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Two perspectives on vector-valued
concentration inequalities

Vector-valued analogs of Vector-valued functional

classical concentration inequalities that describe
inequalities that help us phenomena in functional

understand high-dimensional analysis and metric geometry
random structures

Example: consequences for metric

Poincaré inequality embeddings of graphs in Banach

Var(f(X)) < CpE|VF(X)[? Spaces
log-Sobolev inequality l
) ) algorithmic applications for

M. Gordin (Princeton)



car'c o Let (X, |- 1)
Pisier’s inequalities be 2 Banach space.
Theorem (Pisier, 1985)

For f : R" — X locally Lipschitz, G, G’ ~ N(0, I,) independent, and
1<p<oo

p

E|f(6)-EFG)IP < (3)E ZG'—(G)
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car'c o Let (X, |- 1)
Pisier’s inequalities be 2 Banach space.
Theorem (Pisier, 1985

~—
S

For f : R" — X locally Lipschitz, G, G’ ~ N(0, I,) independent, and
1<p<oo

p

E|f(6)-EFG)IP < (3)E ZG'—(G)

Theorem (Pisier, 1985)

For f: {-1,1}" — X, e, ~ Unif ({—1,1}") independent,

> &iDjf(e)

j=1

E[[f(e) = Ef(e)||P < C(n)PE

(1)
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Let (X, |- 1)

Pisier’s inequalities be 2 Banach space.

Theorem (Pisier, 1985)

For f: {—1,1}" — X, e,&’ ~ Unif ({—1,1}") independent,

> EiDjf(e)

J=1

p

(1)

E[[f(e) - Ef(e)||P < C(n)PE
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Let (X, |- 1)

Pisier’s inequalities be 2 Banach space.

Theorem (Pisier, 1985)

For f: {—1,1}" — X, e,&’ ~ Unif ({—1,1}") independent,
p
n
E|f(e) — Ef(e)l|P < C(n)PE|| Y eiDjf(e) (1)
j=1

® Pisier showed C ~ log n

® Talagrand (1993) proved sharpness

® Naor and Schechtman (2002) dimension-free constant for UMD
Banach spaces
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Let (X, |- 1)

Pisier’s inequalities be a Banach space.

Theorem (Pisier, 1985)
For f : {—1,1}" — X, ¢,&’ ~ Unif ({—1,1}") independent,

E|f(e) — Ef(e)|IP < C(n)PE( D €;Dif (e) (1)
j=1

® Pisier showed C ~ log n

® Talagrand (1993) proved sharpness

® Naor and Schechtman (2002) dimension-free constant for UMD
Banach spaces

Is there another way to think about vector-valued concentration to
get the “right” dimensional dependence?
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Dimension-free constant on the discrete hypercube

Theorem (lvanisvili, van Handel, Volberg 2020)

For f:{-1,1}" — X, e ~ Unif ({-1,1}"), and p > 1,

(E)f(e) - EAIP) < 7 [ (E S H(0D()
j=1

) p(dt)

where p(dt) := %ﬁ dt and §;(t) are appropriately renormalized biased
Rademacher random variables.

flel,... €5, €n) — f(e1,.. ., —€j, ..., En
DJf(E) = ( J ) 2( J )
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Biased measure on the discrete cube

Consider the biased product measure on {—1,1}"” with parameter a € [0, 1]
n

p = Qus
i=1

where p#(+1) = v and pf(-1) =1 — .
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Biased measure on the discrete cube
Consider the biased product measure on {—1,1}"” with parameter a € [0, 1]
n
p = Qus
i=1

where p#(+1) = v and pf(-1) =1 — .
Theorem (G. '24)

For any Banach space (X, || - ||), function f: {—1,1}" — X, and p > 1,

we have
n p %
> 6i(t)Dif(e) ) dt.

i=1

(E2||f () — EF(2)[|P)F < /OOO 401 - a) (EO‘
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Biased measure on the discrete cube

Theorem (G. '24)

For any Banach space (X, || - ||), function f : {—1,1}" — X, and p > 1,

we have
P\ b
) .

n

Z 5,’(1‘)D,’f(5)

i=1

(E?F(e) - EF(©)IP)? < /0 " aa(1 - a) (E

Foraﬁ%andpzl,

sup E[|5,-(t)y" | X;(0) = x,-] < e (2at)lP.
xe{-1,1}"
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Definition: Rademacher type

We say that Banach space (X, || - ||) has Rademacher type p € [1,2] if
there exists a C € (0, 00) so that for all n > 1,

n P n
B el <> xR,

where x1,...,x, € X and €1, ...,¢&, i.i.d. Rademacher random variables.
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-
Definition: Rademacher type

We say that Banach space (X, || - ||) has Rademacher type p € [1,2] if
there exists a C € (0, 00) so that for all n > 1,

n P n
B el <> xR,

where x1,...,x, € X and €1, ...,¢&, i.i.d. Rademacher random variables.
Examples:

® all Banach spaces have type 1 (“trivial type")
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-
Definition: Rademacher type

We say that Banach space (X, || - ||) has Rademacher type p € [1,2] if
there exists a C € (0, 00) so that for all n > 1,

n P n
B el <> xR,

where x1,...,x, € X and €1, ...,¢&, i.i.d. Rademacher random variables.
Examples:

® all Banach spaces have type 1 (“trivial type")
e Hilbert spaces have type 2
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-
Definition: Rademacher type

We say that Banach space (X, || - ||) has Rademacher type p € [1,2] if
there exists a C € (0, 00) so that for all n > 1,

n P n
B el <> xR,

where x1,...,x, € X and €1, ...,¢&, i.i.d. Rademacher random variables.
Examples:

® all Banach spaces have type 1 (“trivial type")
e Hilbert spaces have type 2
e [P (P spaces have type p for p € [1,2]
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Vector-valued Poincaré inequality
Corollary (G. '24)

For any Banach space (X, || - ||) of Rademacher type p € [1,2], function
f:{-1,1}" = X, and o < 3, we have that

(Elf(e) —EF()[P)= S T, (ZEHD f( e)n")
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Vector-valued Poincaré inequality

Corollary (G. '24)

For any Banach space (X, || - ||) of Rademacher type p € [1,2], function
f:{-1,1}" = X, and o < 3, we have that

(Ellf(e) ~ EF()[P)> S T, (ZEHD f e>||")
€1
Example: Let (X, | - ||) = (R", || - |[¢) and f(e) := n 652

1 1
IIf(e) — Ef (e)|| <Z|€, ]Es,]p> — —— (Eler — Eeq|P)r ~ ar.
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Lower bounds on average distortion

We say a D-Lipschitz mapping f : (M, d) — (X, || - ||) has v-average
distortion D if

Eveullf(e) — f(5/)|| > EV®V|d(575/)|~
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Lower bounds on average distortion

We say a D-Lipschitz mapping f : (M, d) — (X, || - ||) has v-average
distortion D if

Eveullf(e) — f(5/)|| > EV@Vld(&el)l-

Corollary (G. '24)

Forany f: {—1,1}" — (X, | - ||) with X of type p and f having p-average
distortion D,

1—1
Dz (an) " ».
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Lower bounds on average distortion

We say a D-Lipschitz mapping f : (M, d) — (X, || - ||) has v-average
distortion D if

Eveullf(e) — f(5/)|| > E,,@,,|d(6,€/)|.

Corollary (G. '24)

Forany f: {—1,1}" — (X, | - ||) with X of type p and f having p-average
distortion D,

1—1
Dz (an) " ».

", _ logn
Nonembeddability even for sparse ¢, e.g. o = =>=.
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Scaling limit: Poisson distribution

For any Banach space (X, || - ||), bounded function f : N — X,

1<p<oo, and,
1
P
) i,

(E|F(N) - E ()H"P</ (
ey Xiy e ey Xm)

i) D F (N

where

D% = f(xq,....,xi+1,...,xm) — f(x1,.
and
. ¢ et
fi(t) ==e " — mﬁi(f)»
for n;(t) independent Poisson(1 — e~ %).
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Beyond product spaces: finite groups

Let (G, S) be a finite group with a symmetric set of generators S.

M. Gordin (Princeton) Vector-valued Concentration



Beyond product spaces: finite groups

Let (G, S) be a finite group with a symmetric set of generators S.
Denote

Dsf(x) = f(x) — f(sx).
The Laplacian on G is given by

Af:—ZDsf

seS
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Beyond product spaces: finite groups

Let (G, S) be a finite group with a symmetric set of generators S.
Denote

Dsf(x) = f(x) — f(sx).
The Laplacian on G is given by
—> Df
seS

We denote by P; := e'® the standard heat semigroup on G.
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|
Heat semigroup on (G, S)

Let {X;} be a continuous-time random walk on G

with stationary measure p = Unif(G).

heat kernel of the random walk p;(x,y) := Py (X; = y)
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|
Heat semigroup on (G, S)

Let {X;} be a continuous-time random walk on G

with stationary measure u = Unif(G).

heat kernel of the random walk p;(x,y) := Py (X; = y)

For every s € S,

X,Xt) - Pt(SX,Xt) _ DsPt(X, Xt)
Pt(X,Xt) Pt(X,Xt) '

() = P
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|
Heat semigroup on (G, S)

Let {X;} be a continuous-time random walk on G

with stationary measure u = Unif(G).

heat kernel of the random walk p;(x,y) := Py (X; = y)

For every s € S,

X,Xt) - Pt(SX,Xt) _ DsPt(X, Xt)
Pt(X,Xt) Pt(X,Xt) '

55(1?) _ Pt (

DsPif(x) = Ex[f(X¢)ds(t)]
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Pisier-like inequality on a finite group

Proposition (G., van Handel 2024+)

For any function f : G — X, and 1 < p < 00, we have

(Eu|If — Euf|IP)? < = /( > 05(t)D<f (Xo)

seS

o
)dt.
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Pisier-like inequality on a finite group

Proposition (G., van Handel 2024+)

For any function f : G — X, and 1 < p < 00, we have

(Eu|If — Euf|IP)? < = /( > 05(t)D<f (Xo)

seS

o
)dt.
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Pisier-like inequality on the symmetric group

Theorem (G., van Handel 2024+)

Let S, denote the symmetric group with generator set

S={(ij):i#J,i,j€lnl}.

If (X,]|-||) is a Banach space of type p € [1,2] and
f:(SnS)— (X,| 1), then for n > 2,

T

1 n
logn »
7 B, < (%E0) | 3 Blos ool
=t
1<J
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Corollary: unbounded distortion in bilipschitz embedding of
(51775) into (X7 H ’ H)

Corollary (G., van Handel 2024+)

For any f : (S5,,S) — (X, - ||), an embedding with p-average distortion D
with (X, [| - [|) of type p € [1,2],
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Main techniques

How to “isolate” the ds(t)s:

® decoupling and symmetrization arguments

Obtaining bounds on moments of the d,(t)s:

e Small t: Bakry—lémery curvature and Gamma calculus

® Large t: Markov chain mixing
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