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Banach space

(X , ‖ · ‖) be a Banach space.

Stefan Banach
Banach algebra; Amenable Banach algebra; Banach Jordan algebra; Banach function algebra;
Banach *-algebra; Banach algebra cohomology; Banach bundle; Banach fixed-point theorem;
Banach game; Banach lattice; Banach limit; Banach–Mazur compactum; Banach manifold;
Banach measure; Banach norm; Banach space; Banach–Alaoglu theorem; Banach–Mazur
compactum; Banach–Mazur game; Banach–Ruziewicz problem; Banach–Saks theorem;
Banach–Schauder theorem; Banach–Steinhaus theorem; Banach–Stone theorem;
Banach–Tarski paradox; Banach’s matchbox problem; Hahn–Banach theorem;
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Type and Enflo type: linear vs nonlinear.

X has Rademacher type p > 1 if ∃C > 0 such that

E‖
∑

1≤j≤n
εjxj‖p ≤ C

∑
1≤j≤n

‖xj‖p

for all x1, . . . , xn ∈ X , any n ≥ 1, εj = ±1 i.i.d. Rademacher
functions.
remark: reverse inequality is called cotype.

X has Enflo type p > 1 if ∃C > 0 such that

E‖f (ε)− f (−ε)‖p ≤ C E
∑

1≤j≤n

‖f (ε1, . . . , εj , . . . , εn)− f (ε1, . . . ,−εj , . . . , εn)‖p

for all f : {−1, 1}n → X , all n ≥ 1, ε = (ε1, . . . , εn).

Remark: Enflo type p ⇒ Rademacher type p : f (ε) =
∑
εjxj .

Question (P. Enflo): What about the converse?
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Previous work on nonlinear type

• Find a nonlinear analog of a linear notion in metric spaces (Y , d).
"Ribe Program".

• Bourgain–Milman–Wolfson, Pisier: Rademacher type p implies
Enflo type q for any q < p

• Naor–Schechtman: Rademacher p and UMD imply Enflo p.
UMD: E‖

∑
±dk‖2 ≤ βE‖

∑
dk‖2, where dk martingale difference.

• Naor–Hytonen: Rademacher p and UMD+ for X ∗ imply Enflo p.
UMD+: E±E‖

∑
±dk‖2 ≤ βE‖

∑
dk‖2

• Mendel–Naor: Rademacher p, implies "Scaled" Enflo type p.

• Eskenazis: "Relaxed" UMD and Rademacher p, imply Enflo p.
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Rademacher and Enflo type coincide

Theorem (P.I., R. van Handel, S. Volberg)

Rademacher and Enflo type coincide

Proof:

E‖f (ε)− f (−ε)‖p ≤ C E
∑

1≤j≤n

‖f (ε1, . . . , εj , . . . , εn)− f (ε1, . . . ,−εj , . . . , εn)‖p

for linear f implies for all f .

Not clear how to start...
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Pisier and Poincaré inequality

Let p = 2.

E‖f (ε)− f (−ε)‖2 ≤ C E
∑

1≤j≤n
‖Dj f (ε)‖2,

where

Dj f (ε) =
f (ε1, . . . , εj , . . . , εn)− f (ε1, . . . ,−εj , . . . , εn)

2
.

Maybe it is all about Poincaré inequality

E‖f − Ef ‖2 ≤ C E
∑

1≤j≤n
‖Dj f (ε)‖2

remark: E‖f (ε)− f (−ε)‖2 ≤ 4E‖f − Ef ‖2.
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E‖f − Ef ‖2 ≤ C E
∑
‖Dj f (ε)‖2

Observation 1): a stronger estimate

E‖f ‖2 − ‖Ef ‖2 ≤ C E
∑
‖Dj f (ε)‖2

holds for f : {−1, 1}n → X and all n ≥ 1 if and only if it holds for
all f : {−1, 1} → X

‖x‖2 + ‖y‖2

2
−
∥∥∥∥x + y

2

∥∥∥∥2

≤ C

∥∥∥∥x − y

2

∥∥∥∥2

2-uniformly smooth Banach spaces.
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E‖f − Ef ‖2 ≤ C E
∑
‖Dj f (ε)‖2

Observation 2): For X = `n1 and f (ε) = ε1e1 + ...+ εnen

E‖f − Ef ‖2 ≥ nE
∑
‖Dj f (ε)‖2.

One can show

E‖f − Ef ‖2 ≤ CnE
∑
‖Dj f (ε)‖2

for an arbitrary Banach space.
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E‖f − Ef ‖2 ≤ C E
∑
‖Dj f (ε)‖2

Observation 3): let h : Rn → R and X ,Y i.i.d. N(0, In×n)

g(Y )− g(X ) =

∫ π
2

0

d

dt
g(X cos(t) + Y sin(t))dt =∫ π

2

0
〈∇g(X cos(t) + Y sin(t)),−X sin(t) + Y cos(t)〉dt

(E|g(Y )− g(X )|2)1/2 =: ‖g(Y )− g(X )‖2 ≤∫ π
2

0
‖〈∇g(X cos(t) + Y sin(t)),−X sin(t) + Y cos(t)〉‖2dt

=
π

2
‖〈∇g(X ),Y 〉‖2 =

π

2

∥∥∥∑Yj∂jg(X )
∥∥∥

2
=
π

2
‖∇g‖2.
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π

2
‖∇g‖2.

Paata Ivanishvili Rademacher and Enflo type coincide



E‖f − Ef ‖2 ≤ C E
∑
‖Dj f (ε)‖2

Observation 4): If

‖f (ε)− f (δ)‖2 ≤ C
∥∥∥∑ δjDj f (ε)

∥∥∥
2

where ε, δ ∈ {−1, 1}n i.i.d. uniform, for all f : {−1, 1}n → X ,

then using ‖
∑
δjDj f (ε)‖2

type 2
≤ C

√∑
‖Dj f ‖22 and

‖f (ε)− f (δ)‖2 � ‖f − Ef ‖2, the Enflo would follow!

Theorem (Pisier)

For any f : {−1, 1}n → X , ‖f − Ef ‖2 ≤ C log(n) ‖
∑
δjDj f (ε)‖2.

Theorem (Talagrand)

∃X and f : {−1, 1}n → X : ‖f − Ef ‖2 ≥ C log(n) ‖
∑
δjDj f (ε)‖2.

Theorem (P.I., R. van Handel, A. Volberg)

‖f − Ef ‖2 ≤ C ‖
∑
δjDj f (ε)‖2 iff X has finite cotype.
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E‖f − Ef ‖2 ≤ C E
∑
‖Dj f (ε)‖2 Back to Gauss space

How to prove ‖g(X )− Eg‖2 ≤ C‖
∑n

j=1 Yj∂jg(X )‖2?

L := −∆ + x · ∇,

e−Ltg(x) = Eg(e−tx +
√
1− e−2tY ), Y ∼ N (0, In×n).

g(x)− Eg = −
∫ ∞

0

d

dt
e−tLg(x)dt =

∫ ∞
0

Le−tLg(x)dt.

Le−tLg(x) = (−∆ + x · ∇)

∫
Rn

g(e−tx +
√

1− e−2ty)
e−|y|

2/2

(2π)n/2
dy∫

Rn

[
−e−2t∆g(e−tx +

√
1− e−2ty) + 〈e−tx ,∇g(e−tx +

√
1− e−2ty)〉

] e−|y|
2/2

(2π)n/2
dy
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√
1− e−2ty)〉

] e−|y|
2/2

(2π)n/2 dy

∫
Rn

[
−

e−2t

1− e−2t ∆y [g(e−tx +
√

1− e−2ty)] + 〈e−tx,∇g(e−tx +
√

1− e−2ty)〉
]

e−|y|
2/2

(2π)n/2 dy =

∫
Rn

[
−

〈
e−2ty

1− e−2t ,∇y [g(e−tx +
√

1− e−2ty)]

〉
+ 〈e−tx,∇g(e−tx +

√
1− e−2ty)〉

]
e−|y|

2/2

(2π)n/2 dy

∫
Rn

〈
e−tx −

e−2ty
√
1− e−2t

,∇g(e−tx +
√

1− e−2ty)

〉
e−|y|

2/2

(2π)n/2 dy
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E‖f − Ef ‖2 ≤ C E
∑
‖Dj f (ε)‖2 Back to Gauss space

g(x)− Eg =

∫ ∞
0

E
〈
e−tx −

e−2tY
√

1− e−2t
,∇g(e−tx +

√
1− e−2tY )

〉
dt

‖g(X )− Eg‖2 ≤
∫ ∞

0

∥∥∥∥〈e−tX −
e−2tY
√

1− e−2t
,∇g(e−tX +

√
1− e−2tY )

〉∥∥∥∥
2
dt =

‖〈Y ,∇g(X )〉‖2
∫ ∞

0

1
√
e2t − 1

dt = ‖
∑

Yj∂jg(X )‖2
π

2

e−tX − e−2tY√
1−e−2t and e−tX +

√
1− e−2tY are independent!
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E‖f − Ef ‖2 ≤ C E
∑
‖Dj f (ε)‖2 Gauss vs hypercube

g(x)− Eg =

∫ ∞
0

E
〈√

1− e−2tx − e−tY ,∇g(e−tx +
√

1− e−2tY )
〉 dt
√
e2t − 1

Lemma

For any f : {−1, 1}n → X we have

f (ε)− Ef =

∫ ∞
0

Eξ
∑

δj (t)Dj f (εξ(t))
dt

√
e2t − 1

,

where δj (t) =
ξj (t)−e−t

√
1−e−2t

, P(ξj (t) = 1) = 1+e−t

2 and P(ξj (t) = −1) = 1−e−t

2 , and

εξ(t) = (ε1ξ1(t), . . . , εnξn(t))
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0

Eξ
∑

δj (t)Dj f (εξ(t))
dt

√
e2t − 1

,

‖f (ε)− Ef ‖2 ≤
∫ ∞

0

(
Eε
∣∣∣Eξ∑ δj (t)Dj f (εξ(t))

∣∣∣2)1/2 dt
√
e2t − 1

≤∫ ∞
0

(
Eε,ξ

∣∣∣∑ δj (t)Dj f (εξ(t))
∣∣∣2)1/2 dt

√
e2t − 1

≤∫ ∞
0

(
Eε,ξ,ξ′

∣∣∣∑(δj (t)− δ′j (t))Dj f (εξ(t))
∣∣∣2)1/2 dt

√
e2t − 1

=∫ ∞
0

(
Eε,ξ,ξ′,ε′

∣∣∣∑ ε′j (δj (t)− δ′j (t))Dj f (εξ(t))
∣∣∣2)1/2 dt

√
e2t − 1

Type 2
≤

C

∫ ∞
0

(
Eε,ξ,ξ′

∑
(δj (t)− δ′j (t))2|Dj f (εξ(t))|2

)1/2 dt
√
e2t − 1

=

C

∫ ∞
0

(
Eξ,ξ′

∑
(δj (t)− δ′j (t))2Eε|Dj f (ε)|2

)1/2 dt
√
e2t − 1

=

C

∫ ∞
0

(
Eξ,ξ′ (δ1(t)− δ′1(t))2

)1/2 (∑Eε|Dj f (ε)|2
)1/2 dt

√
e2t − 1

=

C
π
√

2

(∑
E|Dj f (ε)|2

)1/2
.
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Proof of the Lemma

f (ε)− Ef = −
∫ ∞

0

d

dt
e−t∆f (ε)dt =

∫ ∞
0

∆e−t∆f (ε)dt

where ∆ =
∑n

k=1 Dk , and e−t∆f (ε) = Eε′ f (ε′)
∏n

j=1(1 + e−tεjε
′
j ).

∆e−t∆f (ε) =
n∑

k=1

DkEε′ f (ε′)
n∏

j=1

(1 + e−tεjε
′
j ) =

Eε′
n∑

k=1

f (ε′)
e−tεkε

′
k

1 + e−tεkε
′
k

n∏
j=1

(1 + e−tεjε
′
j )
η=εε′

=

Eη
n∑

k=1

f (ηε)
e−tηk

1 + e−tηk

n∏
j=1

(1 + e−tηj ) =

Eη
n∑

k=1

f (ηε)
e−t(ηk − e−t)

1− e−2t

n∏
j=1

(1 + e−tηj ) =

1
√
e2t − 1

Eη
n∑

k=1

f (ηε)
(ηk − e−t)
√

1− e−2t

n∏
j=1

(1 + e−tηj ) =
1

√
e2t − 1

Eξ
n∑

k=1

f (ξ(t)ε)δj (t).
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The end

E‖f − Ef ‖2 ≤ CE
∑

1≤j≤n
‖Dj f ‖2

if and only if X has type 2.

E‖f − Ef ‖2 ≤ CE‖
∑

1≤j≤n
δjDj f (ε)‖2

if and only if X has finite cotype.

Thank you!
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