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Banach algebra; Amenable Banach algebra; Banach Jordan algebra; Banach function algebra;
Banach *-algebra; Banach algebra cohomology; Banach bundle; Banach fixed-point theorem;
Banach game; Banach lattice; Banach limit; Banach—-Mazur compactum; Banach manifold;
Banach measure; Banach norm; Banach space; Banach—Alaoglu theorem; Banach—Mazur
compactum; Banach—Mazur game; Banach—Ruziewicz problem; Banach—Saks theorem;
Banach—Schauder theorem; Banach—Steinhaus theorem; Banach—Stone theorem;
Banach—Tarski paradox; Banach’s matchbox problem; Hahn—Banach theorem;
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forall xi,...,x, € X, any n > 1, ¢; = 1 i.i.d. Rademacher
functions.
remark: reverse inequality is called cotype.
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Type and Enflo type: linear vs nonlinear.

X has Rademacher type p > 1 if 3C > 0 such that

E| > exlP<C Y lIxlP

1<j<n 1<j<n

forall xi,...,x, € X, any n > 1, ¢; = 1 i.i.d. Rademacher
functions.
remark: reverse inequality is called cotype.

X has Enflo type p > 1 if 3C > 0 such that

Ellf(e) = F(—e)IP < CE > [If(ex,. v n) = Flen,. s —€jy o en)llP

1<j<n

forall f:{-1,1}" = X, all n > 1, e = (e1,...,¢&n).
Remark: Enflo type p = Rademacher type p : f(g) = > €jx;.
Question (P. Enflo): What about the converse?
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Previous work on nonlinear type

e Find a nonlinear analog of a linear notion in metric spaces (Y, d).
"Ribe Program".

e Bourgain—Milman—Wolfson, Pisier: Rademacher type p implies
Enflo type g for any g < p

e Naor-Schechtman: Rademacher p and UMD imply Enflo p.
UMD: E|| 3> +dk||? < BE|| Y di||?, where d) martingale difference.

e Naor—Hytonen: Rademacher p and UMD™ for X* imply Enflo p.
UMD™: ELE[| 3 +dk[|* < BE[ 3 di|®

e Mendel-Naor: Rademacher p, implies "Scaled" Enflo type p.

e Eskenazis: "Relaxed" UMD and Rademacher p, imply Enflo p.

Paata Ivanishvili Rademacher and Enflo type coincide



Rademacher and Enflo type coincide

Paata Ivanishvili Rademacher and Enflo type coincide



Rademacher and Enflo type coincide

Theorem (P.I., R. van Handel, S. Volberg)

Rademacher and Enflo type coincide

Paata lvanishvili Rademacher and Enflo type coincide



Rademacher and Enflo type coincide

Theorem (P.I., R. van Handel, S. Volberg)

Rademacher and Enflo type coincide
Proof:

E||f(e) — f(—¢)||°P < CE Z lf(e1, .- s€js---yen) — fle1, oy =€y sen)ll”

1<j<n
for linear f implies for all f.

Not clear how to start...
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Let p=2.
E[|f(e) — fF(=e)IP < CE Y [Djf(e)l,
1<j<n
where
f(e1y.- y&jye-vyen) —f(E1y oy —€jyentyEn)
Djf(é) == J > J .

Maybe it is all about Poincaré inequality

E|f —Ef|> < CE ) |Dif(e))
1<j<n

remark: E||f(e) — f(—¢)|? < 4E||f — Ef|]°.
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2-uniformly smooth Banach spaces.
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E||[f —Ef||* < CE} || D;f(e)|

Observation 2): For X = (] and f(¢) = c1e1 + ... + €pep

E||f —Ef|> > nE Y || D (e)|*.
One can show
E||f — Ef|]> < ChE ) | Dif (e)?

for an arbitrary Banach space.
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Observation 3): let h: R"” — R and X, Y i.i.d. N(0, Ihxn)

g(Y) —g(X) = /02 %g(X cos(t) + Y sin(t))dt —

/02 (Vg(Xcos(t) + Ysin(t)), —Xsin(t) + Y cos(t))dt

(Elg(Y) — g(X))? = g(¥) —g(X)]2 <

jus
i

(Vg(X cos(t) + Ysin(t)), —Xsin(t) + Y cos(t))|2dt

= 2 1Ve(0). Vil = 5 |3 Yioe0)|, = 5 1Vell.
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Theorem (Talagrand)

X and f : {-1,1}" = X : ||f = Ef|]2 > Clog(n) ||>_0;D;f ()],

Theorem (P.I., R. van Handel, A. Volberg)

|f —Ef|l2 < C||>°6;D;f(e)|l, iff X has finite cotype.
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E||f — Ef||> < CEY_ ||Djf(e)||* Back to Gauss space

How to prove [|g(X) — Egll2 < C[| 327, Y;0;8(X) |27
L:=—-A+x-V,

eLig(x) = Eg(e X + VI~ e ZY), ¥ ~ N(0, fox).

g(x) —Eg = —/ ie_tLg(x)dt = / Le~tg(x)dt.
o dt 0

~lyl?/2

e "g(x)=(-A+x- V)/ (e” X—Q—\/l—e*fy) Tk dy

~lyI?/2
/ [—ethAg(eftx +V1—e2ty)+ (e ‘x,Vgle ‘x+ /1~ e*ny))] 7/2dy
Rr (2m)"
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E||f — Ef||> < CEY_ ||Djf(e)||* Back to Gauss space

Le tg(x) =
) e—lvI2/2
/ [7e_ ‘Ag(e x4+ V1 —e2ty) 4+ (e 'x,Vg(e 'x+ 11— e*ny))] ————dy
&N (2m)n/2
2t . . . e—lvI2/2
_ - -2 - - -2 e 4=
/R'7 g Ayfgle”™'x + V1 —e2ty)| + (e 'x,Vg(e 'x + V1 — e 2ty)) @n)72 dy =
o2ty . . . e—lvI?/2
_ - -2 - - —e-2 s
/R'7 o Vylgle 'x+ V1 —e=2ty)] ) + (e 'x,Vg(e 'x+ V1 — e 2ty)) @n)72 dy

—Iy12/2

e~2ty
-t _ e—2t
/R'7 <e X \/17 ,Vegle 'x++v1—e y)> "/2 ————dy
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E||f — Ef||> < CEY_ ||Djf(e)||* Back to Gauss space

[e%S) 672ty
—Eg = E({e tx — ————,Vg(e 'x+ 1—e*2‘Y>dt
£ ~Eg = [ B (et L Vgl V] )
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E||f — Ef||> < CEY_ ||Djf(e)||* Back to Gauss space

oo —2ty
g(x)—]Eg:/ ]E<e*tx— ei,Vg(e*tx+\/1—e*2‘Y)> dt
0

1—e2t

72tY
<e*fx - \/% Vg(e X +/1— e—2fY)>
=

Y. eN 2 [ e = 152 V0,800l 3

\MM*&MS[T

dt =
2
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E||f — Ef||> < CEY_ ||Djf(e)||* Back to Gauss space

oo —2ty
g(x)—]Eg:/ ]E<e*tx— ei,Vg(e*tx+\/1—e*2‘Y)> dt
0

1—e2t

72tY
<e*fx - \/% Vg(e X +/1— e—2fY)>
=

Y. eN 2 [ e = 152 V0,800l 3

\MM*&MS[T

dt =
2

e tX — \/% and e X 4+ V1 — e~?tY are independent!
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E||f — Ef||> < CEY_ ||Djf(e)||* Gauss vs hypercube

e dt
_ — _ a2ty _ ot —t _ a2t
g(x) Eg_/o ]E<\/1 e %tx —e 'Y, Vg(eT'x+V1—e Y)> e
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E||f — Ef||> < CEY_ ||Djf(e)||* Gauss vs hypercube

g(x)—IEg:/ooo]E<\/1—e—2tx—e 'y, Vg(e x+\/1—e—2tY)>\/71

Lemma

For any f : {—1,1}" — X we have

f(e) — f—/ Ee > 0j(t)D;f (e4(t)) \/;

, and

where 8§;(t) = \/(1”: P(g(t) = 1) = 2= and P(gj(t) = —1) = 1=

e€(t) = (e161(2), . .-, €nln(t))
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E||f — Ef||> < CEY_ ||Djf(e)||* Gauss vs hypercube

dt

f(e) —Ef = /Ooo Ee Z(Sj(t)Djf(EE(t))\/ezti_l’
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E||f — Ef||> < CEY_ ||Djf(e)||* Gauss vs hypercube
) —Ef = [ B 3 a0 et(e) =

() — Effla < /0°° (E

[ (me[Saoprecof) s
(B e [S065(0) - aenDyreen])

L (e

A

1/2 dt

Ee Y 5j(t)Djf(a£(t))\2) Ve

)/2 dt
Nt

1/2 e
(B[S0 - sepomeen]|) s "

/ Eecer  (0;(t) - 5(t)|Df(s£(r))|) ZV%=
) /2 d
C/ Eg ¢/ 5 (6;(t) — 5j(t))2E€|DJf(E)‘2> \/62:7_1 =
C/Om Ee ¢/ (51(2) — 8,(£))%) 2 (ZElejf(a)\z)l/Z \/ezciti_l -

T 1/2
2
c7§ (ZE\Djf(aﬂ )
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Proof of the Lemma

o0 d oo
f(e) — Ef — _/ —e’tAf(a)dt:/ DetBF(e)dt
o dt 0
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Proof of the Lemma

o0 d oo
f(e) — Ef — _/ —e’tAf(a)dt:/ DetBF(e)dt
o dt 0

where A =37, Dy, and e_tAf(e):]EE/f(e/)HJ 1(1+ e feie)).
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Proof of the Lemma

o0 d oo
f(e) — Ef — _/ —e’tAf(a)dt:/ DetBF(e)dt
o dt 0

where A =37, Dy, and e_tAf(e):]EE/f(e/)HJ 1(1+ e feie)).

Ae A f(e) = ZDkE f(e )H(1+e gjef) =

Jj=1

te el U —ee’
E./ Zf( K Kk l_I(l-i-e*t.ejaj’-)":EE

1+e™ faka 1

ety a _
By Z fne) ———=— [ [+ e n) =
k=1 Ttetme iy

R | (RRRAE

j=1

ﬁEan(nE)Ejk—th (14 e 'n) =
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E|f ~EfI>< CE Y D]
1<j<n

if and only if X has type 2.

E|f —Ef|* < CE|| ) &D;f(e)l
1<<n

if and only if X has finite cotype.

Thank youl!
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