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The Pompeiu problem is a fundamental problem that initially arose by
intertwining the basic theory of convex bodies with harmonic analysis.
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We consider the group of all orthogonal transformations
of Rd, composed with all translations. We denote
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In 1929, Dimitrie Pompeiu, a Romanian
Mathematician, who was also a student of
Poicaré, asked the following question.
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where we allow � to vary over all rigid motions,
so this identity is true for all � 2 M(d).
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In 1973, Brown, Schreiber, and Taylor (BST) proved that
this problem is very closely tied to ‘mean periodic functions’,
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BST proved that in R2, all Lipschitz curves
‘with at least one corner’ have the Pompeiu property.
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In 1976, Williams showed that if a convex body does *not*
have the Pompeiu property, then its boundary cannot be
real analytic. This implies, in particular, that all
polytopes have the Pompeiu property.
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So what does the Fourier transform of a polytope look like?

In R2, let’s see what the Fourier transform of
a simple triangle looks like.
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For a general polytope, it turns out we can write a fairly
explicit structural formula for its Fourier transform as well.
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its Fourier transform may be written as follows:
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where V is the set of vertices of P, and the matrices Kj

are formed by certain well-defined combinations of
edge vectors wj,k of polyhedral cones (vertex tangent
cones) that emanate from each vertex.
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We call such an expansion, in the statement of the Theorem above,
an exponential-rational function.
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The theorem above, through its various incarnations, is due to
Brion, Lawrence, and Barvinok.
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(We are ignoring here a complication inherent in such a formula for
general polytopes: the triangulation of the vertex tangent cones)
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N(P) := {⇠ 2 Rd : 1̂P(⇠) = 0},
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C (r) := {z 2 Cd | z21 + · · ·+ z2d = r},
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(Note: it is tricky to visualize Sd�1
C , even when d = 2,

because even in this case we have a 2-dimensional, unbounded
manifold sitting in R4, as one can easily check.)
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Fact. The null set of a polytope gives a lot of information
about the combinatorics of the polytope. In particular, it
also gives us a necessary and su�cient condition for tiling
and multi-tiling.
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Harmonic analysis lemma for tilings

Lemma.

A convex polytope P admits a k-tiling of Rd by translations

with the lattice L if and only if both of the following
conditions are true:

(a) 1̂P (m) = 0, for all nonzero vectors m 2 L⇤

(b) k = volP
|detL|

(M. Kolountzakis)

in terms of the null set of P
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Theorem. (Brown, Shreiber, and Taylor, 1973)
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A convex body P has the Pompeiu property
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1̂P does not vanish identically on any of
the complex varieties Sd�1(r), for any r � 0.
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Known: In dimension 2, it is known to be true, but it is
open in all higher dimensions.
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Current research: We would like to learn more about the null set
of a convex body B (and even more general bodies) because it
seems to tell us a lot more than we thought.
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But even for d = 2 and for an arbitrary 5-point set,
it is not completely known.
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Suppose we parametrize a circle in Euclidean space by z(t) : [0, 1] ! Rd.

<latexit sha1_base64="5rpwyOkjAEJqAbz3j6/9oCizBTg="></latexit>
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,

<latexit sha1_base64="M2x1YVh7fN1/8k/ZcPayGUu9B5U="></latexit>

We may recall that the explicit FT of a polytope is:

<latexit sha1_base64="ClaohfsDEDyzAnw6+hK1/UIIH30="></latexit>

We suppose, to the contrary, that the null set of P does contain a circle.

<latexit sha1_base64="vO16Unq2q1gUA3oxdY5pQDq56ak="></latexit>

(of our proof that the null set of P does not contain circles)

<latexit sha1_base64="kXlEI0wHYpDTAYipfPz4Lj36KmA="></latexit>



Proof ideas.
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Suppose we parametrize a circle in Euclidean space by z(t) : [0, 1] ! Rd.

<latexit sha1_base64="5rpwyOkjAEJqAbz3j6/9oCizBTg="></latexit>

We can massage the vanishing criterion 0 = 1̂P(z(t))
of the FT of a polytope, (given explicitly by the theorem above) into:

<latexit sha1_base64="bCX+FpLvJiRKL1/yisahkOyhYz8="></latexit>
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Suppose we parametrize a circle in Euclidean space by z(t) : [0, 1] ! Rd.
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We can massage the vanishing criterion 0 = 1̂P(z(t))
of the FT of a polytope, (given explicitly by the theorem above) into:
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<latexit sha1_base64="jxajcb3ObGuu7iV1c2DOqYbfzmI="></latexit>
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Suppose we parametrize a circle in Euclidean space by z(t) : [0, 1] ! Rd.

<latexit sha1_base64="5rpwyOkjAEJqAbz3j6/9oCizBTg="></latexit>

We can massage the vanishing criterion 0 = 1̂P(z(t))
of the FT of a polytope, (given explicitly by the theorem above) into:
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<latexit sha1_base64="jxajcb3ObGuu7iV1c2DOqYbfzmI="></latexit>

where pv(t) is an explicitly given trigonometric polynomial in t.

<latexit sha1_base64="s+QbDz9ZYDqBEJYEC2+G5tnz/zg="></latexit>
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We may recall that the explicit FT of a polytope is:

<latexit sha1_base64="ClaohfsDEDyzAnw6+hK1/UIIH30="></latexit>

We suppose, to the contrary, that the null set of P does contain a circle.

<latexit sha1_base64="vO16Unq2q1gUA3oxdY5pQDq56ak="></latexit>

(of our proof that the null set of P does not contain circles)

<latexit sha1_base64="kXlEI0wHYpDTAYipfPz4Lj36KmA="></latexit>



Proof ideas.
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X

n2Z
Jn(x)e
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<latexit sha1_base64="q0lqmLJqko376IJOPXx9dva/ghk="></latexit>

Using the classical Bessel functions, we can expand each
exponential as follows:

<latexit sha1_base64="c89mz1Zzk273rzonDgkwPxjL/zE="></latexit>



Proof ideas.
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eix sin t =
X

n2Z
Jn(x)e

int,

<latexit sha1_base64="q0lqmLJqko376IJOPXx9dva/ghk="></latexit>

Using the classical Bessel functions, we can expand each
exponential as follows:

<latexit sha1_base64="c89mz1Zzk273rzonDgkwPxjL/zE="></latexit>

for t 2 [�⇡,⇡], and the Bessel function may be defined by

<latexit sha1_base64="EYoEqxy76AkQVNJVDXqNkNFEL24="></latexit>



Proof ideas.
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eix sin t =
X

n2Z
Jn(x)e

int,

<latexit sha1_base64="q0lqmLJqko376IJOPXx9dva/ghk="></latexit>

Using the classical Bessel functions, we can expand each
exponential as follows:

<latexit sha1_base64="c89mz1Zzk273rzonDgkwPxjL/zE="></latexit>
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<latexit sha1_base64="UODxQK7T6prpvnaiseB5v89xg3k="></latexit>

for t 2 [�⇡,⇡], and the Bessel function may be defined by

<latexit sha1_base64="EYoEqxy76AkQVNJVDXqNkNFEL24="></latexit>



Proof ideas.

<latexit sha1_base64="oIQerVbD7vv8YNdaOpFUN8RdW8Q=">AAAB9XicdVDLSgMxFM34rPVVdekmWARXw0ztY7orunFZwT6gHUsmk2lDM8mQZJRS+h9uXCji1n9x59+YaSuo6IELh3Pu5d57goRRpR3nw1pZXVvf2Mxt5bd3dvf2CweHbSVSiUkLCyZkN0CKMMpJS1PNSDeRBMUBI51gfJn5nTsiFRX8Rk8S4sdoyGlEMdJGum1KISJIQ4KUDfODQtGxXa/mlarQkErdqzqG1Mvn9XIFurYzRxEs0RwU3vuhwGlMuMYMKdVznUT7UyQ1xYzM8v1UkQThMRqSnqEcxUT50/nVM3hqlBBGQpriGs7V7xNTFCs1iQPTGSM9Ur+9TPzL66U68vwp5UmqCceLRVHKoBYwiwCGVBKs2cQQhCU1t0I8QhJhbYLKQvj6FP5P2iXbLduV61KxcbGMIweOwQk4Ay6ogQa4Ak3QAhhI8ACewLN1bz1aL9bronXFWs4cgR+w3j4BliqR7w==</latexit>

After some gymnastics with sums, we get a vanishing criterion
that has the shape:

<latexit sha1_base64="t8HAuaV1tfYhafaxwaKaco+M1+g="></latexit>



Proof ideas.
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After some gymnastics with sums, we get a vanishing criterion
that has the shape:

<latexit sha1_base64="t8HAuaV1tfYhafaxwaKaco+M1+g="></latexit>
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<latexit sha1_base64="/xPP65wT6vzyP049SZLnim48EaI="></latexit>



Proof ideas.
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After some gymnastics with sums, we get a vanishing criterion
that has the shape:

<latexit sha1_base64="t8HAuaV1tfYhafaxwaKaco+M1+g="></latexit>
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v2V (P)
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keik�v ,

<latexit sha1_base64="/xPP65wT6vzyP049SZLnim48EaI="></latexit>

an over-determined identity that is satisfied by r, for all n 2 Z.

<latexit sha1_base64="K4Y3wr/ZTvQgio12stp/fbg8u8Y="></latexit>



Proof ideas.
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After some gymnastics with sums, we get a vanishing criterion
that has the shape:

<latexit sha1_base64="t8HAuaV1tfYhafaxwaKaco+M1+g="></latexit>

0 =
X

v2V (P)

e�in�v

NX

k=�N

cv,k Jn�k(rrv)i
keik�v ,

<latexit sha1_base64="/xPP65wT6vzyP049SZLnim48EaI="></latexit>

an over-determined identity that is satisfied by r, for all n 2 Z.

<latexit sha1_base64="K4Y3wr/ZTvQgio12stp/fbg8u8Y="></latexit>

Considering simple asympotic values of the Bessel functions,
for large n, we arrive at a contradiction.

<latexit sha1_base64="uR5nrgG89TsYzfggMYEKtglQ5nU="></latexit>



Thank you

<latexit sha1_base64="TOrJNVag7pLIyKTrLhgk6s3tfjs=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4KjOl08eu6MZlhb6wHUomzbShmWRIMsIw9C/cuFDErX/jzr8x01ZQ0QMXDufcy733+BGjStv2h5Xb2Nza3snvFvb2Dw6PiscnPSViiUkXCybkwEeKMMpJV1PNyCCSBIU+I31/fp35/XsiFRW8o5OIeCGachpQjLSR7jozxOcwETEcF0t22alW3WYNZqRWr7qGNN1GxXWhU7aXKIE12uPi+2gicBwSrjFDSg0dO9JeiqSmmJFFYRQrEiE8R1MyNJSjkCgvXV68gBdGmcBASFNcw6X6fSJFoVJJ6JvOEOmZ+u1l4l/eMNZBw0spj2JNOF4tCmIGtYDZ+3BCJcGaJYYgLKm5FeIZkghrE1LBhPD1Kfyf9Comn7J7Wym1rtZx5MEZOAeXwAF10AI3oA26AAMOHsATeLaU9Wi9WK+r1py1njkFP2C9fQJ8mJDR</latexit>


