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background Magnetic geodesics Magnetic BM and BBL Proof outline Future study

The Brunn-Minkowski inequality

A0,A1 ⊆ Rn, 0 < λ < 1.

Aλ := (1− λ)A0 + λA1 := {(1− λ)a0 + λa1 | a0 ∈ A0, a1 ∈ A1}.
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Theorem (The Prékopa-Leindler inequality)
0 < λ < 1, f0, fλ, f1 : Rn → [0, ∞) integrable such that

fλ((1− λ)x0 + λx1) ⩾ f0(x0)1−λf1(x1)λ for every x0, x1 ∈ Rn.

=⇒
∫
Rn
fλ(x)dx ⩾

(∫
Rn
f0(x)dx

)1−λ(∫
Rn
f1(x)dx

)λ
.



background Magnetic geodesics Magnetic BM and BBL Proof outline Future study

The Brunn-Minkowski inequality

(M, g)Riemannian manifold,A0,A1 ⊆ M, 0 < λ < 1.

Aλ :=

{
γ(λ)

∣∣∣∣ γ : [0, 1] → M constant speed minimizing
geodesic, γ(0) ∈ A0, γ(1) ∈ A1.

}

Theorem (Cordero-Erausquin, McCann & Schmuckenschläger ’01, Sturm
’06)
(M, g) complete n-dim Riemannian manifold,A0,A1 ⊆ M Borel,
nonempty, 0 < λ < 1, Ricg ⩾ 0 =⇒

Volg(Aλ)1/n ⩾ (1− λ)Volg(A0)1/n + λVolg(A1)1/n.

• Ricg ⩾ K ∈ R =⇒ “distorted Brunn-Minkowski” (depends onA0,A1)

• ⇐= Magnabosco, Portinale, Rossi ’22.
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The Borell-Brascamp-Lieb inequality

Mq(a, b; λ) =


(
(1− λ)aq + λbq

)1/q q ∈ R \ {0}
a1−λbλ q = 0

max{a, b} q = +∞
min{a, b} q = −∞

Theorem (Cordero-Erausquin, McCann, Schmuckenschläger ’01)
(M, g) complete n-dim Riemannian manifold, q ∈ [−1/n, ∞],
0 < λ < 1, f0, fλ, f1 : M→ [0, ∞) integrable such that

fλ(γ(λ)) ⩾ Mq (f0(γ(0)), f1(γ(1)); λ) for every min. geo. γ : [0, 1] → M.

IfRicg ⩾ 0 then:
∫
M
fλdVolg ⩾ M q

1+qN

(∫
M
f0dVolg,

∫
M
f1dVolg; λ

)
.

(In Euclidean space due to Henstock & Macbeath ’53, Borell ’75, Brascamp & Lieb ’76).

Finsler manifolds (Ohta ’09), Metric measure spaces (Bacher ’10),
Heisenberg groups (Balogha, Kristályb, Sipos ’16)...
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Horocyclic Brunn-Minkowski inequality

H2 := the hyperbolic plane. LetA0,A1 ⊆ H2.

Aλ :=

{
γ(λ)

∣∣∣∣ γ : [0, 1] → M constant speed horocycle,
γ(0) ∈ A0, γ(1) ∈ A1

}
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Horocyclic Brunn-Minkowski inequality
Theorem (A., Klartag ’22)
For everyA0,A1 ⊆ H2 Borel, nonempty, and 0 < λ < 1,

Area(Aλ)1/2 ⩾ (1− λ)Area(A0)1/2 + λArea(A1)1/2
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Q: What families of curves satisfy Brunn-Minkowski?

Mmanifold, Γ collection of curves onM,

µmeasure onM, q ∈ R.

A0,A1 ⊆ M, 0 < λ < 1.

Aλ := {γ(λ) | γ ∈ Γ , γ(0) ∈ A0, γ(1) ∈ A1}.

When is it true that

µ(Aλ) ⩾ Mq(µ(A0),µ(A1); λ)

for every Borel nonemptyA0,A1 ⊆ M?

• Displacement interpolations from a Hamiltonian point of view, Lee ’13.

• On the curvature and heat flow on Hamiltonian systems, Ohta ’14
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Theorem (A. ’23)
Let (M, g) be a Riemannian surface (i.e. dimM = 2).
Γ ≈ collection of constant-speed curves such that each x, y ∈ M are joined
by a unique curveγ ∈ Γ (+ assumptions).

A0,A1 ⊆ M Aλ := {γ(λ) | γ ∈ Γ , γ(0) ∈ A0, γ(1) ∈ A1}.

TFAE:
1. For every pair of Borel, nonempty subsetsA0,A1 ⊆ M and every
0 < λ < 1,

Volg(Aλ)1/2 ⩾ (1− λ) · Volg(A0)1/2 + λ · Volg(A1)1/2,

2. There exists a smooth functionκ : M→ R such that

Γ =
{

solutions to the ODE ∇γ̇γ̇ = κ · |γ̇| · γ̇⊥
}

,

and moreoverK + κ2 − |∇κ| ⩾ 0, whereK is the Gauss curvature of g.
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Magnetic geodesics

Riemannian manifold (M, g); one-formη (“magnetic potential");Ω = dη.

Geodesics Magnetic geodesics

Minimizers of

Len[γ];

Minimizers of

S[γ] := Len[γ] −
∫
γ

η.

Solutions to

∇γ̇γ̇ = 0;

When parametrized by arclength,
solutions to

⟨∇γ̇γ̇, ·⟩ = Ω(γ̇, ·).

Integral curves of the Hamiltonian
flow on T∗M with the Hamilto-
nian g and the canonical symplec-
tic formω;

Integral curves of the Hamiltonian
flow onT∗Mwith the Hamiltonian
g and the symplectic formωΩ :=
ω+ π∗Ω.
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Examples

• η = 0: geodesics.

• M = R2,Ω = κ dx ∧ dy,κ ∈ R. Can take e.g. η = κxdy. Magnetic
geodesics are arcs of circles of radius 1/κ.

• M = R2,Ω = κ(x, y)dx ∧ dy. Unit-speed magnetic geodesics solve

γ̈ = κ i γ̇.

• M = H2,Ω = hyperbolic area form. Magnetic geodesics are oriented
horocycles.

• (M,ω) Kähler manifold.Ω = κω, whereω is the Kähler form and
κ ∈ R. Unit-speed magnetic geodesics solve

∇γ̇γ̇ = κ Jγ̇,

where J is the complex structure.
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Magnetic Ricci curvature

Ω(v,w) = ⟨Yv,w⟩ , v,w ∈ TxM, x ∈ M.

Y is the “Lorentz force”: unit-speed magnetic geodesics satisfy∇γ̇γ̇ = Yγ̇.

mRic(v) := Ric(v) − (δΩ)(v) +
|Ω|2

4
+

|Yv|2

2
, v ∈ SM

• If dimM = 2 andΩ = κVolg for someκ : M→ R, then

mRic(v) = K(x) − ⟨iv, ∇κ⟩x + κ(x)
2, v ∈ TxM, x ∈ M.

• If (M,ω) is a Kähler manifold of complex dimension n andΩ = κω
whereκ ≡ const, then

mRic(v) = Ric(v) +
n+ 1
2

· κ2, v ∈ SM.

Gouda ’97, Grognet ’99, Wojtkowski ’00, Adachi ’11, Assenza ’23.
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Magnetic Ricci curvature
LetV be a vector field satisfying |V| ≡ 1 and∇VV = YV.

The (1, 1)-tensor
∇V satisfies the Riccati equation

∇V(∇V) + (∇V)2 = R(V, ·)V +∇(YV).

=⇒ VdivV +
(divV)2

n− 1
+mRic(V) ⩽ 0.

If
Jt := det dΦt ,

whereΦ is the flow ofV, then divV = d(log Jt)/dt, so

d2

dt2
(log Jt) +

(
d
dt log Jt

)2
n− 1

+mRic(V) ⩽ 0.

In particular, ifmRic ⩾ 0 then Jt is 1
n−1 -concave (hence log-concave) in t.
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Magnetic Brunn-Minkowski

Let (M, g) be a complete, connected, oriented, n-dimensional Riemannian
manifold, endowed with a one-formη. We assume

• Magnetic convexity: Every x, y ∈ M can be joined by a minimizing
magnetic geodesic.

• Supercriticality: For every closed curveγ,

S[γ] > 0 where S[γ] := Len[γ] −
∫
γ

η.

• Properness: For every compactA ⊆ M there exists a compact Ã ⊇ A
such that every minimizing magnetic geodesic with endpoints inA is
contained in Ã.
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Magnetic Brunn-Minkowski

A0,A1 ⊆ M, 0 < λ < 1.

Aλ :=

{
γ(λ)

∣∣∣∣ γ : [0, 1] → M constant speed minimizing
magnetic geodesic, γ(0) ∈ A0, γ(1) ∈ A1

}
.

Theorem (A. ’24)
mRic ⩾ 0 =⇒ ∀ A0,A1 ⊆ M Borel, nonempty, 0 < λ < 1,

Volg(Aλ)1/n ⩾ (1− λ)Volg(A0)1/n + λVolg(A1)1/n.

mRic ⩾ K ∈ R =⇒ “distorted Magnetic Brunn-Minkowski”.
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Example: complex hyperbolic space

The unit ballM = {z ∈ Cn | |z| < 1}with the symplectic form and metric

ω :=
i
2
∂∂̄ log(1−|z|2), g := 4·

(1− |z|2)
∑

i dzidz̄i + (
∑

i z̄idzi) (
∑

i zidz̄i)
(1− |z|2)2

.

is the complex hyperbolic spaceCHn, satisfyingRic ≡ − n+1
2 . Set

Ω = ω = dη where η := −
1
2
dc log(1−|z|2) =

i
4
·
∑

i z̄idzi − zidz̄i
1− |z|2

.

ThenmRic = Ric+ n+1
2 = − n+1

2 + n+1
2 = 0.

For each z,w ∈ M there is a unique minimizing magnetic geodesic joining
z tow, which lies on a totally geodesic hyperbolic plane (a complex geodesic).

=⇒ Volg(Aλ)1/n ⩾ (1− λ)Volg(A0)1/n + λVolg(A1)1/n.
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Weighted Borell-Brascamp-Lieb

Theorem (Coredero-Erqusquin, McCann, Schmuckenschläger ’01)
• (M, g) complete n-dimensional Riemannian manifold.

• µmeasure onMwith a smooth positive density.

• N ∈ (n, ∞] , q ∈ [−1/N, ∞] ,K ∈ R , 0 < λ < 1.

• f0, fλ, f1 : M→ [0, ∞) integrable such that for every mininimizing
geodesicγ : [0, 1] → M,

fλ(γ(λ)) ⩾ Mq

(
f0(γ(0))
βK,N
1−λ(ℓ)

,
f1(γ(1))
βK,N
λ (ℓ)

; λ

)
, where ℓ = Len[γ].

Then, ifRicµ,N ⩾ K then∫
M
fλdµ ⩾ M q

1+qN

(∫
M
f0dµ,

∫
M
f1dµ; λ

)
.
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Weighted magnetic Borell-Brascamp-Lieb

Theorem (A. ’24)
• (M, g,η) satisfying the assumptions.

• µmeasure onMwith a smooth positive density.

• N ∈ (n, ∞] , q ∈ [−1/n, ∞] ,K ∈ R , 0 < λ < 1.

• f0, fλ, f1 : M→ [0, ∞) integrable such that for every mininimizing
magnetic geodesicγ : [0, 1] → M,

fλ(γ(λ)) ⩾ Mq

(
f0(γ(0))
βK,N
1−λ(ℓ)

,
f1(γ(1))
βK,N
λ (ℓ)

; λ

)
, where ℓ = Len[γ].

Then, ifmRicµ,N ⩾ K then∫
M
fλdµ ⩾ M q

1+qN

(∫
M
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∫
M
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)
.
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Magnetic needle decomposition

Let f : M→ R be a compactly supported integrable function satisfying∫
M fdµ = 0. There exist a collection {µα}α∈A of Borel measures onM

and a measureν on the set A such that:

1. Each measureµα is supported on a magnetic geodesicγα.

2. For every Borel measurable function h : M→ R,∫
M
hdµ =

∫
A

(∫
M
hdµα

)
dν(α).

3. Forν-almost everyα ∈ A , ∫
M
fdµα = 0.

Evans-Gangbo ’99, ... , Klartag ’14, Ohta ’15. Magnetic geodesics are
reparametrizations of geodesics of the Finsler metric F(v) := |v|− η(v).
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Magnetic needle decomposition

Lemma
Forν-a.e.α ∈ A and everyN ∈ (−∞, ∞] \ [1, n], the density
dµα/dH1 =: e−ψα of the needleµα satisfies

ψ̈α ⩾ mRicµ,N(γ̇α) +
ψ̇2α
N − 1

,

where dots indicate differentiation with respect to arclength alongγα.

Lemma
Forν-almost everyα ∈ A ,∫

M
fλdµα ⩾ Mq ′

(∫
M
f0dµα,

∫
M
f1dµα; λ

)
.
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More applications of the magnetic needle decomposition

Theorem (Magnetic Poincaré inequality)
Assume thatmRicµ,∞ ⩾ 0. Then for everyC1 function f : M→ R,∫

M
f dµ = 0 =⇒

∫
M
f 2dµ ⩽

D2

π2

∫
M
|∇f |2dµ,

whereD is the length of the longest minimizing magnetic geodesic inM.

• Log-Sobolev inequalities

• Isoperimetric inequalities (Lévy-Gromov, Bakry-Ledoux)

• ...
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Lagrangians and Hamiltonians
A Lagrangian is a function L : TM→ R. Associated to each Lagrangian is
the Hamiltonian

H(p) := sup{p(v) − L(v) | v ∈ TxM} p ∈ T∗xM, x ∈ M.

The magnetic Lagrangian and its associated Hamiltonian are

L(v) =
|v|2 + 1
2

−η(v), v ∈ TM; H(p) =
|p+ η|2 − 1

2
, p ∈ T∗M.

Recall S := Len−
∫
η.

Lemma
Let T > 0. Letγ : [0, T] → M be a piecewise-C1 curve. Then

S[γ] ⩽
∫T
0
L(γ̇(t))dt,

with equality if and only ifγ is parametrized by arclength.
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Dominated functions and the Hamilton-Jacobi equation
Let L : TM→ R be a nice Lagrangian.

A function u : M→ R is
L-dominated if for every piecewise-C1 curveγ : [a, b] → M,

u(γ(b)) − u(γ(a)) ⩽
∫ b
a
L(γ̇(t))dt.

If u is L-dominated then it is locally Lipschitz and satisfies

H(du) ⩽ 0

whenever it is differentiatiable, whereH : T∗M→ R is the Hamiltonian
associated to L.

Lemma (Contreras-Iturriaga-Paternain-Paternain ’98)
Assume that there exists ε0 > 0 such that

∫
γ η ⩽ (1− ε0) · Len[γ] for

every closed curveγ onM. Then there exist ε1 > 0 and a smooth function
ϑ : M→ R which is a strict Hamilton-Jacobi subsolution, i.e.

|dϑ+ η| ⩽ 1− ε1. (1)
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Dominated functions and the Hamilton-Jacobi equation
Let u be an L-dominated function. A curveγ : [a, b] → M is calibrated if

u(γ(t ′)) − u(γ(t)) =
∫ t
t ′
L(γ̇(s))ds ∀ a ⩽ t < t ′ ⩽ b.

For each ε > 0, let Sε :=
⋃
γ([a+ ε, b− ε])where the union is over all

calibrated curvesγ : [a, b] → M.

Theorem (Fathi ’03, Bernard-Zavidovique ’13, Klartag ’14)
Let L be a Tonelli or Finsler Lagrangian on a manifoldM, and let u be an
L-dominated function. For every ε > 0 there exists aC1,1 function
uε : M→ R such that

uε ≡ u and duε ≡ du on Sε,

and for a.e. x ∈ Sε, the HessianHessuε exists and varies differentiably
(and if L is Finsler, smoothly) on the calibrated curve through x.
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Future study

1. Removing assumptions (completeness, properness?)

2. The Lorentzian case (Displacement convexity for timelike optimal
transport, McCann ’23)

3. Non-magnetic sprays. (In dimension two, among constant-speed
sprays, only magnetic sprays can satisfy Brunn-Minkowski).
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