may lowerbound the integrand of the second integral
by t. These two facts imply that

/ A gy > Py ({2 d(x, A) > 1)),
By 5.6 the left hand side of this inequality is at most 1/v(A). Therefore
——= >y ({r : d(w, A) > 1))

O

Since Af = {x : d(x, A) >t} and v(A) > 1/2 we may rearrange the inequality to conclude

eIy (AS) <2 = y(A9) < 207 = y(4,) > 1—2e /4
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5.2 Levy’s concentration function and types of estimates

Recall that we consider a Borel subset A of a metric probability measure space (X, d, u).
For t > 0, we have been studying

Ay = {zx € R" : dist(z, A) < t}.

We have been interested in obtaining estimates of the type u(A;) > 1 — g(t) where g(t) — 0.
We now define a function that encodes the concentration phenomenon for a given metric
probability space.

Definition 5.8 (Levy’s Concentration Function). Given a metric measure space (X, d, 1)
where p is a probability measure, we define o, : R — R by

0, (t) = sup {1 — (A £ p(A) > %} 1= i )

The concentration function is the best (i.e., smallest) function that satisfies p(A4;) >
1 —ay(t) for all A C X with u(A) > 1.

Claim 5.9 (Home work). For any metric probability space, a,,(t) 220 .

Indeed, one may notice that as ¢ — oo, one has p(A;) — 1 and A, — X.
There are two types of concentration phenomena that people especially care about:

Definition 5.10. A measure pu on (X, d, ) has normal or sub-Gaussian concentration if
a,(t) < Ce=* (where ¢, C' depend on X.)

For the Gaussian measure, we saw v(A4;) > 1 — c;e~" for all Borel measurable sets A
satisfying v(A) > %, thus Gaussian measure satisfies the sub-Gaussian concentration. Same
is true about the Haar measure on the sphere and the uniform distribution on the Hamming
cube.

Definition 5.11. A measure p on (X, d, ) has exponential concentration if o, (t) < Ce
(where ¢, C' depend on X.)

Exponential

Below we shall see many examples of both phenomena.
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5.3 Concentration of measure for Lipschitz functions

Recall that a function f : X — R is called p-Lipschitz if for all x,y € X,
|f(x) = f(y)] < pd(z,y).
Recall that if f: R® — R, f € C'(R"™), then f is p-Lipschitz if and only if |V f| < p.

Definition 5.12. Let f : (X,d,u) — R be a function where p is a probability measure.
Then, the median of f, denoted med(f), is the real number such that

p({r e X2 f = med(f)}) =

N | —

and
p({r e X : f <med(f)}) >

N —

The next classical result implies that when a metric measure space enjoys some con-
centration phenomenon, then one can say that Lipschitz functions on this space are almost
constant, in the appropriate sense.

Theorem 5.13. Let (X, d, u) be a metric probability space, and f : X — R be a 1-Lipschitz
function. Then,

p{z € X - [f(x) —med(f)] > t}) < 2a,(1).

Proof. Let A:={z € X : f(x) > med(f)} and B := {x € X : f(z) < med(f)}. Consider
y € A;. Then, there exists © € A such that d(z,y) <t. We have

f)=1W) = f@)+ f(z) 2 —d(z,y) + f(z) = —d(z,y) + med(f) > —t + med(f).
Similarly, for any y € B;, we have
fly) < d(x,y) + med(f) < ¢+ med(f)

As a result,
{z € X :|f(z) —med(f)|] >t} C (AN By) = Af U By.

We know that p(A;) > 1 — a,(t) and p(B;) > 1 — a,(t). Therefore,

p{z € X o [f(z) —med(f)] > t}) < p(Af) + u(By) < 204,(t).
This completes the proof. O

Corollary 5.14. If f is L-Lipschitz, then
t
i € X 5 1£(0) —med(1)] 2 1)) < 20, (1)
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Proof. Consider g = f/L. O
Next, the following proposition establishes the converse of Theorem 5.13.

Proposition 5.15. Let (X, d,p) be a metric probability space. For given t, if there exists
n > 0 such that

p{r € X o [f(z) —med(f)] > }) <.
for all 1-Lipschitz functions f, then a,(t) <.

That is, Theorem 5.13 is sharp up to a factor of 2.

Proof. Consider f(x) = d(z, A) for some Borel set A with p(A) > 3. Then, f: X — R is
1-Lipschitz. We have

|f(@) = fy)l = ld(z, A) — d(y, A)| < d(z,y)
by the triangle inequality. By assumption,
u({z € X : |d(z, A) — med(f)| = t}) < 1

We also have med(f) = med(d(-, A)) = 0. Taking supremum over all A with u(A) >
get

a,(t) = sup {1 — p(Ar) - p(A) = %} <7

Corollary 5.16.
1. If f: S" ' — R is 1-Lipschitz, then for all t > 0, o({|f — med(f)| > t}) < 2e~".
2. If f : R" — R is 1-Lipschitz, then for all t > 0, y({|f — med(f)| > t}) < 2e~<".

Now, we shall consider estimates on deviation from the mean. More often than not, it is
easier to compute the mean, as compared to the median.

Theorem 5.17. Let f: S" ! — R be Lipschitz continuous with Lip(f) = b > 0. Then, for
all t >0,
o({|f(x) —Ef| > bt}) < de=™"

Here, Ef = fsm fdo and c is an absolute constant independent of n.

Proof. Without loss of generality, assume b = 1. Consider f— an independent copy of f on
S7=1 Consider the product space S~ x S"~!. We have

o®o({(z,y) € 8" x S| f(2) = fly)l = t}) <

~

o (1760 = mea(DI = )+ (17(w) —mea()] = §) < e
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Also,
B, a1 — 9 / N0 @ o ({|f(x) — Fy)] > 1)) dt
0

by the layer-cake formula. Therefore, by the inequality shown above,

_ o)
E o, /7 < 872 / el gy
0

Choosing A appropriately, we see that
E,E,enlf~fF = | ecnlf=F* < 4
By Jensen’s inequality (Theorem 2.3) applied to one of the expectations,
E, e/ B < 4. (17)
Finally, by Markov’s inequality, we have
c{xe X:|f-Ef|>t})=0 <{$ € X : e EIP > ec3nt2}>
< efc;;m@IECrec?,n|fflEf|2
S 46703nt2’

where in the last step we used (17). This finished the proof. O

5.4 Log-Concave Measure, Borell’s Lemma and the Reverse Holder
inequality
Lemma 5.18 (Borell’s Lemma). Let pu be a log-concave probability measure on R™. Then,

for any symmetric convex set A C R™ with p(A) = o € [3,1), we have

t+1

p(tA)El—a(l_a) =1—e*

«

for allt > 1.
Proof. First of all, observe that t%l(tA)c + Z—iA C A°. Indeed, let z € (tA)°, y € A. Then,

20 -y g 4 g - -
g T ¢ Asince A is convex and symmetric.

As p is log-concave,
2 t—1

1= p(A) = p(A9) = (1 = p(tA)) 1 p(A)

SO
2 t—1

l—a>(1—ptA)star

which implies
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Theorem 5.19 (Reverse Holder’s Inequality for Semi-Norms of Log-Concave Measures).
Let i be a non-degenerate log-concave probability measure on R"™. Consider a semi-norm
(convez, 1-homogeneous, even function) f : R™ — R. Then, for all ¢ > p > 1, we have

(/|f|pdﬂ)1/p < (/|f|qdp)l/q < %q (/|f|pdﬂ>l/p

where ¢ > 0 is an absolute constant.

Proof. Note that the left inequality is a straightforward consequence of Holder’s inequality.
The actual content of the Theorem is the right inequality, which we will now prove.

Consider A = {x € R" : |f(x)] < 3||fl|,} where ||f|l, = (If[? dp)". A is symmetric and
convex as f is a semi-norm. Note that

p(A) =1 —p({z e X |f (@) >3]/}
=1—p({z e X [f(2)P > 317}
21 =3Pl fI, LS
—1-3"
If yu(A) = o, then =2 < e P2asa>1—3"P.
Consider tA = {x : |f(z)] < 3t||f]l,}. We have u(tA) > 1 — e " for all ¢ > 1 using

Borell’s lemma together with 1-homogeneity of f.
Fix co > ¢ > p > 1. It is easy to see that

J = [ ot 1) = shds

Splitting the integral in two parts,

3[11» 00
Jistran= [ a2 s+ [ gl = s ds

3[1fllp

3|1 fllp 50
< / g5V ds + (3| £]l,)° / gt le=emt gt
0 1

— GBIF1) + aBIIf 1) / [l ement gy
1
= 7191+ ¢7)

and the result follows. In the last step, we use

/ tQ—le—Clpt dt = (Clp>q/ t(]—le—t dt
0 0

= (a1p)'T'(q)

= (Clp)qqch
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Let us outline an application of the above theorem.
Claim 5.20. Let X be a log-concave, isotropict random vector. Then for allt > 1,
P(|X] > cty/n) < e,
Proof. Using Chernoff’s trick, we have for A > 0,
P(|X| > ctv/n) = P(eX] > ectA\/ﬁ) < o VIR AIX]

Furthermore,
o0 k O Ak k 0 Ak k
AlX| (AlX)" AE|X| A*(ckE| X))
o gy (W57 RT3 M)

where the last step follows from the preceding theorem applied to p =1 and g = k.
We also have E|X| < /E|X|?2. As X is isotropic, we have E|X|* = Y E|X;|* = n.
Therefore, E|X| < y/n. It follows that

EeMX! < ¢

for an absolute constant ¢, if A in the calculations above is chosen to be c¢;/y/n for an
appropriate constant ¢;. Finally, we get the bound

P(|X| > cty/n) < e MVITEAXT < e,

5.5 Paouris’s inequality (statement)

In fact, the statement of the Claim 5.20 misses the correct inequality by a factor of \/n :

Theorem 5.21 (Paouris [152]). Let X be a log-concave, isotropic random vector. Then, for
any t > 1,

cnL,

(Paouris)

Picture (c) Klartag, Milman

This result was further re-proved (and in some sense strengthened) by Guedon, E. Milman
[79].

'Recall that we say that a random vector X is isotropic if EX = 0 and for any § € S"~!, E(z,0)? = 1.
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5.6 Sub-exponential concentration of linear functions for Log-Concave
measures, and of other semi-norms
In fact, one may repeat the argument of Claim 5.20 to show:

Claim 5.22. Let p be a log-concave probability measure and X be a random vector such that
X ~ . Let f be any semi-norm. Then for any t > 0,

P(f(X) > E,f(X) +1t) < Ce T,

In the particular case when f(z) = [(z, )| (which is, in some sense, the simplest possible
semi-norm) one gets a result which is tight:

Corollary 5.23. Let p be a log-concave probability measure and X be a random vector such
that X ~ u. Then, for all € S™1,

p({z: [(z,0)] > tE,|(X,0)[}) < 2

for every t > 0.
Proof. We have

u({1(X,0)] > tE)(X,0)[}) = u ({e%’i& > ect})

cl(X,0)]
S ]EH e Eul(X,0)] eiCt

S Clefct
where o s . o 4 -
X0 _ N (X 0" N(ENX )
E,e =B,y =) o <ci,
k=0 k=0
provided that # is chosen to be of order (cE,[(X,6)|)~". O

One may check the tightness of the above result by considering for instance the measure
dp = eIl dy.

In fact, similar results could be obtained on the sphere, not just with respect to log-
concave measures on R” : indeed, considering u to be a rotation-invariant log-concave mea-
sure (say, the Gaussian), writing the integrals in polar coordinates, and using the Reverse
Holder inequality, one gets:

Corollary 5.24 (Home work). Let f: S"! — R be a semi-norm. Then,

( /S rf<e>|qcza<e>)” " g m < /5 |f(9)|”da(e))1 3

Therefore, one has sub-exponential concentration for norms on the sphere:
P(f(0) >Ef +t) < Ce .

Here E stands for the expectation with respect to the Haar measure on the sphere.
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5.7 The Thin Shell Conjecture and the KLS conjecture

Conjecture 5.25 (Antilla, Ball, Perissinaki [2]; Bobkov, Koldobsky [24]). Let X be a log-
concave, isotropic random vector (that is, EX =0 and EX;X; = 6;;). Then

var(|X|) < C.

Remark 5.26. Let T be a volume-preserving linear transformation and u be a log-concave
measure with bar(u) = 0. Define pup = Tyu. Then, for every such u, there exists T such
that pr is isotropic. Also, if X ~ pr, then infpvar(|Xr|) is attained for the isotropic
position (the infimum is taken over all volume-preserving linear transformations.)

Remark 5.27. The thin shell conjecture implies the slicing Conjecture 4.16 of Bourgain, as
was shown by Eldan and Klartag [59].

Recall the Kannan-Lovasz-Simonovits Conjecture [88] (1995) which was stated above
as Conjecture 4.19: for log-concave isotropic probability measures 1 on R™ and all locally
Lipschitz functions f : R™ — R, we have

[ rau- (/fdu)2 <c [ vsran

where C' > 0 is an absolute constant.

Remark 5.28. The Kannan-Lovdsz-Simonovits Conjecture implies the Thin Shell Conjec-
ture. To see this, take f(z) = |z|. Then,

Var(!w|)=/|x|2du— (/Ix|du)2§c/1du=c.

The current best bound for the KLS conjecture, as well the Thin Shell conjecture and
Bourgain’s sclicing problem is the following:

Theorem 5.29 (Klartag 2022 [103]). For a log-concave isotropic probability measure (i on
R™ and all locally Lipschitz functions f : R™ — R, we have

[ £au- (/fdu>2 < C\ogn [ V1T dn

where C is an absolute constant.

5.8 Klartag’s bound on the thin shell in the unconditional case

Below we shall outline a relatively uncomplicated proof, due to Klartag [101], of the Thin
Shell conjecture in the partial case when the measure is unconditional, that is, symmetric
with respect to all coordinate reflections. The reader is also referred to Klartag [99].
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Theorem 5.30 (Klartag 2008 [101]). If X is an unconditional log-concave isotropic random
vector on R", then var(|X|) < C where C' is a constant independent of the dimension.

Lemma 5.31. Let v be a probability measure on R := {x € R" : x; > 0}. Consider
du = e ¥dz - a log-concave, unconditional measure. Then, for any f € WE2(RY, p), we

have var,(f) < 4 fRi > iy 3|0 f1? dp.

Proof. Consider a map 7(zy,...,z,) = (22,...,22). We note that 1 o 7 is convex, as 9 is
convex and unconditional (see home work). Consider ¢(z) := ¢(n(x)) — > 1 log(2z;) and
the measure v with density e™¥. Then 7 transports u into v, that is, for all appropriate f

we have:
/ fr L (@))e @ do = / F(y)e s dy.

Note that
= 0 0
n n 0 =% 0
Vip = V*(por)— V3 Zlog(Qxi) > —V? Zlog(2xi) = 2
i=1 i=1 :
0 0 =
This gives
2 0 0
x3 0
(Vo)™ < ;
0 0 z2
By the Brascamp-Lieb inequality (Theorem 3.75]),
(o) < [ (V)Y Vgew < [ S atiagle (19
R% Ti=1
We have
vare-«(g) = var.—s(f), (19)

where g = f om. Also,
[ > atogker = [ Y ataspe. (20)
T =1 RY =1
Combining (18), (19) and (20) finishes the proof. O
Proof of Theorem 5.30. We write

2 2 _ (XQ_n)2
var(|X|) = E(|X| - E|X])* <E(|X] - vn) —Ems
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1 16
E(|X[> —n)? = Eva]r(pq ZEX2 (2X;)? Z]EX4 <e,

where for the last inequality we use EX} < ¢(EX?)? < ¢ (by the Reverse Holder inequality),
while the second to last inequality follows from Lemma 5.31 applied with f(z) = |z|* with

5.9 Exponential concentration via Poincare Inequality

Recall: Suppose p is a probability measure on a metric space M = (X, d). p is said to satisfy
the Poincare inequality with constant (8 if for any locally-Lipschitz function f one has

[ra—([ran) <5 [ 1952 a

We have the following examples:
e Gaussian measure, 5 = 1;
e Gaussian measure, even functions (for which § = %),

e KLS conjecture / Klartag’s result: if p is isotropic and log-concave then we can choose
B = cy/logn;

e Payne-Weinberger Theorem 3.85: If x is uniform on a convex set K then § < diamT(K);

e Other examples: p uniform on the sphere, on the Hamming cube, etc (see the home
work);

e Fix £ > 0. If pis “more log-concave than the Gaussian”, that is du = e dx with
V?y > k- Id then one has 8 < k™! (as a corollary of the Brascamp-Lieb inequality
Theorem 3.75).

We shall see that establishing a Poincare inequality directly allows to establish a sub-
exponential concentration result (see also the presentation in [4]). Recall that

au(t) = sup (1 — pu(A))

is the concentration function that governs how quickly sets accumulate measure.

Theorem 5.32 (Gromov-Milman [75]). Suppose (X, d, 1) is a metric probability space. Sup-
pose | satisfies on X the Poincare inequality with constant 5. Then

__t_
a,(t) <e 3va.
We immediately notice some corollaries.
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Corollary 5.33. If Vv > k- Id, du = e " dx on R™ then a,(t) <e "3 .

et
Corollary 5.34. If u is isotropic log-concave then a,(t) < e @em'/*,

Remark 5.35. Note also that Payne- Weinberger one has that if p is uniform over K then
ct
O[M<t) S 6_ Vdiam K |

Before we outline the proof, recall that earlier we related the bounds on concentration
function to the large deviation bounds on Lipschitz functions from its median. It turns out,
one could also express a bound in terms of large deviation from the mean.

Proposition 5.36 (Home Work). If for all Lipschitz functions f one has

u(fZ/f du+t> < aft),

then one has the implication that for all Borell sets A C X with u(A) > 0, for allt > 0 one
has

— 1(Ar) < a(u(A)t).
In particular, a,(t) < a(t/2) for each t > 0.

Proof of Theorem 5.32. Consider f: X — R to be some bounded 1-Lipschitz function with
mean zero (note WLOG we can take this for all such functions, up to subtracting a constant

and both functions are invariant under shift operations). Consider A > 0 and g\ = e ¥ One
has, by a Poincare inequality assumption, that

/gi— (/gA du)2 §B/\V9AP dyu

holds for some 5. We can compute Vg, = %er¥, so that the above is then

A 2 2
/e’\f dp — (/e?f dp) < %/6”|Vf|2 dp.

By Lipschitz criterion, one has |V f| < 1 and hence the RHS is BA [eN d,u Set S( ) =
[eN du, then S(\) — 5(3)2 < 2X5()\). Equivalently, one has S()\) < S(A/2).

2 4

4

[terating this with A = we have

2\F’

— ok

H ( ) L 52" (M /27).

4k+1

27l

We claim that (S(A/Q”)) — lasn — oo, then S(A) = 1-AE, f+O(A\?*) = 14+0()\?). Using

the estimate (14 ¢)\?/2%")*" ~ e=* " which goes to 1 as n — oo, and using algebra/calculus

one has S(1/2v/B) < [~ 0( 4k+2>2k <3.
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To proceed, we use the so-called Chernoft’s trick. We have

120 >l )
< S(1/2/B)e 77 <3¢ 37,

Recall that it’s enough to have Poincare for e¥®4) in order for u(A;) > 1 —e~%, and for
this setting, this distance function d(x, A) is a Lipschitz function. O

Remark 5.37. Examples of spaces that do not satisfy the Poincaré inequality are unions of
almost-disconnected convex domains connected by a thin neck; Poincare inequality worsens
as neck gets thinner. See the picture below (c¢) Klartg.

Picture (c) Klartag

5.10 Marton’s argument: almost-optimal concentration for the
Gaussian via Fathi

Recall that Talagrand inequality says that
Wa(p,v)? < 2Ent,u;
recall Fathi’s Theorem 4.75 which states that
Wa(p, v)? < 2Ent,u + 2Ent.v.

In particular, it is enough to assume that either p or v is bary-centered, by the Blaschke-
Santalé inequality. As a corollary, we get the following:

Corollary 5.38 (Fathi). Suppose A is a Borel set in R™ with barycenter zero. Then

—r2/2

1- ’Y(Ar) <

7(A)°

Here A,, as usual, is the r-thickening of the set A.
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Proof Consider du to be the restriction of the Gaussian measure to A, given by du =
ﬂ/(A)]lA dy. Then we set dv = ( ILAC dry. Note that

d
Ent. ( /Ml ——O— logv(A)

and
Ent, (v) = — log(1 - 7(A,)).

The Wasserstein distance between p and v satisfies

Wauo? = int [ o= of? du(ae,y) = int 2 — gl dulz,y)

7 couplings {zcAycAc}

2r2inf/ dr(x,y)
L

=7

By Fathi’s result (Theorem 4.75), we know that r? < —2log~y(A) — 2log(1 — v(A,)), which
implies that e="*/2 > ~(A)(1 — y(A,)), finishing the proof. O

Remark 5.39. Note that this is not an optimal bound, but it is a useful technique that
in general leads to other useful estimates. The type of argument is referred to as Marton’s
argument [142].

5.11 Concentration and Laplace Functional

We follow the presentation in [4]. Assume (X, d, u) is a metric probability space, and set
A > 0. Define a function E,()) to be

E,()) = sup { /6” dp | f+ X — Ris 1-Lipschitz, E, f = 0},

This is called the Laplace functional. One has the following relation between the Laplace
functional and concentration:

Proposition 5.40. Suppose (X, d, 1) is a metric probability space. Then for eacht > 0, one
has

a,(t) < inf (e"V/QEH()\))

A>0

Proof. Let f be a 1-Lipschitz function, and set g = f — E, f. One has [e* du < E,(\) by
definition of the Laplace functional E,(\). Therefore,

117



< E,(\) e
Thus
u((f >E,f +t> < B, (\Ne™  vA>0,
and hence a,(t) < E,(t)e™ /2. The result then follows after taking infimum. O

In some particular cases, bounding the Laplace functional might lead to sub-Gaussian
concentration.

Corollary 5.41. If E,(\) < e then one has a,(t) < e—c1t’
Proof. Indeed, infy e /200N — ginfleoX®-At/2} — g—eat? 0

For example, if the diameter of a space X is uniformly bounded by some D then E,()\) <
e’ As a corollary, we get an almost-optimal concentration on the Hamming cube. See
home work for more details.

5.12 The Herbst Argument

This classical argument due to Herbst [78] allows to obtain sub-Gaussian concentration via
the Log-Sobolev inequality.

Theorem 5.42 (Herbst). Let (X, d, i) be a probability metric space such that for any locally-
Lipschitz functions one has the Log-Sobolev inequality with constant > 0, that is,

Bt (1) <28 [ V57 d

Then for all t > 0, one has a,(t) < e /%0

As an example, if du = e dz and V?v > k- Id then 8 < k~!. This follows from the
Gaussian log-Sobolev and Cafarelli’s Theorem (see home work). Therefore, we get

Corollary 5.43. Suppose du = ™% dx and V?v > k- Id. Then for all Borel A C R™ with

w(A) > % we have

pw(A) > 1—e /8 (vt >0).
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Remark 5.44. Recall that log-Sobolev with constant B immediately implies Poincare with
constant 3, because if Ent,(f*) < 28 [|Vf]* du and one sets f = 1+ eg then one gets
Poincare’s inequality in the € term (home work). Therefore, Herbst’s Theorem 5.12 assumes
more than Gromov-Milman [75], but the conclusion is stronger.

To prove this theorem, we need some machinery.
Definition 5.45 (log-moment generating function). Given f : X — R consider the function
P(\) = log B,V ~Eul),
This function is called the log-moment generating function of f.
We have the following Lemma:

Lemma 5.46. Suppose for f : X — R one has
)\2 2
Entu(e’\f) < TUEMe)‘f.

0.2 2
Then ¥(X) < 5=

Proof. One has
P(A\) = logE,eM — AE, f + O(\?)

so that then

= . K L logE,eM
A\ A A E (e a8t
1 Ent,,(e)
RS E,(eM)
Then by Newton-Leibniz one has
Sy U _ [ LB
A as0 ) Jo 82 Eyled)
)xi20_282 "
0 8¢ 2
= \o?/2.
One can check that lim,_,g @ =0, then
2 92
Y(\) < A;
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When f = e " /2(27)"/2, then ¢)()\) ~ ¢\2. This motivates the following definition:

Definition 5.47. A function f is said to be sub-Gaussian if for this f, ¥(\) < % (here
o > 0 is the sub-Gaussian constant).

There is a relation between concentration and ¢*(t) := sup, (t\ — ¥(A)). Namely:

Lemma 5.48. Suppose f € L'(u). Then
p(lf —Euf| 2 1) < 2e77°0.
Proof. Recall that 1()\) = log E,e* ~*E«/. Then
u(f—Euf2t> u( A(f~Euf) > >
< BB g N
)

|/\|

The LHS does not depend on A, so we can take infimum in A to conclude that
u(!f —E.f| > t) < ir/\lfe*(kt*w(/\))

_ o)

— o s (E—(N)

The lower tail of the absolute value can be computed similarly. O
As a corollary of Lemma 5.48, we get

Corollary 5.49. For all sub-Gaussian f one has
p(If — By f] > 1) <267/,

Proof of Herbst Theorem . As usual, in order to bound the concentration function «,,(t), we
bound pu(f —E,f > t) for all Lipschitz functions. Consider any Lipschitz function g, with
Lipschitz constant bounded by 1, and WLOG take E,g = 0. As before, consider f = e/,
One then has

Vf= vgeW

Under the assumption that p satisfies the Log—Sobolev inequality, we conclude that
Eut, (/%) <26 [ V1P du
A
= g/IVgIQeAQ dp

2
< %/6)‘9 dp.
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By Lemma 5.46, we have that if Ent,(e*) < ’\QTﬁEuekg, then () < %‘2, and hence ¢*(t) >
%. By Corollary 5.49, we show that

,u(g —E.g > t) < et/ = alt).

It remains to recall (by Proposition 5.36) that a,(t) < «(t/2), and to conclude that
a,(t) < e /39 as desired. O

5.13 Small ball estimates for norms on the sphere by Klartag and
Vershynin

Recall that for a non-negative random variable £, a “small-ball” type estimate is an inequality
similar to

P(€ <€) <d(e),
where ideally we would like d(€) — 0, the faster the better.

More generally, for a random vector X in R™ and z € R", one could try and get an upper
estimate for P(|X — z| < €) independent of z. This would mean that the random vector X
rarely falls into the small ball of radius e centered at any given z (hence the name).

We learned from Corollary 5.24 that for any semi-norm f on R", one has sub-exponential
concentration on the sphere S"~!:

P(f(0) > Ef +1t) < Ce 5.

Here the expectation is with respect to Haar measure on the sphere. One could of course
get the reverse bound as well:

P(f(0) <Ef —t) < Ce o7,

However, the above inequality does not pack in a lot of information, since the bound on the
right is just of some constant order, potentially larger than 1.
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This begs a natural question: is there a general small-ball type estimate for norms on the
sphere? That is, could one get a bound of the type

P(f(0) < eEf) < d(e),

when f is a (semi-)norm and 6 is uniformly distributed on the sphere? This question was
answer by Klartag and Vershynin [110] (see also later works by Paouris, Tikhomirov, Valettas
[154]). In this subsection, we shall outline this result.

We start with the following standard notation introduced by Milman:

Definition 5.50. Consider a norm || - || on R™. Let M > 0 be its average over the sphere,
so that

M= [ 18] do(6) = Eseafo],

Definition 5.51. One sets d(]| - ||) to be a “special dimension” defined by

a(l - ) = mm{M,—loga(ueu < ;M>}.

For example, for the Euclidean norm || - || = | - | one may see that d = n. As a general
rule, one has d(]| - ||) — oo as n — oo for various reasonable norms (see [110]).
We are ready to state the main Theorem of this subsection:

Theorem 5.52 (Klartag-Vershynin [110]). For any norm || - || one has
o(6€8™1: 6] < eM) < (ce) 1D

for all e € (0,1). In particular, one can bound from below the negative moment of a norm:

(/S (L do(G))w >cM (Ve 0,c-d(]|-|])])

Remark 5.53. Note that by Holder’s inequality one has

([ o o)) <

and therefore the inequality in the Theorem above is nearly optimal.
The following Lemma is needed for the proof of this Theorem:

Lemma 5.54. Suppose K is a centrally-symmetric convex body. We can then compare the

spherical measure of K with the Gaussian measure of K via the inequality
1 1
50(8"*1 N 5[() <H(vVnK) <oS"'N2K) +e ",

where ¢ is some absolute constant.
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Proof. There are two facts used in the proof. First, one has v(2y/nBj) > 3. Indeed, if X is

a random vector then P(|X| > 2y/n) = P(|X|* > 4n) < E”i—f'Q. The LHS is 1 — v(2y/nBY)
and the RHS is precisely ;. The other fact needed is that v(3+/nBy) < e, which follows
from writing the LHS in polar coordinates and using the Laplace method.

Next, we can bound from below by

Y(VnK) > ~(2vnBy Nv/nK)
> y(2v/nBYy) - 5(2y/nS" ! N vnk).
Here 6 is the Haar measure on 2,/nS""!. Recall that v(2\/nBjy) > % and hence after
renormalizing again,
1

o(S" 1N ZK).

Y(VnK) > 5

For the upper bound, we remark that

VAK) < o(GVBY) + o(3y/as"™™" N ViK)

DN | —

so that then
Y(vnK) < e +o(S" N 2K).
O
Remark 5.55. In fact, for the Lemma to hold it suffices to assume that K is star-shaped.

Proof of the Theorem. Take || - || with unit ball K. One has v(e'K) being log-concave by
Cordero-Erasquin, Fredeliki, Mauren, et al. Then

(a0 K) > y(aK) My (bK) Va,b > 0.

Consider Med(|| - ||) to be the median of the norm, so that Med < 2 - M (this is apparently
a well-known fact). Set L := Med - v/n - K to be a symmetric convex body, then we have

Y2L) > 2o(S"1 N Med - K)

2

1 1 1
> .2 =
-2 2 4

(by definition of median); we can also estimate y(L/8) from above so that
1
Y(L/8) < o(S" 1N 1 Med - K)+e "
1
=o(x eSS z] < ZMed) +e "

1
<o(x eS| < 5]\/[) +e "
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by our previous point. By definition of d, we then have this begin no greater than e~ +
e, which in turn is bounded above by 2e~¢I') since d < n. Applying the B-theorem for

a=¢e¢b=2, /\—logl/)wethenget

F(eL)Y/ B0/ (o) "R < 7( 3/108(1/e) . 91~ toxttze) L)
<(L/8)
for sufficiently small €. Then

3/log(1/€) ~v(L/8)
7<€L) < 7(2[])1 e/log(1/e)

< (e)eddlih

for another constant ¢/. Finally, if we want to estimate the spherical measure of the set, we
observe that

o([lz]l < eM) < (eL)
< (),

Thus

—cd/10
do < (C

)

/Svnl

which completes the proof of the Theorem.

i

5.14 Home work

Question 5.56 (3 points). Recall that a spherical cap is a non-empty set of the form
S™t N {{x,v) > t},

for some v € R" and t € R.

Prove the isoperimetric inequality on the sphere S™™' : given A C S"™! with 0(A) = a €
(0,1) (where o is the Haar measure on the sphere), prove that the perimeter of A (which we
defined in class) is larger that that of a spherical cap of measure c.

Hint: use an analogue of Steiner symmetrizations, for example, or some other approach.

Question 5.57 (1 point). Using the Question 5.56, deduce the sharp concentration inequality
on the sphere (which we stated in class).

Hint: use an approach similar to how we deduce the Gaussian sharp concentration from
the Gaussian isoperimetry (we will do it in a few weeks).
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Question 5.58 (Rahul’s question, 2 points). Could you prove a concentration result on the

sphere of the type »
o(Ay) > Cre ™t

for some range of t and some constants? Use the same ideas as what we discussed in class.

Question 5.59 (2 points). a) Prove the Efron-Stein inequality: for any measurable function
f:R™ = R and any random vector X = (X1, ..., X,,), one has

Varf(X) <E Z Var; f(

where Var stands for the variance with respect to the distribution of X, E stands for the
expectation with respect to the distribution of X, and Var; is the variance with respect to X;
(so Var;f(X) is a random variable.)

b) Prove the tensorisation property of the Poincare inequality: let py,..., fy, be a collection
of measures on RF ... RF respectively, so that ky + ... + k,, = n. Let the measure p =
1 X ... X i, on R™. Then the Poincaré constant of u equals the maximum of the Poincaré
constants of 1, ..., fbm.

Question 5.60 (1 point). a) Recall that for a mndom vector X dz’stm’buted accordz'ng to
the measure p and a function f, we denote Entf(X) = [ f(z)log f(z — [ fdu -
log (f fd,u). Prove that for any measurable function f R"™ — R and cmy mndom vector
X =(Xy,...,X,), one has

Entf(X)<E Z Ent; f(X
i=1
where Ent stands for the entropy with respect to the distribution of X, E stands for the
expectation with respect to the distribution of X, and Ent; is the entropy with respect to X;
(so Ent;f(X) is a random variable.)

Hint: use the variational characterization of entropy that we proved in class.

b) Recall that we say that a measure p on R™ satisfies the Log-Sobolev inequality with constant
B if for any locally Lipschitz function f one has Entf*(X) < 2BE|Vf(X)[?, and 8 > 0 is
the smallest number that works here.

Prove the tensorisation property of the Log-Sobolev inequality: let yy,..., p., be a collection
of measures on R¥ .. RFn respectively, so that ky + ... + k,, = n. Let the measure 1 =
1 X oo X iy, on R™. Then the Log-Sobolev constant of p equals the maximum of the Log-
Sobolev constants of iy, ..., .

Question 5.61 (5 points). (Intentionally vague question, allowing for some freedom). Find
any interesting extension or generalization of the Herbst argument in the situation of, say,
Generalized Log-Sobolev inequality, or in some other more general situation.

Question 5.62 (1 point). Confirm that if ¢ is a convex function on (R™)" then the function
(a3, ..., x%) is conver as well. (this concludes the proof of the Thin Shell inequality in the

rn

unconditional case, as we discussed in class).
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Question 5.63 (1 point). Confirm that for any Borel probability measure p on a metric
space X, one has o, (t) =400 0.

Question 5.64 (1 point). Confirm that if the function f on R™ is p—Lipschitz (that is,
|f(x) = f(y)| < plz —y| for all 2,y € R") then one has [V f| < p.

Question 5.65 (3 points). a) For a log-concave probability measure p with density f on R™,
define b, : S"™' — R via

b,(6) = /0 " ruoyedr.

Prove that By(x) = |x|bp(|i—‘) is convex for p > 1, and therefore is a Minkowski functional
on R™ of some convex body K,. This body is called Ball’s body as it was introduced by Keith
Ball.

b) Suppose p is isotropic. For which p is K, isotropic (after being normalized to have volume
one)?

c¢) Prove that verifying the thin shell conjecture for all log-concave measures is equivalent to
verifying it only for uniform measures on convex bodies.

d) Prove that verifying the KLS conjecture for all log-concave measures is equivalent to
verifying it only for uniform measures on convex bodies.

Question 5.66 (3 points). Confirm that the KLS conjecture is equivalent to showing that
for any isotropic convex body K in R"™, cutting K into two parts of equal volume is achieved,
up to a multiple of an absolute constant, by an affine hyperplane cut. (For 1 point out of 3,
show that the KLS conjecture implies this fact.)

Hint: Ezplain that (in some sense) for a (nice) closed connected region M one has

o3| = [ 914l
oM

uestion 5.67 (1 point). Let f: S" ! — R be a seminorm. Then
Q p ,

(/S |f(0)|ng(9))1/q : %q Zig (/s ()] da(e))l/p.

Hint: use the reverse Holder inequality that we proved and integration by parts.

Question 5.68 (1 point). Let pu be any even log-concave measure on R™. Show that for any
symmetric measurable set A in R™ and any t > 0 one has

1
px€R": IyecA: (z,y) > —t)>1— ——e "
( ) > =0 21—

Hint: Use Klartag’s extension of the functional Blaschke-Santalo inequality.
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Question 5.69 (2 points). Let u be a measure on a metric space X with Laplace functional
E,(N). Suppose the diameter of X is bounded from above by D < oo. Then for any A > 0
one has -

DX

E, (N <e 2.

Question 5.70 (1 point). Show that whenever for a measure p one has for all X > 0 that
2

E, < e for some constant ¢ > 0 then for everyt > 0 one has o, (t) < e 5.
Hint: use the result we proved in class.
Remark. This shows that using Payne- Weinberger inequality as means of obtaining con-
centration bounds is sub-optimal.

Question 5.71 (1 point). Prove the (close to optimal) sub-Gaussian concentration bound
for the discrete cube {—1,1}" equipped with the uniform measure and the Hamming distance

(as defined in class): show

t2n

a,(t)<e 5.

Hint: use questions 5.69 and 5.70.

Question 5.72 (2 points). Show that Paouris’s inequality (that we stated in class) follows

from the following result of Guedon and Milman: for an isotropic log-concave random vector
1

X on R™ and any p € R such that 1 < |p — 2| < ¢yns one has

-2 -2
1oz b mxpys <14 0222
ns3 n3
and for any p € R such that ens < p—2| < con? one has
1 2|%

_25 1 1 _
ooz (E|X[P)r < 1ol =2P
n n

PN
=

Remark. Note that this estimates include negative values of p, unlike the reverse Holder
inequality that we proved in class.

Question 5.73 (1 point). Find an example of a non-Lipschitz function f on the sphere S*~1
which violates the concentration around the median inequality.

Question 5.74 (1 point). Confirm the following fact: suppose for all Lipschitz functions on
the space (X, d, i) one has
p(f ZEf+1) < at)

for some function o on RY. Then oy, (t) < aL) (where as usual oy, denotes the concentration
function).

Question 5.75 (2 points). e Show that if the diameter of the metric space (X,d) is
bounded by R > 0 then for any probability measure 1 on X one has E,(\) < eeD*A*
Here E,, stands for the Laplace functional, as defined in class.

127



e Deduce (using also a result we proved in class) the nearly sharp sub-Gaussian concen-
tration on the Hamming cube.

Question 5.76 (2 points). Prove that d(|| - ||oc) — 00 when the dimension tends to infinity.
Here d(|| - ||) is the Klartag-Vershynin dimension of a norm, as defined in class.

Question 5.77 (1 point). Estimate from below the Poincaré constant of the domain con-
sisting of two unit balls in R™ connected with a neck of width €.

Question 5.78 (1 point). Prove that in dimension 1, for any log-concave measure p on R,
the 1soperimetric sets are rays.

6 (aussian Measure and its special properties

6.1 A general discussion

Recall that the Gaussian Measure on R" is given by
1 —w?

—e 2 dx.
V2T

dy(w) =

We have already seen that it has many wonderful properties, including;:

e [t is a Log-concave isotropic probability measure; to check the isotropicity, note

/(x,9>2 dy = /xfdfy =1

e [t is the only measure both product and rotation invariant
e Linear images of Gaussian random vectors are determined by their Covariance matrix

e Gaussian measure plays the main role in the Central Limit Theorem (and is preserved
by convolutions)
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e [t is extremal for Log-Sobolev inequality

e [t is extremal for Reverse Log-Sobolev inequality

e [t corresponds to the equality case in the functional Blaschke-Santald inequality
e [t is extremal for the Entropy Power Inequality

e There is a nice “Gaussian Fourier system” called Hermite polynomials

e [t satisfies the Poincaré inequality with constant 1

e It satisfies the B-theorem and an improved Poincaré inequality for symmetric functions
with constant %

It is worthwhile mentioning also:

Theorem 6.1 (Gaussian Correlation Inequality, Royen [159]). If A, B are symmetric convex
sets in R™, then

V(AN B) =2 ~(A)-~(B).

In adition to Royen [159], see also the exposition by Latala, Matlak [122] in regards to
the above breakthrough result.

The following Proposition is a way to quantify that the Gaussian measure is “a role
model” for all isotropic probability measures (and especially for log-concave ones). Recall
Cy(), the Poincare constant associated with a measure 4, is the smallest number such that

for all f:
2
/deM— (/fdﬂ> SCp(u)/lvflzdu-

Proposition 6.2. Suppose p is an isotropic probability measure. Then

Cp(p) > 1= Cy(7).

Proof. Recall the fact that p is isotropic implies that [xdu = 0, i.e. Vi [2;du = 0. Also
VO € 5" [ (x,0)* du = 0, and in particular

/:U?du = 1.
1= /m?du— (/xidM)Q < Cp(u)/ldu = Cp(p)

In this section, we shall see several very strong isoperimetric-properties and phenomena
which are unique to the Gaussian measure.

So,

]
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6.2 The isoperimetric profile

Recall the Isoperimetric problem for general (probability) measures p. The objective of this
problem is to find

inf ut(0A
Lot pr(04)
for a given a € [0, 1], where the weighted perimeter is defined as
A+eBy\A
p(DA) = liminf A+ e85\ )
e—0 g
Definition 6.3. The isoperimetric profile of y is defined as

I(a) = inf p*(dA).
w(a) = inf jm(04)

Below are some properties of I,,(a).
e For non-atomic measures, [,(a) >0, I,(a) - 0asa—0, and I,(a) >0asa —1

e I,(a—3) is even. One can see this by taking complements, i.e. p(A) =1 — pu(A°) but
they have the same perimeters u*(0A) = pu™(0A°).

e [, is convex for log-concave measures (proved by E. Milman [144])

Remark 6.4. Consider for example the Lebesque measure |A| = a, then |0A| > ¢, - a'/",
and we have concavity. Recall that the proof of this followed from the Brunn-Minkowsk:
imequality.

So to obtain an isoperimetry bound for a general log-concave measure, one may try to
use the Prekopa-Leindler inequality.

(K +¢eBj3) — p(K)

+ B M
i (8K)—111g1_>151f

€
eBY
L .fu((l—t)l%HTZ)—u(K)
=ty g
1—t Bl t

i () ™ (FE) = ()

> sup liminf :
t e—0 E
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However, one cannot hope to get a sharp bound because the Prekopa-Leindler inequality is
never tight!

6.3 The Ehrard Inequality

The Ehrard inequality is a fancier and tighter Gaussian version of the Prekopa-Leindler
inequality.

Definition 6.5. The Gaussian cumulative distribution function (c.d.f.) is denoted as

| 2
d(s) = / ——e U2t =~y (—00, 5)

—oo V2T

Note that

We will be considering the inverse &' : [0,1] — R.

Inverse cdf of standard normal

®7(x)
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We are ready to state arguably the most important Gaussian Isoperiemtric-type inequal-
ity, proved by Ehrhard for convex sets [56], [57] then by Latala when one of the sets is convex
[120], and finally by Borell [33], [32] for arbitrary Borel-measurable sets:

Theorem 6.6 (Ehrard-Borell). For all Borel measurable sets A,B C R", ¥V XA € (0,1),

O (v(AA+ (1= N)B)) = A2 (y(A)) + (1 = M@~ (4(B).
Other proofs are given by Neeman and Paouris [150], van Handel [80] and Ivanisvili [87],
among others.

Let us compare this to Prekopa-Leindler. Gaussian measure is log-concave, which means
that
log Y(AA + (1 = A)B) > Aog(7(A)) + (1 = A) log(v(B))

Consider the function
m(t) =v((1 —t)A+tB).

Ehrard’s inequality says that ®~! o m is concave, while Prekopa-Leindler says that logm is
concave.

Claim 6.7. Ehrhard’s inequality is stronger than the Prekopa-Leindler inequality for the
Gaussian measure: for any strictly increasing function m ®~' o m is concave implies that
logm is concave

Proof. We consider the local form of the functions. Notice that ®~! o m is equivalent to the
fact that
(q)—l o m)// S 07

and log om is concave is equivalent to the fact that
(logom)” < 0.

In general, we have
(f ° m)// — f” . (m/>2 + f/m// S 0,

which is true if and only if

m// f//
(i =
for f' > 0. So relating this back to Ehrard, we have
m/l < B (@71)//
(m)> = (®71)"
and for Prekopa-Leindler, we have
m// < B (log)//
(m')> = (log)



To prove that Ehrard is stronger than Prekopa-Leindler, we prove the following key claim

L @7®) _ (og(t)" .

(@-1(1)) ~  (log(t))"

We compute each component of this inequality

(log()” _ 1/t _ 1

(log(t)y  t/t ¢

(@7 (1) = m om0

(@71(1))" = 27D (t) - 7/
@OV _ g 1o
— (@1(1)) V2rd(t) .

The fact that 21 implies the overall claim is equivalent to saying that

- 1
—V2r 7 (t)e® W72 > 7 (22)
Why is 22 true? Indeed, if a = ®~1(¢), then 22 becomes
o < V2mae”?
®(a) ~
If @ > 0, the inequality is trivially true. If a < 0, we have to show that
/a e 2t < —167“2/2.
oo a
Change of variables b = —a gives us
/OO €7t2/2dt S l€7b2/2
b b
when b > 0. To see why the above inequality is true, notice that
/OO e U2t = /Oot Leerg
b b t
L[ —t2/2
< - te dt
b Jy
_ 1 —b%/2
b
So the claim is proved. n
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Remark 6.8. What is the geometric meaning of ®*(a), for a € [0,1]. Consider the half
space
H={xeR":z <a}.

Then v(H) = a means that = '(a) = a. Indeed,

B(a) = 71 (~00, 0) = 1 (H) = a.

Compare this to f(t) = tY/™ - the (multiple of) the radius of the ball of Lebesgue volume t
(see the below remark).

Remark 6.9. van Handel, Shenfeld [81] fully characterized the equality cases in Ehrhard’s
inequality.

In particular, the equality in the Ehrhard inequality is attained when A, B are parallel
half-spaces. Indeed,

A={zeR": 2, <da)}, y(A) =a

B={ze€R":2;,<® (1)}, v(B)=b
Hhen A+ B O1(a) + d1(b)

g = {x eR": 2, < 5 } )
So

o1 (5 (A28)) - 20U 0E) 0t 1an)

the point where AJFTB intersects the x-axis.
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6.4 (Gaussian isoperimetric inequality

Ehrhard’s inequality implies the following classical and important result:

Theorem 6.10 (The Gaussian Isoperimetric inequality, Sudokov-Tsirelson [165], Borell
[32]). If A is a Borel measurable in R™ with v(A) = a € [0, 1], then

VHOA) > A (OH,) = — e (@212

where H, s the halfspace of measure a

H,={r cR":2;, <®!

—~

a)}.

In other words,

Note that this implies that

and that
I(a) - I(a) = —1.
Proof. (of the Gaussian isoperiemtry via Ehrhard) Let K be some Borel set in R”. Then
(K +eB3) —y(K)
5
7 (=05 +ARE) — (k)

N T
y (8K)—111;n_>151f

= sup lim inf
A>0 €0 IS5
@ (1= e () + A0t (FE)) = (k)
> liminf )
e—0, A—=0 g
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where the last inequality follows from Ehrard’s inequality. Now let ¢ = £. ¢ can be anything
since € and A can tend to 0 at different rates. It turns out the optimal case is taking ¢ — oo.
Since y(K) = a, the last line of the above becomes (by Taylor’s Theorem)

= lim ' (d ' (a)) - w

= lim ®'(®'(a))

t—o00

_ L e

Vor
=~ (0H,).

The fact that lim,_, % =1 is left as homework. O

One can then ask the question about an anisotropic version of this. In other words,
instead of taking B, take some set L (this is left as homework).

6.5 Gaussian concentration inequality and Borell’s noise stability
Theorem 6.11 (Gaussian concentration inequality and Borell’s noise stability).

1
V(A > 1— 56%2/2

if v(A) > 1/2. Moreover, if H is a half-space with v(A) = v(H) = a € [0, 1], we have
(A > y(Hy) = &(7 (a) +1).

Proof. Let
h(t) = cbil(’Y(At))'
Note that

“Ly(ap)? d ’7+(6At>
W) = Vome 2 Sya,) > L9 5
e a2 @) 2

Above, the second to last inequality follows from the Gaussian isoperimetric inequality, and
the last inequality follows from the definition of the isoperimetric profile. We will now apply
Newton’s formula

which implies



where v(A) = v(H).
Next, suppose y(A) > 1/2. Then ®~'(y(A)) > 0, and

1 & 2
A) > (PN y(A) +1) > P(t) = — e~ /%,
(40 = (@ () ) = 00 = —— |

or

1 _2/2

1—~(A) < — e ¥ /%ds

27T t

It now suffices to show .

Consider for t > 0,

and thus

and

Observe that

and
2
F"(t) > 0 if and only if ¢ > \/j
m

Note also that
F—0ast— oo,

and that F'(0) = 0. This means that F' is concave and non-decreasing on |0, \/g] (and thus

is non-negative on that interval), and convex and non-increasing on [\/g ,00], and as it also

tends to zero at infinity, we conclude that it must remain non-negative. This concludes the

proof.

6.6 Isoperimetry on the cube

We will now be discussing another application of the Gaussian isoperimetry.

Recall the notion of the isoperimetric profile for a measure p :

I(a)= inf p*(dA).
wla) = inf ;i7(04)

137



For specific nice convex bodies K, one can ask what is the isopereimetric profile for du
uniform on K. In other words, we ask the question: if for a measurable set A C R", we have
|K N A| = a, then what is the lower bound for |K N OA|? This is known for K = Bj : the
optimal A are balls, appropriately positioned (see picture below).

How about K = [0, 1]"? The following seemingly simple question is open.

Conjecture 6.12 (Isoperimetry on the cube). Suppose A C R" is a measurable set such
that [0,1]" N A| = a € [0,1]. Then

[0AN(0,1)"] = min(|0Ck(a) N (0,1)"], [0Ck(a) N (0,1)"])
where Cy(a) =1 - BS x R"™* + x4 is a k-dimensional round cylinder such that

ICy(a) N B™| = a.

|
|
/)- _____ N
7/

In fact, while the exact isoperimetric problem for the cube is open (except in dimension
2), the following lower bound can be achieved:

Theorem 6.13 (Barthe-Maurey [18], Hadwiger). Let p be the uniform measure on [0, 1]™.
Then
I,(a) > V27l (a).

In other words, for all measurable sets A in R™, if
[0,1]" N Al =a €0,1],

then
a—1(0)2

1(0,1)" NOA| > e~
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spheres

cylinders
planes
Gaussian profile
profile

See also Glaudo [72].

Remark 6.14. Let u,v be any pair of probability measures such that
Typ=v

where T" is L-Lipschitz. Then

ault) < 7,0

and

1
L,(a) > Zlu(a)

Indeed, to see this, consider A, u(A) = pu(TA). If T is 1-Lipschitz, then T(A;) C (T A),
which tmplies the inequalities above.

Corollary 6.15. Let dy = e Vdx, V?v > k- Id. Then

I(a)>k-1,(a) = e~ @2

- V2r

Proof. This corollary follows from Corollary 6.15 and from Cafarelli’s theorem 4.50. O]

Next, we shift our discussion to the uniform measure on the unit cube.

Lemma 6.16. There is a map 7 : R — R"™ that is \/%—Lipschitz such that

T4 = umf([O, 1]n)

Proof. Recall (Example 4.41) that ®47; = unif[0, 1], where as usual ® stands for the Gaus-
sian cdf:

/01 Flade = [ f@(s) - juc@yds = [~ fa(s)is)
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We construct 7 as follows

(21, 70) = (D(x1), ..., P(2)).

So mygy = [0, 1]". Next, to confirm the Lipschitzness, note

(n(x) =m(y)* = Y (B(x:)* — (1:)*)
< sup(®)? |z — g/,

and recall

@l(s) — LeiSQ/Q S L

V2r Vor

(o, 12" An) G (R™, ¥a)

L

Picture (c) Klartag

Proof. (of the Barthe-Maurey theorem) The result follows from combining the Lemma 6.16
and Corollary 6.15. m

We will now present some more results related to the isoperimetry on the cube conjecture.

Corollary 6.17. ACR", [AN[0,1]"| =1 = [0AN(0,1)"| > 1, and it is attained for

1

In fact, as a corollary we get the following non-trivial result:

Corollary 6.18 (Vaaler [168]). For any 0 € S"™ 1,

117"
-0 |—=, =
[-33]

n—1

> 1,

with equality when 6 = (1,0, ...,0).
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Remark 6.19. As for the converse estimate, Ball [7] showed that

where the optimal 0 is

6.7 Gaussian symmetrization and the proof of the Ehrhard in-
equality

The following concept was introduced by Ehrhard [56], [57], see also Borell [33] and Bogachev
27].

Definition 6.20 (Gaussian symmetrization). Fix an integer k, 1 < k < n. Fix also L, a
subspace of R" with dim L = n—k. Fix any e 1. L. Then for a Borel measurable set A C R",
consider the Gaussian symmetrization of A denoted by

S(L,e)(A)
such that for all x € L
S(Le)(A)N (x4 LY) ={y: (y,e) >r}n(z+ L)
where r = r(z) is chosen so that
W(S(L,e)(A) N (x + LY)) = (AN (z + LY)).
Here are some examples:
o If L=ref and e = ¢ , then S(ef,e1)(A) = {z € R" : 3 < &7 (v(A)) };

e If Kk =n — 1, then this corresponds to matching (n — 1)-dimensional slices of set A to
rays J of a 2-dimensional set.

—
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Some properties of the Gaussian symmetrization are left as homework:
Lemma 6.21. Let A and B be Borel-measurable sets in R™ and v € R™. Then

o (S(L,e)(A) =~(A);

e ACB = S(L,e)(A) C S(L,e)(B);

o S(L,e)(A+v)=S(L,e)(A) +v.

Also,

Lemma 6.22. Let Ly, Ly be linear subspaces such that (L; N Lg)L N Ly and (Ly N Lg)L N Loy
are orthogonal. Then

S(Ly,e) o S(La,e) = S(La,e)oS(Ly,e) =S(Ly N Ly, e)
This implies:

Corollary 6.23. Let n > 3 and k > 2. Then for all k-symmetrizations S = S(L,e), there

s a sequence of 2-symmetrizations Si, ..., Sg_1 such that S = S10...0 85, 1.
Furthermore,
Lemma 6.24. In dimension 2, there exists a sequence 01, ...,0,... such that

SO, 0k) 0 S(O 1,0k _1) 0 ... 0 S(6,60,)(A)
converges in Hausdorff distance to a half-space of the same Gaussian measure as A.
Combining Corollary 6.23 and Lemma 6.24 we get
Corollary 6.25. The statement of Lemma 6.24 is true in any dimension.
Remark 6.26. If A is a half-space, then it is invariant under any symmetrizations.
Next, we formulate:
Theorem 6.27. If A is a closed set in R", then for all L and for all e € L*,
S(L,e)(A)+rBy C S(L,e)(A+rBy).
Proof. Home work! O

Remark 6.28. The previous Theorem implies the Gaussian isoperimetric inequality, when
combined with Corolalry 6.25 (without going via Ehrhard’s inequality).

Finally, the following result is crucial in our proof of Ehrhard’s inequality, and its proof
is based on all the results above, and is left as a home work:
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Theorem 6.29. If A is an open convex set in R", then for all L and for all e € L*, then
S(L,e)(A) is conver.

Proof. Home work! m

We are now ready to prove the Ehrhard inequality for convex sets A and B. Recall
that it states that for any A € [0, 1],

7 (v (AA+ (1= N)B)) 2 A7 (y(A)) + (1 = )2~ ((B)). (23)

The idea is to consider n-dimensional convex sets A and B as parallel sections of an (n+ 1)-
dimensional convex set, symmetrize it into a 2-dimensional convex set, and the convexity of
this set (which follows from Theorem 6.29) is exactly the statement of Ehrhard’s inequality
(23).

Proof. (of Ehrhard’s inequality for convex sets.)
Consider A, B as subsets of R"*!: let

A= Ax{0},
B =B x {0}

and C' = conv(A, B). Then

1 A+ B 1
cn {e,f+1 + §en+1} =——"N {ei+1 + éenﬂ}

<(¢) C a

Take n-symmetrizations in R"*! of C' such that intersections with n-dimensional hyper-
planes are preserved. Let

Cr=ep 1 N(C—Aepy1) =€y N(AA+ (1= N)B)

and

F) =27 (7(Ch))
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Then by definition of symmetrization
(Aenst + e42) 1 S(C) = (enss + €)M {z € R : (w,) = 1)

where 7 = — f(A). By Theorem 6.29, the set S(C') is convex, or equivalently f()) is concave.
Therefore,
d~1(v(Cy)) is convex,

yielding
= O (YAA+ (1= N)B)) 2 A2~ (y(A)) + (1 = )2~ (y(B)).

6.8 The Latala’s Functional Ehrhard inequality

In this subsection, we present the funcitonal version of the Ehrhard inequality which was
observed by Latata [125]

Theorem 6.30 (Functional Ehrhard’s inequality, Latata [125]). Let A € [0, 1], and suppose
F,G,H :R™ — [0,1] are such that for all z,y € R",

O H Az + (1= Ny)) = A& (F(2)) + (1= N2 HG(y))- (24)

@4(/;Hwo;zN?*(/nF®>+%1—ANT1</nGM>.

Therefore, for convex f, g,

= < Joossa- A)g)*dv) > Aot ( / ¢(—f*)dv) £ (12! ( / <I>(—g*)dv) .

In other words, @' ([ ®(—(f + tg)*dy) is concave. Here, as before, f* stands for Legendre
transform.

Then

Remark 6.31. As before, one may note that (A\f*+ (1 — N)g*)* = fO\g satisfies (24) and
this s why one can reformulate it in terms of Legendre transform.

Proof. Consider A, B C R® x R = R*""! given by
A={(z,y) 1y <O (F(x))}

B={(z,y):y < (G(x))}.
A and B are subgraphs, and z € R", y € R. Then the condition of the theorem implies

M+ (1 =NBC{(z,y): y <O '(H(z))} CcR". (25)
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Ehrhard’s inequality in R**! implies
O (YAA+ (1= X)B)) > A7 (y(A)) + (1 = N2~ (+(B)). (26)
Then (25) and (26) imply
o7 (V((x,y) 1y < O7H(H))) 2

A~ (v((2,y) 1y < @THE))) + (1= N2 (v((2,y) 1y < 7H(G))).-
This implies the desired inequality, in view of the fact that by Fubini

Y(w,y) 1y < OU(F)) = /de.
O

Remark 6.32. Functional Ehrhard also tensorizes (this is left as homework). But the base
case of the induction (the 1-dimensional case) is difficult.

6.9 Generalized Bobkov’s inequality via linearizing functional Ehrhard’s
inequality

In this subsection we will do the same procedure with Ehrhard’s inequality that allowed
us to deduce the Generalized Log-Sobolev inequality from the Prekopa-Leindler inequality,
following Barthe, Cordero-Erausquin, Ivanisvili, Livshyts [15]. We remark that an alternative
procedure which involved linearization of the geometric Ehrhard inequality directly (rather
than its functional version) was done by Kolesnikov and Milman [115], and a number of
interesting geometric corollaries was obtained. It remains unclear if there are direct links
between the work in [115] and what we are about to present.
Consider

) =7 ([ a(--07 +19rr) - 1= ([ at-rian)

— o (/@(—g*)dv) .

Then Functional Ehrhard’s inequality Theorem 6.30 implies

a(t) >0 for all ¢t € [0, 1]

and
a(0) =0
= a/(0) > 0.
Recall
1 52
P'(s) = e 7,




and

d 1 2~ 1(a)? 1
—®_1 = - = 2 T2 = -
7t = Gy — VA I(a)’
where .
2 1(a)?
I(a) = e 2
(a) o

is the Gaussian isoperimetric profile. Recall that £((1 —¢)f + tg)* = (f — ¢)(V.f*) (see
Lemma 3.42). We then write

a/(0) =

e / e O oV
(/ ) </ (o)

So we have

M+ [oVr) =T = ( / <I>(—f*)dv>-<1>‘1 ( / @(—9*)dv),

where #(f) is a function that depends on only f and not g. Set G = g*, f* = —®~!(h) for
function A. Then

. Vh
M)
1 2
I(h):\/%ef?,

Recall

LT oP (< 2= /\G</\>>

Y

= Asup ({t, 2) — G (1)
= \G"(z).

where we did a change of variables ¢t = {. Then for every A,

/G*( w) I(h)dy > I (/hdv)oCI)l(/@(—AG(;))dv).

We divide both sides by A and let A — co. Note that *( — 0, and we get:
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Theorem 6.33 (“Generalized Bobkov’s inequality”, Barthe, Cordero-Erasquin, Ivanisvili,
Livshyts [15]). For all convex G and for all h (such that the integrals make sense)

/G* (—ﬂ> IRy > 1 (/ hdv) i U2 (G E)) d)

I(h) A—00 A

Remark 6.34. If G is ray-increasing, we have

G G) > G(0).

Thus
o 27 2 (=G (5)d) _ . ([@(=1G(0))d)
A—00 A T Ao A
_ —AG(0)
P ==
= —G(0).

In fact, often > holds as well. Note that ray increasing means that ¥Vt > 0, V0 € S"~1, G(t6)
18 1ncreasing in t.

We will consider the following example

Cla) = {—\/1— 22 if [z < 1

00 if |z] > 1"

o (—/\G (%)) dy = /ABn o (m) dy ~ d(N),

and
e @)

=1.
A—00 A

We leave the details of this limit as a home work.

Recall (Example 3.35, part 5) that G*(x) = y/1 + |z|2. Note that

I(h)G* (%) > I(h)y /1 + % — VI(h)2 + [Vh[2.

Plugging this G into Theorem 6.33 we deduce the following celebrated inequality of Bobkov
(which was originally proved via different means).

Theorem 6.35 (Bobkov [21]).
/ VIGPEFIVIE = 1 (/ hdfy) |
n R”
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The inequality tenzorizes, so one can use induction in dimension and so-called 2-point
symmetrizations for the proof, as was done in [21]. Several alternative proofs were given by
Barthe, Ivanisvili [16], Carlen, Kerce [42], Neeman, Paouris [150], among others. The proof
that was presented in these notes is by Barthe, Cordero-Erausquin, Ivanisvili, Livshyts [15].

Remark 6.36. Bobkov’s inequality is implies (and in fact follows from) the Gaussian isoperi-
metric inequality. Indeed, let h = 1k and so |Vh| = hylgzeoxy. The LHS of the inequality
is yY(OK) and the RHS is I(y(K)). So we have

YH(OK) > I(v(K)) =~ (0H),

where H is a half-space and v(H) = ~v(K). See e.g. Neeman [149] for the opposite implica-
tion.

So we get the following “diagram”:

Ehrhard — Prekopa-Leindler

A \J

Generalized Bobkov — Generalized log-Sobolev

A \J

Bobkov — Log-Sobolev

I I

Gaussian Isoperimetry (Classical isoperimetry

Consider now another example:

-1 if <1
oo if ||zl > 1

Then G*(z) = 1+ hg(x) = 1+ ||2|| 40, and we get:

Corollary 6.37.

I (/ hdy) . lim q)l@(i”(m)) < /|Vh|d7+/](h)d7.

A—00

In particular, for K = By

I (/ hdy) —/I(h)dv < /|Vh|d7.

148



Remark 6.38. The last inequality is weaker than Bobkov’s inequality since

/ VI(h)?2+|Vh2< T (/hdv) —/I(h)dv.
Remark 6.39. More generally for

G(z) = {;OW =zl if flzllg <1

if ol >1"

one can obtain p-Bobkov inequalities.

6.10 An Ehrhard-Brascamp-Lieb type inequality

We will now differentiate Ehrhard’s inequality twice to obtain a version of Ehrhard-Brascamp-
Lieb inequality. Note that Theorem 6.30 implies that

d2
o (e swa) <o (27)
The left hand side of the above equals to
d 1 72 1 d
— = e —(—1)—=fldy]| .
dt [1 ([o(=17) vVt 7]

Recall 4 f7 = —g(V f;). So this becomes (after evaluating at ¢ = 0).

—ﬁ; %?:fi” ([ o)
=) ( (/ ~f 6_72'_—1 9(V/ *)%)

1 (/e : -1 d2 )
TR R) zmae!t )
We recall, by Lemma 3.42:
2
% = — (V2 fvp-Vy(VT),Vg(VF)) = <(V2W)*1V¢, v¢>,

where ¢ = g(V f*) and W = f*. With this change of variables, and in view of the computa-
tion above, we see that (27) amounts to:

Theorem 6.40 (Barthe, Cordero-Erasquin, Ivanisvili, Livshyts [15]). Consider convex W >

0 and consider the probability measure du = e‘WTQJer% let
o= /CI)(—W)dv e [0,1],
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and ,
A= /eugdfy L a)e® @72,

Then for any locally Lipschitz function h,

/hQWdu — A (/ hdu)z < /<(v2w)‘1 Vi, Vh) dp.

Remark 6.41. In fact, one could deduce Theorem 6.40 by linearizing Theorem 6.33, similar
to how we deduced the Brascamp-Lieb inequality from the Generalized Log-Sobolev inequality;
this is left as a home work. In fact, as we pointed out before, one could also deduce Brascamp-
Lieb by taking the second derivative of Prekopa-Leindler inequality; this was also left as a
home work.

6.11 Minimizing centered in-radius of a convex set of fixed Gaus-
sian measure

We now discuss a few other isoperimetric inequalities related to the Gaussian measure.

Definition 6.42. Let K be a convex set in R” that contains the origin. Then the centered
in-radius of K is defined as

r(k) =sup{r >0:rBy C K}.
Proposition 6.43. Let K be a convex set with v(K) =a > 3. Then
r(K) >r(H,)
where H, = {x € R" : 21 < & (a)}, v(H,) = a.

Proof. Consider K with r(K) = r. Then there exists a hyperplane that supports both K
and rB}. Consider H = {z € R" : (2,0) < r} where 6 is the outer unit normal. Then
K C H and y(K) C v(H). O

Proposition 6.44. Let K be a symmetric convez set in R™ with v(K) =a € [0,1]. Then
r(K) > r(Sk)

where Sk is a symmetric strip of Gaussian measure a.

6.12 Gaussian barycenter inequality and some extensions

Proposition 6.45. Let F': R — R be an increasing function.
Let K be a convex set in R". Then V0 € S"~!,

[ Flwonar= [ Fiw o

Hg

where Hyc(0) = {z € R" : (x,0) < @7 (y(K))}, v(Hk(0)) = 7(K).
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+2
Lemma 6.46. Let F' : R — R be increasing. Let G be given by G'(t) = F(t)e”z. Then
G o ®! is convez on (0,1].

Proof. ,
(Go CI)_I)"L =27(G"(s) + G'(s)s)e’

where s = ®~1(¢). Note that

G"(s)+G'(s)-s=e5/2 (F(s)s — F(s)s + F'(s))
= F'(s)e™*/? >0

We now prove the previous proposition.

Proof. WLOG, let § = e;. For x € ei, denote I, = KN{x +te;} = [® 7 (a,), P Han + az)].

1 )
F(xy)dy = —— | F@t)e " 2dtd,
/K (1) / %/fm () dtdr,
1
(Go® oy +a;) —Go® H(ay)) dyps

(28)
e Vor

where G is such that G/ = Fe~**/2. Note that G o ! is convex by the previous Lemma,
and therefore

God M ay+a,) —God a,) >God a,) — God(0).
So (28) is
1
> —— (Go® ! (az) — G o @ 1(0)) dyn-
_/RM\/%( 0@ (az) = G o ®7(0)) dyns
1
> —God! / xdn>—G o0
> Goo ([ i) -Goo )

1 1 -1/0)
0ot ) ~Gor0)= [ Fiayiy

where the last inequality follows from Jensen’s inequality (by convexity of G o ®1). Also,
equality is attained if K is the appropriate half-space. O

As a corollary, we deduce:

Theorem 6.47 (Bobkov [22]). The L*-norm of the Gaussian barycenter of a convez set K
is maximized by a half-space when y(K) is prescribed.

/xd’y’ﬁ/ xd’y’
K Hy

where Hy is any half-space with v(Hy) = v(K).
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Proof. WLOG say [, xdy = —tey, t > 0. Then

‘/ mdv‘ =t
K
= —/ x1dry
K
< —/ x1dry
Hg
/ :cd’y’
Hg

where the last inequality follows from Proposition 6.45 and Hx = {z € R" : z; < &7} (y(K))}.
[

6.13 Gaussian measure of dilates of convex sets in a direction, and
an improved Gaussian Poincare inequality for linear func-
tions on convex sets

Proposition 6.48. Let K be a convex set and 0 € S"1. Let, as before,
Hyg(0) = {z e R": (z,0) < O '(y(K))}.

Then
[woras [ wora
K Hg (0)

Before we prove this proposition, let us outline an interesting implication. Throughout
this subsection denote

t O 0

o I (29)
s o0
0 0 1

the dilation operator in the direction e;. We get:

Corollary 6.49. Let K be a convez set in R™ and Hy (eq) be defined as before. Then ¥t > 0,
V(LK) =y (TiHik(er)) -

Proof. 1t is enough to show

d
—(LK)| >

= 1 (TiHi(er))

t=1



We have

1 / 2 )’
— /2
= = e dx
t=1 < vVar Ik 1
! / —t33/2=(Sis v2) /2 )/
= -1, e 4 =2Y1) %t dy
v=", (\/27r K 1

= [ (1—af)dy
K

=(K) - /K:E?dv

szﬂm»—/ 2y
Hg (e1)
d

= %7(7—;‘/[—[[()7::1-

]

Remark 6.50. Let K be a asymmetric convex set in R™. Then for allt > 1, v (T,K) = «(t)
increases in t, where Ty is defined in (29).
Indeed,

()= =v(K) — / xidy > 0.
K

We know by Poincare inequality,
2
][ ridy — <][ xldy) <1
K K

/ x%d”y < H(K).
K

This property is rather special for the Gaussian measure.

Since f, x1dy =0,

Definition 6.51. Let f : R — R be a function, f > 0. Denote f* a non-increasing function
such that

Nn(f >t)=n(f>1).

Lemma 6.52. Let K C R be connected. f : K — R, f > 0, measurable, f € L'(K,~).
Suppose {f >t} are connected for each t. Then

| feiu) < [ gratan
K K
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Proof. a = [° 1j<qydt.

/f$2d71=// / Lif(2)>s) - La2snydtdsdy(z)
K K JO 0

_ /OOO /Ooo% ({f(2) > s} N {a? > 1)) dtds.

Now notice for all A C R,
NnAN[=a,a]) =% (A" N[-a,al)

where A* = (—o0, ®7!(v(A4))). So (30) is

g/om/om% ((f* > 6} {a® > s}) deds

= / fra?dy.
K

We will now prove the previous Proposition.

Proof. WLOG let 6 = e;. Let f(t) = v (K N{x; =t}).

| i = [ @ F@ant
< / 2 f*(2)dn ()

= / ridy.
Hg

Finally, we deduce the following result which will appear in [138]:

Theorem 6.53 ([138]). Let K be any convex set, v(K) = a € [0, 1].

n(a) = v 27ra<1>_1(a)e¢71(“)2/2 € [-1,0]

]{( (z,0)* dy +n(a) (]i (x,0) d7>2 < 1.

fotasf wora
K Hp (9)
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WLOG f,. (2,0)?dy <0 = f, (x,0)dy > [y, (x,0) dv. So the LHS of the above is

< ]{{ (,0)" dy +1(a) (]{I » (x,0) dv)Q =1

where the last equality is left as homework (one can deduce this from Ehrhard’s inequality).

]
Remark 6.54. This is a stronger version of Poincare inequality for linear functions.
6.14 Gaussian measure of dilates of convex sets
For t > 1, K a set, and v(K) fixed, for what:
A is
V(tK) > (th)? (32)
& is
V(tK) > (th)? (33)
Lemma 6.55. (32) is equivalent to v(K) = (M),
[ latay < [ Jatan
K L)
(33) is equivalent to v(K) = v(é),
IR A
K &
Proof. (32) is equivalent to
d d
E'Y(tK)t:I > EV(tQ)tﬂ
d > ’
—v(tK) = (cn/ e ” /2dx>
/
= (cn/ e_tzyQ/Qt”dy
K t=1
=ny(K) —/ o’dy
K
]

Remark 6.56. 2° = (z,7) = |z|?
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Proposition 6.57. Let K be a measurable set in R™ such that

V(K) = v(RBg).

/ 2dy > / xdy
K RBy
Proof.

px (0) R
V2T /xQdW—/ z2dry :/ / t”+1e_t2/2dtd6’—/ / e /2 4 dp
K RB} sn=1Jo sn=1 Jo

pr(0) R
_ / / tn-i—l —t2/2dtd9 / / tn+1 —t2/2dtd6) Z
0:px (9)>R} {0:pK (0)<R} (0)

pr (0)
(/ / -t —t 12 qtdo — / / p-le—t /2dtd9) RQ( (K) - V(RB;L)) = 0.
S” 1 Sn 1

]

Then

Corollary 6.58. 7(K) = a, K C R™ some measurable set. Then Vt > 1,
V(LK) < ~(tRB3)
with v(RBY) = a. And
V(EK) = A(t- (R"\rBy))
with y(R"\rBj) = a.
Next, we ask ourselves the following question: which conver set K minimizes v (tK) for

t > 1, while y(K) is fixed? Without the convexity assumption, we just saw that the answer
would be — the complement of a centered ball. But with the convexity assumption?

Theorem 6.59. Let K be conver and t > 1. Let H be a half space with v(H) = ~v(K) and
suppose y(K) > 5. Then

Y(tK) > y(tH).

Proof. As before, it suffices to establish the inequality for derivatives, and get the conclusion
by Newton’s theorem. This time, we shall use another expression for the derivative:

d d d
—(tK YK\ K dy = hi(n,)d
106 = k) =5 [ = | i
d

> 1K)+ [y =r(K) 9" (0K) = r(H) -7 (0H) = G (tH),
oK
where we used the fact that hg(n,) > r(K), and the last inequality comes from the Gaussian
isoperimetric inequality and the fact that r(K) > r(H) (which we proved in Proposition
6.43.) O
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Remark 6.60. Note that earlier we showed that on one hand,

d
) =i (K) — [ oy
t K

and on the other hand,

d
— V(K )i=1 =/ hK(nx)dVZ/ (2, ng)dy.
dt oK oK

The two expressions could also be shown to be equal using integration by parts with boundary.

However, in this course we strive to avoid integrating by parts with boundary.

Remark 6.61. Theorem 6.59 is also true for v(K) < %, as can be shown via slightly mod-

ifying the argument (see home work). This result could also be deduced directly from the
Ehrhard inequality.

6.15 Gaussian measure of dilates of symmetric convex sets: the
S-inequality of R. Latala, K. Oleszkiewicz [123]

Next, we ask the same question as in the last subsection, but restrict attention to symmetric
conver sets: for t > 1, which symmetric convex set minimizes v(tK) while v(K) is fixed?
The answer to this question is: the symmetric strip, and this is a famous result of R. Latala,
K. Oleszkiewicz [123].

Theorem 6.62 (Latata-Oleszkiewicz, S-inequality). Let K be a symmetric convex set,
Y(K)=a€0,1]. Then for anyt > 1,

AEK) = 4(tSk),
where Sk is the symmetric strip with same Gaussian measure as K, that is
Sk ={x e R": [(z,0)| <a} sothat ~(Sk)=a.

Corollary 6.63. If v(K) = v(Sk) for a symmetric strip Sk, then

/mZd’yg/ w2dy,
K Sk

The key result that they proved in [123] is the following

for symmetric conver K.

Theorem 6.64 (L-O). If r(K) =sup{r > 0: 7B} C K}, K a symmetric convez set, then
r(K)y"(0K) = r(Sk)y" (05k),

where v(K) = ~v(Sk) for a symmetric strip Sk.
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Remark 6.65. Unlike in the non-symmetric case, for symmetric sets this statement is highly
non-trivial.
Indeed, if K is symmetric and convex, r(K) > r(Sk). But we have

YH(OK) 2 v (0Sk),
mn general.
Let us mention a related

Conjecture 6.66 (Morgan; Heilman [83]). Let K be a symmetric set in R™ with v(K) = a.
Then,
HOK) 2 min {7 (0Cu(@). 7 (0C(@)},

.......

where Ci(a) is the k-round cylinder, i.e.
Cr(a) = R,BY x R
such that v(Cr(a)) = a.

For sets of y(K) = 1 —¢ for € small, indeed y"(0K) > v (0Sk) is known , see Barchiesi,
Julin [19].

Proof of S-inequality from the Theorem 6.64. As before,

CAE) > r(K)y (0K) 2 r(Sx)y™ (95K) = S(1Sk).

Theorem 6.64 in fact follows from the 2-dimensional fact:
Lemma 6.67. Let K be a convex set in R? which is symmetric about the y-axis. Then,
r(K)y"(0K) > r(Sk)y"(0Sk),
where Sk is a symmetric strip.

Proof of the Theorem 6.64 from the Lemma . We use Ehrhard symmetrization. For K C R"
symmetrize into 2-dimensional set K" which is convex, symmetric about an axis, YT (OK) >
AT (OK) and r(K) > r(K). Notice that

Y OK)r(K) 2 v (0K)r(K) 2 4 (95k)r(Sk) = v+ (95K )r(Sk).
O

As you see, once one thinks of the proof scheme (which is, of course, the hard part), the
proof of the S-inequality readily follows from Lemma 6.15. However, this Lemma is the most
difficult and highly technical step in the proof, and the argument is computer-assisted. We
do not reproduce it here, but refer the interested reader to [123].
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6.16 Home work

Question 6.68 (3 points). Find an alternative proof of Bobkov’s inequality by approzimating
the Gaussian measure by the uniform measure on the Hamming cube.

Question 6.69 (1 point). Verify that

¢~ (v(tBy))
t

t—o0 L.

(recall that we used this fact to deduce the Gaussian Isoperimetric Inequality from Ehrhard’s
inequality).

Question 6.70 (1 point). Deduce the Gaussian Isoperimetric Inequality directly from Bobkov’s
imequality.

Question 6.71 (2 points). Prove Kahane’s inequality: let g, ..., gk, ... be a sequence of i.i.d.
N(0,1) random variables. For any ¢ > p >0, anyn > 1 and any 21, ..., z, € R™ we have

1 1
n q « n P

(EHZ%%H[’) <2 (E\|ZgiZin> ;
i=1 P i=1

where

3 =

a, = (Elgi|?)» .

Question 6.72 (2 points). Prove the following properties of Ehrhard symmetrizations. Let
S = S(L,e) be a Gaussian symmetrization and A and B be arbitrary closed sets. Then

e Y(S(A)) =~(A) provided that A is Borel measurable

e IfAC B then S(A) C S(B)

e For a vector v, S(A+v)=S(A)+v

o If Ay C Ay C ... are open sets and A = U2, A; then S(A) = U, S(A;)

Question 6.73 (1 point). Let Ly and Lo be two sub-spaces in R™ such that (Ly N Ly)t N Ly
and (Ly N Ly)* N Ly are orthogonal. Then

S(Ll, 6) o S(Lg,e) = S(L27€) o S(Ll,e) = S(Ll N LQ,@).

Question 6.74 (1 point). Let n > 3 and k > 2. Show that for every k—symmetrization S
there exist 2-symmetrizations S, ..., Sp_1 such that S = Sy o ... 0 Sp—1. Hint: use Question
6.73.

Question 6.75 (1 point). In dimension 2, show that there is a sequence 0y, ..., 0, ... € S~
such that letting S; = S(0+,0;) o...0 S(01,61), one has for every set A, that S;(A) converges
to a half-space of the same Gaussian measure as A.
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Question 6.76 (2 points). Prove, for any € > 0, any Gaussian symmetrization S and any
set A :
S(A)+eBy C S(A+€eBy).

Conclude that the Ehrhard symmetrization decreases the Gaussian Perimeter. Using Ques-
tions 6.75 and 6.74, conclude the Gaussian Isoperimetric Inequality (directly without passing
via the Ehrhard inequality).

Question 6.77 (2 points). Prove that the Gaussian symmetrization of any convex set is
also convex. (recall that this was a crucial step in proving Ehrhard’s inequality.)

Question 6.78 (2 points). Find lower estimates on the isoperimetric profile of some product
measures of your choice (beyond the uniform measure on the cube and the Gaussian).

Question 6.79 (4 points). Solve the isoperimetric problem on the square in dimension 2:
prove that if |[AN[0,1%| = a € [0,1] then |0A N[0, 1)?] is bounded from below by the case of
A being either an appropriately shifted ball, or a half-space.

Question 6.80 (3 points). Let L be a convex body. Find a lower estimate for the anisotropic
Gaussian perimeter of a set A with y(A) = a, that is

A+el)—~(A
hminffy( t+eL) — )

e—0 €

For which L is it sharp?

Question 6.81 (2 points). Prove the simple case of the Gaussian Correlation Inequality
(called the Sidak Lemma): let K and L be a pair of symmetric strips. Then v(K N L) >

()Y (L).
Hint: use the Prekopa-Leindler inequality.

Question 6.82 (1 point). Prove the Gaussian Log-Sobolev inequality by linearizing Bobkov’s
imequality.

Question 6.83 (1 point). Show that the functional Ehrhard inequality tensorizes, i.e. that
from knowing it in dimensions k and m one can deduce it in the dimension k + m.

Question 6.84 (5 points). Try and find the proof of Functional Ehrhard Inequality in di-
mension one, without using the geometric Ehrhard.

Question 6.85 (1 point). Verify that for a € [0,1],
n(a) = V2rad ' (a)e® @2 > 1. (34)

Question 6.86 (3 points). In class we showed that if K is any convez set, v(K) = a € [0, 1],
then letting n(a) as in (34) we have

ﬁ/K<a:,9>2d7+%(/K<x,9>dfy)2§1.
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Find an alternative proof of this fact using Ehrhard’s inequality, or perhaps the consequences
of Ehrhard’s inequality — the generalized Bobkov inequality or the Ehrhard-Brascamp-Lieb
wnequality which we deduced in class.

Question 6.87 (1 point). Modify the proof of the Theorem 6.59 to conclude that also in the

case y(K) < %, one has v(tK) > v(tH) for all t > 1, were K is a convez set and H is a

half-space with v(K) = v(H).

7 Hormander’s L2 method

7.1 The Bochner formula and its extension

Let diu = e "@dx on R" for a convex function v and Lu = Au — (Vu, Vo) for u € C?*(R").
Recall that when the integrals make sense, then we have the following integration by parts
formula:

/vLudu = —/(Vu,Vv)du.
Furthermore, the following classical “double integration by parts” formula is very useful:

Theorem 7.1 (Bochner-Lichnerovich). Assuming that the integrals exist and u € C*(R"),
we have

/ (Lu)2dy = / V22 + (V2oVau, Vaydp,

where Vu = (8326“%)% is the Hessian matriz and ||A|*> = Y7, - aj; is the Hilbert-Schmidt

norm.

Standard proof. We have

/(Lu)Qd,u = /LuLud,u =— /(Vu, V Lu)du = /(VQUVU, Vu) — Z@iuLaiud,u

=1

— /(V%VU, Vu) + Z/(V@iu,v&»u)du
=1
— /||v2u||2 + (V20Vu, Vu)dy,

where we have used V(Lu) = LVu — V*0Vu with LVu = (Loyu, ..., LO,u)T. O

Furthermore, the following is true:

Theorem 7.2. Assuming that the integrals exist, u € C*(R") and f € C*(R™), we have
/f((Lu)2 — |[V?ul)® = (V*0Vu, Vu))dp = 2/(V2uVu, Vf)du.
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Remark 7.3. When f = 1, we get Bochner’s formula. Furthermore, this result can be
obtained from Bochner’s formula by changing the measure to fdu whose potential is V —log f.

Non-standard proof. We shall outline the same argument that we used to prove integration
by parts. We have

/ fdp = / flz)e D dr = / fly+ tVu(y))e @YW det(1d + tVu)dy =: a(t),

where we substituted x = y + tVu(y) Note that a does not depend on ¢. Therefore,

This implies, as we saw before,

We also have )

which implies the theorem (HW). Hint: < det A(t) = det(A(t)) tr(A~'(t)%£ A(t)) which gives

t2
det(Id +tV?u) = 1+ tAu + E((Au)2 — | V2ul]?).
0
7.2 Sobolev Spaces
For f € C'(R"), we set
1=/ [ 19 $1ed
and define the Sobolev space as
w2 = { [ ran<oof s af € 120}
where the closure is taken with respect to ||-||. Note that if [ fdu < oo and 9;f € L*(p),

then by Poincaré inequality

[ 2w ([ s+ o [1957a <

More generally, we can define space W*™(u) of functions whose k—th (generalized)
derivatives are integrable to the power m with respect to p. The integration by parts

162



formula and Bochner formula are valid in W? and W22, respectively. In fact, the operator
L on the Soblev space is defined via the integration by parts formula being valid for all test
functions, since Sobolev functions might not be differentiable.

The upshot is that we will work in Sobolev spaces and will freely use all our tools related
to integration by parts, and will freely work with differential operators. See Evans [62] for
more details.

7.3 Density of the image of L in W?(p)

In this subsection, we prove the following very important fact: for any function f € Wh2(u)
with [ fdu =0, we can find a function u such that Lu ~ f, where ~ is understood in some
acceptable sense. Namely, we outline the following classical fact:

Theorem 7.4. L(W??(u)) is dense (w.r.t. the W'?-norm) in W'(u) N{g : [ gdu = 0}.
In other words, for any g € W'?(u) such that [ gdp =0 and € > 0, there exists g such that
[ gdp=0, g€ Wh?(u) and v € W*?(u) with Lu = § and ||g — gl|lwr2(u) < €.

Remark 7.5. Note that [ gdp = 0 is important. Indeed,

/Lud,u =— /(Vl, Vuydp =0,

and thus Lu = g implies [ g = 0.

Lemma 7.6 (Lax-Milgram). Let H be a Hilbert space with norm ||-||, Q a symmetric bilinear
form on H, { be a linear functional on H. In addition, let

e Qf.9) < Cillfllgll (continuity),
e QUf, f) > Gillf|]? (coercivity) and
o [((f) < CslIfI] (continuity).
Then, there exists a unique h € H such that
Q(f, k) = £(f).

SketCh, OprOOf- Set H = WLQ(ILL), Q(f,g) _ f<vf’ Vg)dlu Then we have Q(f’ g) S HfHHgH
and Q(f, f) = || f||* If we set {(f) = — [ fgodu for some fixed function gy € W?(u) with
[ godp = 0. This implies

nl=1 [t~ [ tagudnl < |5 = [ ]l < Clo)Cramtl

By Lax-Milgram there exists h € W'?(u) such that
—/ugod,u = /(Vh, V1), qquadvf € W2,
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which is equivalent to
w=Lh, [ ulhdu= [(vn.97),
by integration by parts. The theorem follows by using elliptic regularity methods. O

We remark that a somewhat different proof (which is a bit more complicated, but it does
not swap elliptic regularity under the rag) can be found in Cordero-Erausquin, Fradelizi,
Maurey [50].

7.4 Review of dual norms

Definition 7.7. Let (B, ||-||) be a Banach space. Then the dual norm is defined by

<]l == sup (z,y).
yeB:|lyl|<1
Some examples:
1. In R™, suppose ||-|| = ||||x for a symmetric convex body K. Then |||« = |||l xe-

2. Ifll, = (f |f|p)1/p for p > 1, then

([ fllp)s = sup /fgdu < £ llallglly = 11/ llg-

9:[ lglPdu<1

And equality is achieved for f = cg. So LP(u)* = Li(u).

3. Let F be a function space over R". Set X = F x ... x F (n-times) a space of vector
functions. Let A be a function matrix of size n x n. Suppose A is positive definite.

Then, for FF € X, F = (f1,..., fa),

17 = [ (AP Flan

is a norm (HW). The dual norm is (HW

)
IFIl. = \/ [ta1F P

7.5 The H '-norm

Recall
I£wre =/ [ 1V7Pd = 1 llngo.
What is the dual norm?

1m0 = (1l = sup{ [t [ 1vupin < 1} .
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Remark 7.8. Note that || f||g-1(.) only makes sense when [ fdu = 0, otherwise it is infinite.
We shall only consider f with [ fdu =0 when we look at their H™' norms.

Remark 7.9. Suppose that [ fdu =0 and f = Lv for some v € W*?(u). Then

/fgduz /ngduz —/(Vv,Vg}du < \//!Vdeu\//!VgPdu,

If llgllgr < 1, then
/fgduﬁ \//IWIQdu'
sup /fgdu= \//IWPdu,
9:llgll 1 <1

since the supremum is attained when g is proportional to v.
In other words, when the equation Lv = f has a solution, then

Furthermore,

| fll-100) = ||l (u) where Lv = f.

As we have recently discussed, every f € Wh(u) with [ fdu = 0 can be approzimated
arbitrarily closely by f such that the equation Lv = f has a solution.

Remark 7.10. Note that if [ fdu # 0, then || f||z-1 = oo. Indeed, in this case, we can take
u = sgn(ffd,u)R where R > 0. Then, [ fudp = deu|R f22% 50 and [IVul*dp =
0<1.

Therefore we shall consider the H=*—norm only for functions which are mean zero.

Let us now discuss the geometric meaning of the ! norm. The following result can be
found in Villani [170], see also Klartag [101] (the proof below is taken from the appendix of
[101]).

Theorem 7.11 (Relation of the H~! norm to mass transport). Let p be a finite compact
Borel measure on R™, and h : R — R be a bounded measurable function satisfying [ hdu =
0. For sufficiently small € > 0, define p. to be the measure du. = (1 + ch) du. Then

W2(/L7 ME)

1hll -1y = lim inf ===

Recall
oo = nt [ [ o= yfar(oy)
WEFMV n n
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Proof. We outline the proof of the < inequality. The other direction is left to the reader.
We want to show for all p € C*(pu),

/hcpd,ug ”/[VgoPd,u liminfM.
e—0 g

Without loss of generality, assume ¢ is compactly supported. By Taylor’s theorem, we have
p(y) —p(2) < [Vo(a)llz =yl + Rlz —y[* Vo,y € R,

where R depends on ¢.

) Consider 0 < ¢ < ﬁ. Then, p. is a measure. Let m be any coupling of p and p.. We
ave

/n he dp = %/nw(ug —p) < E/RWRR [p(y) — o(@)| dr(z,y).

3

By the Cauchy-Schwartz inequality and the estimate from Taylor’s theorem,

1 1
! / lo(y)—p(@)] dn(z,y) < * / Vellz — yldn(z,y) + / Rlz — yP dn(z.y)
€ JRrxRn € JRrxR™

R xR"™

1 R
g—\/ / \www(x,y)\/ / z— yPdn(e,y) + 2 / &« — yP? dn(z,y).
€ R” xR™ R™ xR™ € JRrxRn

Taking supremum over all 7 which are couplings of p and u., we get

1 Wa (g, pic)?
/ hp du < g\//WSOPdMWz(M’Ma)*‘R%-

One can check that M =% 0, which completes the proof. O

7.6 The Hormander Duality Lemma

We say that norm ||-||; dominates norm ||-||s when any sequence of functions which converges
to zero in || - |1, also converges to zero in || - ||5.
The Lemma below will be the cornerstone of everything that follows.

Lemma 7.12. As usual, let i be a log-concave probability measure on R™ with density e
and the associated Laplace operator L. Suppose for all u € W?%(u), we have f(Lu)2 du >

|Vul|? for some norm |- || on W'2(u) x ... x W'2(u) such that ||- ||, is dominated by || - || g1 .
n %es
Then, for all f € WY2(p),
2
[ ([ 1) <1ose )
where || - ||+ is the dual norm. The reverse implication holds as well.
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Proof. Without loss of generality, assume [ f du = 0 (since Equation (35) is invariant under
addition of constants to f) and that there exists v € W??(u) such that Lu = f. Indeed,
recall by Theorem 7.4 that L(W%2(u)) is dense in Wh2(p), i.e., for all € > 0, there exists
f e Wh2(u) and u € W22() such that Lu = f and [|Vf — Vf|2du < e. Since || - | is
dominated by || - || 1, this implies that |V f — V||, < §(¢) where §(€) — 0 0. By passing
to a sequence of functions and sending € — 0 we get the conclusion for f, provided that we
can get the conclusion for each of the functions f in the sequence, for which the solution
to the PDE Lu = f exists. Therefore, to keep the notation clean, let us assume that the
solution to Lu = f exists.
Then, integrating by parts and using the assumption [(Lu)*dp > ||Vul|?, we get:

/de,u:2/Lu-fdu—/(Lu)2d,u
— 9 / (Vu, VF) dy — / (Lu)? dy
< / —2Vu, Vf) du— [Vl < [V,

where in the last passage we used the fact that for any norm || - || one has
IVull - [Vl = (Vu, Vf),
and therefore, by the AM-GM inequality,

IVull® + IV £ = 2(Vu, V) > 0. (36)
[
Remark 7.13. Note that if we replace the pair of dual norms || - | and || - ||, with any pair

of functionals that satisfy (36) then the conclusion of Lemma 7.12 still remains valid.

Recall Bochner’s formula Theorem 7.1 which tells us that
J@wdu= [ 19 + (9*V V. V) d

where | - || is the Hilbert-Schmidt norm. This immideately gives us two situations in which
Lemma 7.12 is applicable.
On one hand, by convexity of V we know that V2V is non-negative definite, we have

J@oduz [19%0P du = [l (37)

Another estimate is
/ (Lu)? dp > / (V2VVu, Vu) dp. (38)

Let us discuss the implications of both of these estimates in detail in the coming subsections.

167



7.7 Klartag’s H ! inequality
Combining (37) with Hérmander’s lemma, we get

Corollary 7.14 (Klartag’s H~! inequality [101], see also Barthe-Klartag [17]). For any

fewt(u),
2
/?%m—(/fw)fqWﬂ@+

The following corollary of Corollary 7.14 and Theorem 7.11 is now immideate.

Corollary 7.15. For all f € Wh2(u),

W@O@MU~+€&fﬁ)2_

var,(f) < liminf (
i=1

Suppose for a measure p and € > 0 one manages to construct a transport map 7T : p —
pw(1+ey) such that [ |z —Tz*du < C(p) [ du. Then, in view of Corollary 7.15, we have
for all f e Wh2(p),

var,(f) < C(M)E,AVfF.
Using these ideas, Klartag [101] showed:

Theorem 7.16 (Klartag). If i is an unconditional log-concave probability measure, then for

any [ € WH2(y),
var,(f) < C’\/logn/]Vﬂ2 du,

where C is an absolute constant.

We have previously discussed this result in the context of other conjectures and results
in section 5.7.

7.8 The L2 proof of the Brascamp-Lieb inequality, which gives an-
other proof of the Prekopa-Leindler and the Brunn-Minkowski
inequality

On the other hand, combining (38) with Hérmander’s lemma, and recalling the third example
of dual norms from subsection 7.4, we get a new proof of the very familiar Theorem 3.75:

Corollary 7.17 (Brasscamp-Lieb inequality (1976.)). For any f € Wbh2(u),

/fzdu— (/fdu)2 §/<(V2V)—1Vf,Vf> du.
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Recall that he above statement is equivalent to %log i e~ &) dy < 0, ie. the
Prekopa-Leindler inequality (see the proof of Theorem 3.75 earlier in the notes). There-
fore, Hormander’s L2 approach gives us another proof of the Prekopa-Leindler inequality
Theorem 3.20, and therefore the Brunn-Minkowski inequality Theorem 3.1 (which followed
as a corollary of Theorem 3.20)!

In fact, a remarkable direct proof of the Brunn-Minkowski inequality (omitting the
Prekopa-Leindler) using this circle of ideas was given by Kolesnikov and Milman [114] (in
fact, their results hold in much greater generality in a Riemannian setting). Hormander’s L2
method on measure spaces with boundary requires significant modifications, and yields some
additional freedom and a new circle of ideas. We do not go into detail here but refer the
interested reader to Kolesnikov, Milman [112], [113], [114], [115], [116], Kolesnikov, Livshyts

[117], [118], as well as the aforementioned paper by Klartag [101].

Let us point out also another result which follows from the generalized Bochner formula
Theorem 7.2, and the proof is left as a home work.

Theorem 7.18. ([138]) Suppose K is a convez set, g is a concave function, and p is a
log-concave probability measure. Then,

/gfzdu— (/gfdu)2 < /g<(V20)_1Vf, V) du,

where dy = e~ " dzx.

7.9 The L2 proof of the symmetric Gaussian Poincaré inequality
restricted to a symmetric convex set

Earlier this semester, we proved the symmetric Gaussian Poincaré inequality restricted to
a symmetric convex set by linearlizing the Blaschke-Santalé inequality, and referring to
Cafarelli’s contraction theorem (see section 4.11). However, the Cafarelli theorem was only
stated without proof. Finally, we prove this inequality honestly. This subsection follows the
work of Cordero-Erausquin, Fradelizi, Maurey [50].

First, we shall need the uniqueness of the solution to our PDE:

Lemma 7.19. For any function f € WY2(u), in case the solution to Lu = [ exists in
W22(u), it is unique up to adding a constant to u.

Proof. Suppose not. Let u,v € W?2%(u) be such that Lu = Lv and let h = u — v. We get
Lh = 0. Therefore, integrating by parts we see

0= /thdu: —/|Vh|2du,

and therefore h = C' almost everywhere for some constant C' (this little step we leave as a
home work). The conclusion follows. O
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As a corollary, we get

Corollary 7.20. Suppose u € W2(u) is a solution to Lu = f for some f € W'%(u) such
that f is an even function, and u is an even measure. Then u is also an even function.

Proof. Suppose u is not even. Note that v(x) = u(—=x) satisfies Lv = f also, since f and V/
are even. Thus when u is not even, the uniqueness of the solution to our PDE (which we
saw in Lemma 7.19) is violated, and we get a contradiction. ]

Finally, we deduce from Hormander’s Lemma 7.12:

Corollary 7.21. Suppose K is a symmetric convex set, v is the Gaussian measure, and
f e Wh2(u) is an even function. Then,

fra-(fra) <3 f wire,

where f,. O dy = ﬁfK@dv.

Proof. Let dy = e “dy where w is an even convex function, and [duy = 1. Then, Lu =
Au — (Vw + z, Vu) and using Bochner’s formula Theorem 7.1,

/(Lu)Qd,u - / 1922 + (V2w + 1d) Vi, Va) dp
> /||V2u||2+<Iqu,Vu> du

_ / 192l + [Vl d.

Since f is an even function, and w + % is an even function, we may infer that u is an even
function by Corollary 7.20. Then, [ Vudp = 0. We have the estimate

2
[ 1wl [ 19ua- ( / Vudu) = [1vulap.

Therefore,
/(Lu)2 dp > /||V2u||2 + [ Vul* du > 2/ (Vul? du.
Consider the norm || - || = V2[| - || 2(), S0 that || - || = \%H “|lz2(w)- By Hérmander’s lemma,
1 2 1 2
var,(f) < iHVfHLQ(,u) = §Eu|Vf\ :
Finally, set e = 1 to reach the conclusion. O]
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7.10 Connections to the B-conjecture.

Recall the B-conjecture, previously stated as Conjecture 4.54: for all even log-concave prob-
ability measures p and for all symmetric convex sets K in R", the function log u(e'K) is
concave in t > (. Recall section 4.12 where we outlined that this conjecture is true when
1 =y, as was shown by Cordero-Erausquin, Fradelizi and Maurey. Recall that this follows
from Corollary 7.21 which we have just proved using the L2-method.

It turns out that the L2-method is relevant for the B-conjecture in general. We start
by outlining the equivalent local version of the B-conjecture, which is a generalization of
the assertion of Corollary 7.21 (but this more general inequality is currently not known in
general).

Proposition 7.22. For du = e~V dz, we have j—; log (e K) < 0 if and only if

ﬁ(vv, x)? dp — (ﬁ(vv, ) du)Q < ]€(<(V2V)x,x> +(VV, z) dp. (39)

Proof. Home work! Very similar to the Gaussian case which we outlined while proving
Theorem 4.56. [

Below we shall see that (39) would follow from the following conjecture.

Conjecture 7.23. For any even log-concave probability measure pu given by dy = e~V dx),
for all symmetric conver sets K, and for all even f € WY2(u), we have

} au- (]{( fdu>2 < f ATV £ 1) VAV (10)

for some positive definite functional matric T = T (x) such that Tx = VV,
Remark 7.24. Equation (40) is stronger than the Brasscamp-Lieb inequality since
(V2V +T)! < (V2V)~L,
Next, we outline

Proposition 7.25. We claim that Conjecture 7.23 implies (39) for any even function f and
even , and therefore (in view of Proposition 39), it implies the B-conjecture for an even .

Proof. Take f = (VV,z). Then, Vf = V?Vz + VV. Assuming Conjecture 7.23, we have

var, ((VV,z)) < ][ (VV +T)"Y(VVa+VV),VVr+VV)du =
K

][ (x,V?Va 4+ VV)du.
K
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For some T such that Tz = VV, notice V*Vz + VV = (V2V + T)z, so
var,, ((VV,z)) < ][ (x,V*Vz +VV)du.
K

In remains to note, as before, that to conclude that u(e'K) is log-concave for all symmetric
convex K it suffices to show that 2 T > log p(e!K) <0. [

The next result once again shall utilize Hormander’s duality lemma.

Proposition 7.26 (Corollary of Hérmander’s lemma). Suppose for a given even log-concave
probability measure dy = e~V dx on R", for all even u € W2(u), for all symmetric convex
sets K C R™, we have

/ IV%ul? dy > / (TVu, V) dy
K K

for some positive definite T' such that Tx = VV. Then, Conjecture 7.23 is true, i.e., for all
even f € Wh2(u), we have

} - (f fdu) < (VY TV

Proof. Recall Hormander’s lemma 7.12: if [(Lu)?*dv > ||[Vul|?, then var,(f) < ||V f||2. Here
dv = e " dp for some convex w, [ dv =1. We have

/(Lu)2 dv = / ||V2u||2dl/+/((V2V+V2w)Vu,Vu> dv
z/HvzuHde/—l—/((VQV)VU,VIQ dv
> / (TVu, Vu) + (V*V)Vu, Vu) dv

= / (T + V?V)Vu, Vu) dv

= [[Vul®
where |V |2 = [((T + V*V)"'Vf,Vf)dv (by example 3 from subsection 7.4). It remains
to apply this with dv(z) = ﬁlK du(x). O

We conclude this subsection with the following ultimate combination of Propositions 7.25
and 7.26:

Corollary 7.27. Suppose for a given even log-concave probability measure du = e~ dx on
R", for all even u € W*2(u), for all symmetric convezr sets K C R"™, we have

/ IV%ul? du > / (TVu, V) dy
K K

for some positive definite T' such that Tx = VV. Then, the B-conjecture is true for this
measure p, i.e. for any symmetric conver K in R™, we have u(e'K) is log-concave in t > 0.
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7.11 B-conjecture for Rotation-Invariant Measures.

Finally, we outline the proof, due to Cordero-Erausquin and Rotem [49], of the B-conjecture
for rotation-invariant log-concave measures, which is the state of the art in the general topic

of the L2 method.

Definition 7.28. A measure y is rotation-invariant if for all measurable 2 C R", we have
1(Q2) = p(RQY) where R is a rotation operator.

Some examples include the Gaussian, e~1*l, e=1#I/P " and unif (Bg).
The following result is a fundamental new estimate which has already found more than
one application:

Theorem 7.29 (Cordero-Erausquin and Rotem (2021.)). If du = e~V dx is a log-concave
probability measure, V(z) := v(|z|) where v : RY — R, then for all odd functions g € W2 (u)
and all symmetric conver sets K, we have

fiwses e

Corollary 7.30. The B-conjecture is true for all rotation-invariant log-concave measures.
In other words, for all log-concave rotation-invariant probability measures p on R™, and all
symmetric conver sets K, the map t — p(e'K) is log-concave in t.

This Theorem implies:

Proof of Corollary 7.30 from Theorem 7.29. By Corollary 7.27 it is enough to show, for some
positive-definite T" with Tx = VV,

/ IV2ulldi > [ (Va V) dy (41)
K K
for all even u. We take T =

required.
We apply Theorem 7.29 to all the partial derivatives O;u of u, 1 <1i < n. We get

Z/ Vo, f) d,u>Z/ lLT' )2 dy,

from which (41) follows. O

| | -1d, and then indeed Tx = v (|x]) = VV = Vo(|z|) as

We shall now prove the key Theorem 7.29. The proof will be based on two lemmas.

Lemma 7.31 (One-dimensional inequality). If w,v : [0,00) — R are continuous functions,
that are C* on (0,00), and f is compactly supported, f(0) =0, and f € C*(]0,0)), then for
all o >0,

/ T gy < / T+ alf /0 — o P e dr,
0 0
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Remark 7.32. If a =0, then
= vl(t) 2 Oo N2 2 oo 2
| SRras [Carr-vrmars [Capa

if f 1s our odd function, thus this Lemma implies Theorem 7.29 in dimension 1 right away.

Proof of Lemma 7.31. We approximate f with a C? function. Let f(t) = tg(t). Since
f(0) =0, g is continuous, and g € C'*(0, c0).
The left hand side is

o0 / t o0
/ (% ( )thae—w—v dt = / U/(t)g2ta+16—w—v dt
0 13 0
— / (g2ta+167w)<e—v)/ dt
5
= / e (29"t e + (a + 1)g* %™ — w'g*t* e ) dt
0

= / (299"t + (o + 1)g* — W' g*t)t*e "V dt,
0

where the last equality follows from integration by parts.

The right hand side is

/ ((F)? + al(f /1) — o' f2 1) dt = / (94t + ag® — wtg?)t"e =" dt
0 0
= / (9 +2tgg +t7(¢')* + ag® — w'tg®)t%e" ™" dt.
0

The difference is -
RHS — LHS = / (g )t v dt > 0,
0
which completes the proof. O]

Next, the following result is a consequence of the log-concavity of p, and does not formally
rely on the evenness assumption. It was formally deduced, in a much greater generality, by
Kolesnikov and Milman [114].

Lemma 7.33. Let w : R* = R be a convex C* function on R™ and dp = e=*® df on S™.
Then, for any C* function g : S"~' — R such that [, , gdp =0, we have

[ 1= @< [ [Vsgian
Sn—1 Sn—1

Here, Vgn-19 = Vg —(Vg(0),0)0 if g € C*(R").
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Proof Sketch for Lemma 7.33. Let K, := (1 —t)B} + tL for some convex body L. Then, we
can write hg,(0) = 1+ tg() for small enough t. Also, by the Prekopa-Leindler inequality,

W) = (1 = 1)B3 + L) = u(BY) (LY’
Therefore, 43 > log p(K;) < 0 at ¢ = 0, which yields
()" (K=o < (1 (K1)]i=0)” (42)
We have p(Ky) = p(BY), and one might believe that

d
KD limo = (1= 0B + D)o = [ g
Sn—1

where hg, = 1+ tg. Further, it was shown by Kolesnikov, Milman [114] that

W (K)o = / (n -1 (Ve(8),6))g — |Vgnrgdn
Snfl

Therefore, by Equation (42), " (K3)|1=0 < 0. The proof is complete. O

Remark 7.34. Alternatively, one might hope to deduce Lemma 7.33 using the log-concavity
of [ et du, specifically for the class of rotation-invariant F. As we know, this is equivalent
to

/<(VQF)_IVQ0, Vydv > Var,(p),

where dv = e P Vdx = e F'du. Is it possible to select a particular rotation-invariant F in
this inequality, and either integrate in polar coordinates, or pass to a limit, and end up with
Lemma 7.8337 This is left as a home work.

Proof of the Theorem. With dv = e~ *(#D=%() 4z where v is convex on [0, 0] and w is even
convex on R", we have

/ U,(‘l" / /OO v’ t t@ - 1 —v(t w(t0) dtdb. (‘)
n |$| Sn—1

We use Lemma 7.31 with fy(t) = h(t0), wy(t) = w(tfd) and o = n — 1. Then, wy(t) =
(Vw(th), ), and

. - 2 h(t6) 2_} w h(t0)? n—1 v (t)—w(t0)
» < n/51/0 ((h(te),e) + ( 1)( ; ) t(v (t6),6) ; )t dtde.

We use Lemma 7.33 and Vgn-1h(z) = Vh(z) — (Vh,z/|z|)x/|z| , to get

/Sn 1/ ( ((259)) 1<Vw(t9>»9>h(+9)2> = lemO=w ) gy g

< e / nlev® / |V gn-1h(t0)>e=* ) dadt.
0 Ssn—1
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Therefore,
/ o0
/ %”’”th dv < ¢, / / ((h(th), 0)% + |V gn-1h(t0)|?)t"Le 2O =21 qrqg
xXr Sn—l 0
=y / / IVR(t0) |t e~ =2®) dtag
Sn=1.J0

= [ |Vh(z)]Pemv@=v2D gy,

Rn
This concludes the proof of the B-conjecture in the case of rotation-invariant measures. [J

Remark 7.35. The following claim is left as a home work: p(e'K) is log-concave for any
symmetric convex set K and any rotation-invariant log-concave measure p, if and only if
for all log-concave measures v, and for all t > 0, v(tBy)v(+By) < v(By)?. In other words,
the work of Cordero-Erausquin and Rotem [49] implies a particular case of the “Log-concave
Blaschke-Santalé” congjecture (Conjecture 4.22) that we discussed earlier.

Remark 7.36. In fact, Cordero-Erausquin and Rotem [[9] showed that the B-conjecture is
true for a larger class of rotation-invariant measures, which goes beyond log-concave mea-
sures.

7.12 Klartag’s improvement of Lichnerowicz’s inequality

Recall that the Poincaré constant Cpyi, (1) is the smallest ¢ > 0 such that for all locally

Lipschitz f,
[rau=([ran) <c[1vsr an

Recall that the KLS conjecture 4.19 states that for any log-concave isotropic probability
measure, Cpoin (1) < C, where C' > 0 is an absolute constant independent of the dimension.
Equivalently, for any log-concave probability measure,

Croin(p) < Cf|Cov(p)l[op, (43)

where C' > 0 is an absolute constant, | - ||,, stands for an operator norm of a matrix, and
Cov(p) is the covariance matrix of u. Recall that the (i, j)-entry of the covariance matrix
is given by Cov(p);; = E ((X; — EX;)(X; — EX})), where X is a random vector distributed
according to p.

Recall also Lichnerowicz’s inequality (which follows, for instance from the Brascamp-Lieb
inequality Theorem 3.75, or alternatively from Cafarelli’s Theorem 4.50): if du = e~ dx be
a log-concave probability measure on R™. with V2V > ¢ -1Id then one has Cpu, (1) < 1/, or
in other words, for all locally Lipschitz f,

[rau=([raw) <3 [1vir au (44)

176



Recall also that the Gaussian measure minimizes the Poincaré constant among all isotropic
measures (see Proposition 6.2). Therefore, if dy is such that V2V > Id then p is not isotropic
unless it is Gaussian. Therefore if one would like to use Lichnerowicz’s inequality in order to
obtain bounds on the Poincaré constant of isotropic log-concave measures (which was a foun-
dation of some powerful recent advances on the subject, see Eldan [58], Lee, Vempala [124],
Chen [44], Klartag, Lehec [106]), then something is missing in the estimate. Furthermore,
one may note that if for du = e=Vdx we have V2V >t - Id then

ICov(i)llp < . (45)

t
Indeed, this can be seen by applying Lichnerowicz’s inequality to linear functions; the details
are left to (a one line) home work. The inequality (45) shows that the conjectured KLS bound
is in fact stronger than Lichnerowicz’s inequality (44), at least up to an absolute constant.
Recently, Klartag [103] improved Lichnerowicz’s inequality and obtained the bound which
is a geometric average of the Lichnerowicz’s bound (44) and the conjectured KLS bound (43):

Theorem 7.37 (Klartag [103]). If i is a probability log-concave measure dy = e~ dx and
V2V >t Id then Cpoim(p) < %, where || - ||op s operator norm.

Without loss of generality we assume that p is barycentered, i.e. [z du = 0. Then
Cov(u) = <]EM(Xi : Xj)>. Note also

(Cov(p)0,0) = SupZEMXinOiHj = sup /<$,9)2 dj. (46)
0

||COV(M)||OP = Sup
0esSn— PeSn—1

1
Assume also without loss of the generality that the support of the measure p is the whole
of R™. Recall that the Poincaré constant Cpei, (1) = /\il where \; is the 1st eigenvalue of the

operator
Lu = Au— (VV,Vu).

In other words,

e SV JIVIP dp
rropewr2y [ f2dp propewr2q [ f2 dp— ([ f dp)?

If the infimum is attained then \; > 0 is the smallest number such that 3f # 0 such
that Ly = —\;f. This function f is called the first eigenfunction of ;1. Note that the first
eigenfunction may not exist. The measure dy = e~ *! dz on R is an example (see home
work). However, modulo technical details which were fully outlined in [103] we assume “by
approximation” that p has an eigenfunction f € W?22(u) N C* (in fact, even a stronger
statement, related to pu-tempered eigenfunctions, was obtained in [103]).

)\1:

The following Lemma is a key step in the proof:
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Lemma 7.38. Suppose f is a first eigenfunction of p and [ f dp =0, with [ f? dp = 1.
Then

(i)
/ (V2VV 1,V F) dp

> =

([vsan) =

and
(1i)
(/vf d#>2 < A% - || Cov(p)]|op.

Proof of the Lemma. We apply Bochner’s formula (Theorem 7.1) to f, which states that

/ (Lf)? = / IV2FI? + (VPVV £,V ) dp (47)

An application of the Poincaré inequality gives that

/|Vaz'f|2 dp > A (/ (0:f)* — (/@f)Q) - (48)

Further, summing up (48) over all i = 1, ...,n, and applying the Cauchy-Schwarz inequality,

we get
[ anz ([ s - S = fivee- ([ Vf>2)- (19)

In view of (49)and (47) we get

/(Lu)Qdu >\ </|Vf|2 dp — (/Vf du>2> +/(V2VVf,Vf> dj. (50)
On the other hand, since f is the normalized first eigenfunction, we have
/(Lu)2du =\ / frdp = N2,
and therefore, (50) implies

A2 2)\/|Vf|2—A(/Vf)2+/<V2VVf,Vf> dp, (51)
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Furthermore, since f is the normalized first eigenfunction, we have

= [ Pau= ([ raw) =5 [190P an

or in other words, [ |V f|*dp = A. Combining this fact with (51) we get the first part of the
Lemma.

For part (ii), note that for all § € S"~! one has, using integration by parts along with
the equation Lf = —\f:

[v8.0) du= [ (V5.5 (.0) du= [ ~Lf - (w.0) du
= /Af(x,@} du
< M fll 22 - (/(x,@)Q du>1/2

_ A(/(:z:,6>2 du>1/2.

Recall that ||Cov(i)]op = supgesn-1 [(z,6)* du, and thus we get

(/Vf du)2 = S, (/(f, 0) du)2 <N 9§§p1/<x’9>2 dp
= A[|Cov (1) lop-

Proof of Klartag’s Theorem. Combining both parts of the Lemma 7.38 gives

RCov o> 5 [(PVVLVS) dz 1 [ (91

where we used that V?v > ¢ - Id. Recall that [ |V f]? du = . The Theorem now follows if
we recall that Cpyip (1) = % O

Remark 7.39. Klartag used Theorem 7.37, in conjunction with the Stochastic Localization
technique (pioneered by Eldan [58] and developed in this context by Lee, Vempala [124], Chen
[44], Klartag, Lehec [106]), to deduce the best to date bound regarding the KLS conjecture
4.19: he proved that for any isotropic log-concave probability measure p, the Poincaré con-
stant Cpoin(p) is bounded above by C+/logn, where C' > 0 is an absolute constant that does
not depend on the dimension.

Let us conclude with the following series of remarks. Note that linear functions f(z) =
(x,0) form the space of the first eigenfunctions for the Gaussian measure. Another ex-
ample when the first eigenfunction is understood is the uniform probability measure on a
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coordinate parallelepiped: the eigenfunctions are given by f(z) = sin(t;x;) for each ¢, with
the appropriate choice of ¢;. In both of these cases, the first eigenfunctions are odd and
“one-dimensional” (that is, they only depend on one variable rather than n variables).

Perhaps inspired by these examples as well the considerations similar to the ones from
Lemma 7.38, Klartag implicitly made a conjecture:

Conjecture 7.40 (Klartag [103]). Suppose p is a barycentered isotropic log-concave prob-
ability measure such that its first eigenfunction f exists and is smooth (and tempered, see
[103] for details). Then f has a “preferred direction”, i.e.

([vsdn) zeo [ 1957 dg

Here cq is an absolute constant that does not depend on dimension or .

We leave it as a homework to deduce that this conjecture would imply the KLS conjecture.

7.13 The Dimensional Brunn-Minkowski Conjecture

We close with a discussion of the following Conjecture, first made in a partial case by Gardner,
Zvavitch [69], and then formulated in general by Colesanti, Livshyts, Marsiglietti [47]:

Conjecture 7.41 (Dimensional Brunn-Minkowski conjecture). Suppose p is an even log-
concave probability measure, and K, L are symmetric conver sets. Take X € [0,1]. Then

/L()\K +(1— A)L)l/n > A\u(EK)Y™ + (1 = Np(L)™, (52)
Remarks and History
e We know by Prekopa-Leindler inequality (Theorem 3.20) that
p(AK + (1= NL) > p(K)P (L), (53)

Note that this is a weaker inequality than the statement of Conjecture 7.41, since for
any a,b > 0 and p > ¢ > 0 one has

1/ 1/
(/\ap (1 )\)bp> ' ()\aq (1 /\)bq> 0 b
In other words, the inequality
p
p(/\K +(1- /\)L> > MK + (1= Mu(L) (54)

is stronger when p > 0 is larger.
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As we discussed before, if 1 is the Lebesgue measure then by homogeneity (52) and
(53) are equivalent.

Symmetry (or some structural assumption) is important. Indeed, If K = B} and
L = B} 4 Re; for large R > 0 (so that L is a ball shifted far away from the origin),

then u(%) — R—oo 0 while p(K') remains fixed. Therefore, (52) fails for this K and

L. Furthermore, this example shows that the inequality (54) cannot hold for all convex
sets, without additional assumptions, for no p > 0.

Ifp> % then we cannot hope to get (54) for all symmetric convex sets. This follows
from the fact that the Lebesgue measure approximates any even log-concave measure
i near the origin, thus one cannot hope to have a larger p in (54) than in the Lebesgue
case (which is sharp).

However, in some cases one may hope to have (54) for convex sets K and L with
w(K), w(K) > a, for some a € [0,1], with the exponent p = p(a) —4—1 co. Indeed,
this is the case for the Gaussian measure 7, as follows from the Ehrhard inequality

(see home work). This is also the case for strictly log-concave even measures, as was
shown by Livshyts [137].

Gardner, Zvavitch [69], who first formulated Conjecture 7.41 in the case of the Gaussian
measure, showed that in the case n = 1 the conjecture is true.

Gardner, Zvavitch [69] also asked if it is enough to assume that the convex sets K
and L contain the origin, for Conjecture 7.41 to be true in the case of the Gaussian
measure. However, Nayar and Tkocz [147] proved that this is not the case: they
constructed an example on the plane of K and L both containing the origin however
the optimal p in (54) for them is approximately 0.3 < 0.5. See the picture below of
their counterexample:
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e Livshyts, Marsighetti, Nayar and Zvavitch [134], and later Hosle, Kolesnikov, Livshyts
[86] showed that Conjecture 7.41 follows from the Log Brunn-Minkowski Conjecture
4.63. Therefore, Conjecture 7.41 is true in dimension 2. Also, Conjecture 7.41 is true
if the log-concave measure p and the convex sets K, L are all unconditional.

Below, we shall discuss the following results concerning Conjecture 7.41. As a first
application of the Ly approach to this problem, it was shown:

Theorem 7.42 (Kolesnikov, Livshyts [117]). For all convex sets K, L containing the origin
and any A € [0,1],

YK + (1= NL)* 2 My (K)% + (1= (L)%,
where v s the standard Gaussian measure.

Note that the sets are not required to be symmetric in this Theorem, although the
exponent is % rather than 711 (which is weaker). This result was recently extended by
Aishwarya, Rotem [1] to p-homogeneous potentials, and especially interestingly, they showed
that the assumption of the convexity of the sets can be dropped! We will discuss their

extension as well.

Next, we state the remarkable

Theorem 7.43 (Cordero-Erausquin, Rotem [49]). Suppose u is rotation-invariant and log-
concave and suppose that K and L are symmetric and convex sets. Let A € [0,1]]. Then

1

K + (1= ML) > Au(K)7 + (1= Ap(L)7
In other words, Conjecture 7.41 holds for rotation-invariant log-concave measures.

Earlier, this result was proved in the Gaussian case y = 7 by Eskenazis and Moschidis
[61], and a key idea from their argument was also used by Cordero-Erausquin and Rotem [49].
The key new ingredient in the work of [49] was Theorem 49, the same key fact which allowed
Cordero-Erausquin and Rotem [49] to prove the B-conjecture in the rotation-invariant case.
Furthermore, we shall see that the following more general fact is true:

Proposition 7.44. Let p be an even log-concave probability measure. Suppose for all even
functions u € W2?(u) one has

/ IVall? du > / (VTVu, Va) dp,

for some non-negative definite matriz T (that depends on xz) such that Tx = VV. Then
Congecture 7.41 is true for this measure f.
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One should compare Proposition 7.44 to Proposition 7.26, which states that the same
exact condition would imply the B-conjecture for a given measure pu.

Lastly, the following result shows that indeed the log-concavity (guaranteed by Prekopa-
Leindler’s inequality) can be improved to power-concavity for all even log-concave probability
measures, and for symmetric convex sets.

Theorem 7.45 (Livshyts [137]). For all even log-concave measures j1 and symmetric convex
sets K, L one has

p(AK (1= L) = ) 4 (1= V()

where

cn = cn~*(logn) =2,

TBC... all the proofs will be added soon.

7.14 Home work

Question 7.46 (1 point). Qutline a second proof of Bochner’s identity, via the change of
variables v = y+tVu(y), and taking the second derivative, that we briefly discussed in class.

Question 7.47 (1 point). a) Consider the Banach space X = Wh2(u) x ... x W2(u) (n
times), let F' = (f1,..., fn) € X and consider

1P| = / (AF, F)dp,

where A = A(x) is a positive definite matriz of functions in W2(u). Show that ||F|| is a
norm.
b) Show that its dual norm is

|l = \/ [taF Py

Question 7.48 (2 points). In class, we showed that for p, a finite Borel measure, and a
bounded measurable function h with [ hdp =0, ¢ > 0, and p. such that du. = (1 + eh)dpu,

we have

S WQ(M:M&)
_ = < "
12ll -2 = lim inf < ——

Show that the > inequality also holds.
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Question 7.49 (5 points). Suppose u is an isotropic unconditional log-concave probability
measure and v — an unconditional W2 (u) function. Construct a transport map T from pu
to (1 + edyh)p such that

/|Tx—x|2d,u(x) < C’logn/|8ﬂ/)|2d,u.

Conclude Klartag’s C'logn bound for the KLS conjecture in the case of unconditional log-
concave measures, using also several tools that we discussed the class.

Question 7.50 (1 point). Ezplain why the conclusion of the Question implies the B-
congecture for unconditional log-concave measures.

Question 7.51 (1 point). Prove the reverse implication in the Lemma of Hérmander (reverse
to the one we proved in class.)

Question 7.52 (2 points). Deduce (using the generalized Bochner formula that we discussed
in class) the following extension of Brascamp-Lieb inequality: let K be a convex set, u — log-
concave measure in R™ with potential V' such that 1(K) =1, and let g be a concave function

on K. Then
2
[ asin- ( / gfdu) < [ ((V*V) VLI S

Question 7.53 (1 point). Let u be an even log-concave measure on R™. Show that the fact
that u(e'K) is log-concave in t > 0 for any symmetric convex K is equivalent to the fact that
for any symmetric convex K one has

ﬁ/}((vv,x)%m— (fm /K<VV, x>du)2 < ﬁ[()/KWQVx,xH (VV, z)dp.

Question 7.54 (2 points). Show that the fact that p(e'K) is log-concave in t for any sym-

metric convex K and any rotation-invariant log-concave measure p is equivalent to the fact
that for any even log-concave measure v one has

v(tBY)v(t™'BY) < v3(BY).

In other words, the result of Cordero-Erasquin and Rotem implies the conjectured log-concave
Blaschke-Santalo inequality in a very partial case.

Question 7.55 (4 points). As discussed in class, prove Lemma 2 (from November 29) using
the Brascamp-Lieb inequality.

Question 7.56 (1 point). Let p be a log-concave probability measure on R™ with density
eV such that V2V > t - Id. Suppose (for simplicity) that [xdp = 0 (the barycenter is
at the origin). Recall that the covariance matriz is then Cov(p) = (E,X;X;). Prove that
|Cov(p)]| < 1

Hint: Recall that the operator norm of the covariance matriz is Supgesn—1 [{(x,0)*du and

use similar ideas to the ones we used when showing that the Gaussian measure minimizes
the Poincaré constant among the isotropic measures.
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Question 7.57 (2 points). Show that there are log-concave probability measures for which
the first eigenfunction does not exist.
Hint: consider du = %e*mdx on R.

Question 7.58 (1 point). Recall Klartag’s “preferred direction” conjecture that we discussed
in class: there exists an absolute constant ¢ > 0 such that if p is an isotropic log-concave
probability measure such that its first eigenfunction exists and is C?, then

( / Vfdu)2 > [ Vs

Show that this conjecture implies the KLS conjecture (which states that the Poincaré con-
stant of an isotropic log-concave probability measure is bounded from above by an absolute
constant.)

Question 7.59 (4 points). Prove Klartag’s “preferred direction” conjecture from Question
7.58 in dimension 1.

Question 7.60 (8 points). Try to find a lower bound for the ¢ > 0 in Klartag’s “preferred
direction” conjecture from Question 7.58 in all dimensions; it is OK if it depends on n —
what is the largest bound that you can get?
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