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k|rf |k
2

� Ckfk
2

for f : ⌦ ! R smooth with f(@⌦) = 0.

Sobolev inequality: k|rf |k
2

� Ckfk 2n
n�2

� Ckfk
2

p-Sobolev inequality: k|rf |kp � Ckfk pn
n�p

� Ckfkp
Critical exponent: If f"(x) = f("x) then

k|rf"|kp
kf"kq

= "
n( 1q�

1
p+

1
n )

k|rf |kp
kfkq

p-Sobolev is homogeneous w.r.t rescaling 1

q �
1

p +

1

n = 0

C is not related to ⌦.



Rayleigh quotients



Variational Equation

If f minimizes the quotient

k|rf |k
2

kfk
2

= �
2,⌦

take any g and replace f by f + "g,

k|r(f + "g)|k
2

kf + "gk
2

� k|rf |k
2

kfk
2

.

Take derivative with respect to " at " = 0:

�
Z

hrf(x),rg(x)idx+ �2

2,⌦

Z

f(x)g(x)dx = 0

which means
�f + �2

2,⌦f = 0



Variational Equation

If f minimizes the quotient

k|rf |k
2

kfk
2

= �
2,⌦

take any g and replace f by f + "g,

k|r(f + "g)|k
2

kf + "gk
2

� k|rf |k
2

kfk
2

.

Take derivative with respect to " at " = 0:

�
Z

hrf(x),rg(x)idx+ �2

2,⌦

Z

f(x)g(x)dx = 0

which means
�f + �2

2,⌦f = 0



Variational Equation

If f minimizes the quotient

k|rf |k
2

kfk
2

= �
2,⌦

take any g and replace f by f + "g,

k|r(f + "g)|k
2

kf + "gk
2

� k|rf |k
2

kfk
2

.

Take derivative with respect to " at " = 0:

�
Z

hrf(x),rg(x)idx+ �2

2,⌦

Z

f(x)g(x)dx = 0

which means
�f + �2

2,⌦f = 0



Variational Equation

If f minimizes the quotient

k|rf |k
2

kfk
2

= �
2,⌦

take any g and replace f by f + "g,

k|r(f + "g)|k
2

kf + "gk
2

� k|rf |k
2

kfk
2

.

Take derivative with respect to " at " = 0:

�
Z

hrf(x),rg(x)idx+ �2

2,⌦

Z

f(x)g(x)dx = 0

which means
�f + �2

2,⌦f = 0



Estimates of Eigenvalues

Lord Rayleigh conjectured

Among all membranes ⌦ of a fixed volume, the ball minimizes the funda-
mental frequency �

2,⌦.

Polya-Szegö principle
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Polya-Szegö principle

f ! f⇤ the symmetric decreasing rearrangement of f
k|rf⇤|kp  k|rf |kp and kf⇤kq = kfkq.



Estimates of Eigenvalues

Lord Rayleigh conjectured

Among all membranes ⌦ of a fixed volume, the ball minimizes the funda-
mental frequency �

2,⌦.

Polya-Szegö principle
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The a�ne Laplacian �A
p

1 Laplacian �f = div(rf)

2 p-Laplacian �pf = div(rH(rf)), H(x) = 1

p |x|
p.

3 Wul↵ p-Laplacian �p,Kf = div(rHK(rf)), H(x) = 1

phK(x)p.
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p f = �p,Gf (f)

Gf =
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�
pf)

◆

1/n

�p⇧
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pf,

Properties

1 It is a�ne invariant �A
p (f � T ) = (�

A
p f) � T on T�1

(⌦).

2 If f is radial then �

A
p f = �pf .
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The a�ne PDE

The Equation

�

A
p f + �p|f |p�2f = 0 in ⌦.

Theorem

1 f is a minimizer for � = �A
p,⌦ if and only if f is a solution of the

a�ne PDE.

2 The solutions are always bounded and belongs to C1,↵
(⌦) and to

C1,↵
(⌦) if @⌦ is C2,↵.

3 The solution can be taken positive.

4 It is log-concave (if ⌦ is convex)

5 We don’t know if the eigenvalue is simple.
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The case p = 1 and ⌦ convex

Observation

For p = 1, the extremal function can be taken to be the characteristic
function of a convex set K.
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A�ne Rayleigh quotients



Open Question

⌦ is in John position if and only if

lim

(p,q)!(1, n
n�1 )

�A
p,q � �A

1, n
n�1

�p,q � �
1, n

n�1

= 1?

Other Open Questions

1 Brunn-Minkowski type inequality for �A
p,⌦

2 Uniqueness of the a�ne Cheeger set

3 Are all minimizers of �A
1,⌦ characteristic functions?

4 Continuity with respect to all involved parameters

5 Uniqueness of the a�ne eigenfunctions

6 Higher eigenvalues? Spectral gap?
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The end

Thank you


