Math 2552-Q Midterm 2 November 7, 2024

Name: GTID:

e Fill out your name and Georgia Tech ID number.
e This exam contains 8 pages. Please make sure no page is missing.
e The grading will be done on the scanned images of your test. Please write clearly and legibly.

e Answer the questions in the spaces provided. We will scan the front sides only by default. If you run
out of room for an answer, continue on the back of the page and notify the TA when handing in.

e Please write detailed solutions including all steps and computations. Include worded explanations
when necessary.

e The duration of the exam is 75 minutes.

Good luck!
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1. (16 points) Verify that y1(z) = 2 and y2(z) = zlnz form a fundamental set of solutions of
x2y// _ acy’ +y=0

when x > 0 .

Solution:
For y1 =z, y; =1 and y{ = 0. So,
2y — xy) +y1 = 0. — |5 points

1
For yo =zlnz, y5 =Inz 4+ 1 and y§ = —. So,
T

22yl — xybh + yo = 0. — |5 points

z zlnz

Wy, y2) = 1 Inz+1

=z # 0. — | 5 points

Hence, 31 (x) and ya(x) form a fundamental set of solutions of z%y” — 2y’ +y = 0 when > 0. —
1 point
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2. (17 points) Find a second order differential equation whose general solution is

y = c1e? cos(2t) + cpe?t sin(2t)

Solution:

Recall that the characteristic equation of the second order differential equation
ay” +by +cy=0

is
all+b\+¢c=0

and whose roots are
 —bxVb? —dac
- 2a '

To find a differential equation whose solution is y, we pick a, b, ¢ so that the roots of the chracteristic
equation are complex conjugates with real part equal to 2 and imaginary part equal to 2. In

particular we want
b 5 Vb2 — dac
2a

A

) = 2i. — 6 point
2a

For simplicity we take a = 1 — |2 point |.
The first equation is then equivalent to b = —4 — | 3 point|.

Squaring the second equation and solving for ¢ we get ¢ = (b*> + 16)/4 = 32/4 = 8 — |3 point .
Therefore the differential equation

y" — 4y + 8y = 0 — | 3 point

has y = c1e? cos(2t) + c2e?! sin(2t) as its general solution.
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3. (16 points) Find the Laplace transform, Y (s) = L{y(t)}, of the function
y(t) = 4 + sin(8t) — 2¢’ cost

defined on the interval t > 0

Solution:

L(4 + sin8t — 2¢’ cost) = L(4) + L(sin8t) — 2L (e’ cost) — |6 point

_AL 8 - e
Ts 2164 (s—1)2+1 P
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S

4. (17 Poi Fi he i Laplace transf f —n——
(17 Points) Find the inverse Laplace transform o oy

Solution:

o) = L o) — B
e -

= o) £ e ) — e
=elcost + elsint —)_
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5. (17 points) Find the Laplace transform of the solution of

y" 48y =0,y(0) = 4,y'(0) = 2.

Solution:

Applying the Laplace transform yields
clyy +sc{y'} = cfo} — Bpoing
= s%Y(s) — sy(0) — ¢/ (0) + 8sY (s) — 8y(0) = 0 — -
—> (524 85)Y(s) = 4s + 30 — |2 points.
4s + 30
Yi(s)= =2
= Y6 = i, — B
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6. (17 points) Using the Laplace transform, find the solution to
y —9y =0,

y(0) =1, y'(0) = 0, y"(0) = =3, ¥""(0) = 0.

Solution:

Note that letting Ly = Y we get, from the properties of Laplace transform:
Ly —9y)|s = sV (s) — 53y (0) — %/ (0) — sy (0) — /" (0) — 9Y (s). — |8 point
Using our IVP, together with the fact that our ODE implies that £(y®) — 9y)|, = 0, we get
(s* —9)Y(s) — s* + 35 = 0. — |3 point

We get that either s2 = 3 or we cancel out s? — 3 to obtain

s :
Ly(s) =Y (s) = RS — 3 point
Therefore,
1 S 7
y(t)y =L <32 n 3) = cos(V/3t). — |3 point

We observe aposteriori that this function is continuous, bounded and does satisfy our IVP.

Answer: y(s) = cos(v/3t).
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7. (optional bonus 10 points)

1. Explain why the Laplace transform of a piecewise-continuous function of exponential order tends
to zero at infinity.

2. Give an example of a continuous function whose Laplace transform does not tend to zero at infinity.

Solution:

1. If f is a function of exponential order then there exists constants M > 0, K > 0,a such that
|f(t)] < Ke for all t > M. Take Q := supg<;<p | f(t)| and suppose s > a. Then

£{f)(s)] = \ / sty dt’
< [Tl a

0

M [e'e)
—st —st
g/o e If(t)ldt+/Me ()] di

M fe'e)
< Q/ e st dt+/ Kete=*) q¢
0 M

—M(s—a)
<9,
S s —a

Both terms in the last line go to 0 as s goes to infinity so we conclude that the laplace transform
tends to 0 as s tends to infinity. — [5 point

2. Take f(t) = e*". Then
L{f}(s) :/ e~stet” dt > / e~stet” dt > / 1 dt = oo.
0 s s

In particular the Laplace transform of f is equal to infinity for all s. — |5 point
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