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The Brunn-Minkowski inequality
Ao AL CR", o< A<

Ay = (1—ANAc+ M :={(1—A)ao +Aa; | ap € Ao, a, € A}
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The Brunn-Minkowski inequality
Ao AL CR", o< A<
A)\ = (1 - )\)Ao + MI = {(1 - )\)ao + }\al | ao S Ao, a; € Al}

Theorem (The Brunn-Minkowski inequality)
Ao, A; C IR" Borel, nonempty,0 < A < 1,

AT = (1= A)Aol™ + NA "
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The Brunn-Minkowski inequality

Ag, AL CRR", o< A<

Theorem (The Brunn-Minkowski inequality)
Ao, A; C IR" Borel, nonempty, 0 < A < 1,

AN = (1= A4l + NA "

Theorem (The Prékopa-Leindler inequality)
0< A<, fo,fa.fi: R" — [0, 00) integrable such that

(1 —N)xo + Axy) >fo(xo)1*)‘f1(xl)>‘ forevery xo, x; € R".

= J}Rnf)\ (x)dx > <LRnfo(x)dx> o <J}Rnﬁ(x)dx>}\ .
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The Brunn-Minkowski inequality
(M, g) Riemannian manifold, Ao, A; C M, 0 <A< 1L

Ay i {vm \

v : [0,1] — M constant speed minimizing
geodesic, v(o) € Ao, Y(1) €A,
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The Brunn-Minkowski inequality

(M, g) Riemannian manifold, Ao, A; C M, 0 <A< 1L

Ay i {vm \

v : [0,1] — M constant speed minimizing
geodesic, v(o) € Ao, Y(1) €A,

Theorem (Cordero-Erausquin, McCann & Schmuckenschliger o1, Sturm
'06)

(M, g) complete n-dim Riemannian manifold, Ao, A; C M Borel,
nonempty,0 < A < 1, Ricg >0 —

Vol (Ax)"" > (1 — A)Voly(Ao)"™ + AVoly(4,)"/™.
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The Brunn-Minkowski inequality

(M, g) Riemannian manifold, Ao, A; C M, 0 <A< 1L

Ay {v(m ‘

v : [0,1] — M constant speed minimizing
geodesic, v(o) € Ao, (1) €A,

Theorem (Cordero-Erausquin, McCann & Schmuckenschliger’o1, Sturm
'06)

(M, g) complete n-dim Riemannian manifold, Ao, A; C M Borel,
nonempty,0 < A < 1, Ricg >0 —

Voly (Ax)Y" > (1— A)Voly(Ao)Y™ + AVoly(4,)V™.

—
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The Brunn-Minkowski inequality
(M, g) Riemannian manifold, Ao, A; C M, 0 <A< 1L

Ay i {vm \

v : [0,1] — M constant speed minimizing
geodesic, v(o) € Ao, Y(1) €A,

Theorem (Cordero-Erausquin, McCann & Schmuckenschliger o1, Sturm
'06)

(M, g) complete n-dim Riemannian manifold, Ao, A; C M Borel,
nonempty,0 < A < 1, Ricg >0 —

Vol (Ax)"" > (1 — A)Voly(Ao)"™ + AVoly(4,)"/™.

e Ric; > K € R = “distorted Brunn-Minkowski” (depends on Ao, A;)
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The Brunn-Minkowski inequality
(M, g) Riemannian manifold, Ao, A; C M, 0 <A< 1L

v : [0,1] — M constant speed minimizing }

A= {Y(M ‘ geodesic, v(o) € Ao, Y(1) €A,

Theorem (Cordero-Erausquin, McCann & Schmuckenschliger o1, Sturm
'06)

(M, g) complete n-dim Riemannian manifold, Ao, A; C M Borel,
nonempty,0 < A < 1, Ricg >0 —

Vol (Ax)"" > (1 — A)Voly(Ao)"™ + AVoly(4,)"/™.

e Ric; > K € R = “distorted Brunn-Minkowski” (depends on Ao, A;)

e <= Magnabosco, Portinale, Rossi'22.
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The Borell-Brascamp-Lieb inequality
(1=A)a? +Ab9)7? g € R\ {0}

1=ApA —_
M,(a,b;\) = a =0
ala ) max{a, b} q =400
min{a, b} q=—00

Theorem (Cordero-Erausquin, McCann, Schmuckenschldger’o1)

(M, g) complete n-dim Riemannian manifold, ¢ € [—1/n, oo,
0< A<, fo,fa.fi: M — [0, 00)integrable such that

AY(A) = Mg (fo(v(0)). fily(1));A)  forevery min. geo.y : [0,1] — M.

If Ric; > othen: JMf;\dVolg > M# (JMﬁ)dVolg,JMﬁdVolg;A> .

(In Euclidean space due to Henstock & Macbeath ’s3, Borell '75, Brascamp & Lieb '76).
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The Borell-Brascamp-Lieb inequality
(1=A)a? +Ab9)7? g € R\ {0}

17?\b?\ —_
M,(a,b;\) = a =0
(@ ) max{a, b} q=+o0
min{a, b} q=—00

Theorem (Cordero-Erausquin, McCann, Schmuckenschldger’o1)

(M, g) complete n-dim Riemannian manifold, ¢ € [—1/n, oo,
0< A<, fo,fa.fi: M — [0, 00)integrable such that

AY(A) = Mg (fo(v(0)). fily(1));A)  forevery min. geo.y : [0,1] — M.

If Ric; > othen: J fadVol, > M_q_ (J fodVolg,J ﬁdVolg;A> .
M 1+qN M M
(In Euclidean space due to Henstock & Macbeath ’s3, Borell '75, Brascamp & Lieb '76).

Finsler manifolds (Ohta '09), Metric measure spaces (Bacher10),
Heisenberg groups (Balogha, Kristalyb, Sipos "16)...
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Horocyclic Brunn-Minkowski inequality
H? :=the hyperbolicplane. Let Ay, A; C H?.

Ay {7(7\) ]

v : [0,1] — M constant speed horocycle, }
v(0) € Ao, (1) EA '
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[e]e]e] le]ele)

Horocyclic Brunn-Minkowski inequality
H? :=the hyperbolicplane. Let Ay, A; C H?.

Ay {7(7\) ]

v : [0,1] — M constant speed horocycle, }
v(0) € Ao, (1) EA '

geodesics
horocycles

NG
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Horocyclic Brunn-Minkowski inequality

Theorem (A., Klartag '22)
Forevery Ao, A; C H? Borel, nonempty,ando < A < 1,

Area(Ax)V? > (1— \) Area(Ao)Y* + A Area(4;)"?




Horocyclic Brunn-Minkowski inequality

Theorem (A., Klartag '22)
Forevery Ao, A; C H? Borel, nonempty,ando < A < 1,

Area(Ax)V? > (1— \) Area(Ao)Y* + A Area(4;)"?

1
<A - _>
2 A}\ (geodesic)

AO A A (horocyclic) A 1
@) e @)
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Q: What families of curves satisfy Brunn-Minkowski?
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Q: What families of curves satisfy Brunn-Minkowski?
M manifold, I collection of curves on M,
pmeasureon M, q € R.
A, A, C M,o< A<
A ={y(A) | y €T, v(0) € 4o, ¥(1) € Ay}.
Wheniis it true that

w(An) > M, (1(Ao), 1(Ar); A)

for every Borel nonempty A, A; C M?
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[e]e]e]e]e] o)

Q: What families of curves satisfy Brunn-Minkowski?
M manifold, I collection of curves on M,
pmeasureon M, q € R.

Ao, A CMo<A<L

A ={y(N) | y €T, v(0o) € Ao, v(1) € A}
Whenis it true that
WiAy) = Mq(H(Ao): w(4;); A)

for every Borel nonempty A, A; C M?

e Displacement interpolations from a Hamiltonian point of view, Lee "13.
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[e]e]e]e]e] o)

Q: What families of curves satisfy Brunn-Minkowski?
M manifold, T collection of curves on M,
pmeasureon M, q € R.

Ag, Ay CMo<A<L
A :={y(A) | v €T, v(0) € Ao, ¥(1) € A}
Whenis it true that
H(AN) = Mg(1(4o), u(Ar); A)

for every Borel nonempty A, A; C M?

e Displacement interpolations from a Hamiltonian point of view, Lee "13.

e Onthe curvature and heat flow on Hamiltonian systems, Ohta 14
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Theorem (A.’23)

Let (M, g) be a Riemannian surface (i.e. dim M = 2).
I" = collection of constant-speed curves such that each x, y € M are joined
by a unique curvey € T (+ assumptions).

A AL M Ayvi={y(A) | vy €T, v(o) € Ao, ¥(1) € A}




BACKGROUND M GEODESICS Mac cBM PROO! IN FUTURE STUDY

000000

Theorem (A.’23)

Let (M, g) be a Riemannian surface (i.e. dim M = 2).
I" = collection of constant-speed curves such that each x, y € M are joined
by a unique curvey € T (+ assumptions).

A AL M Ayvi={y(A) | vy €T, v(o) € Ao, ¥(1) € A}

TFAE:
1. Forevery pair of Borel, nonempty subsets Ay, A; € M and every
0<AL],

Vol (Ax)Y* = (1— M) - Voly(4o)* + A - Voly (4,)72,

2. There exists a smooth function k : M — IR such that
= {solutions totheODE Vyv =«k- |yl -YL} )

and moreover K + k* — |[Vk| > o, where K is the Gauss curvature of g.
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Riemannian manifold (M, g); one-formn (“magnetic potential”); QO = dn.
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Magnetic geodesics
Riemannian manifold (M, g); one-formn (“magnetic potential”); QO = dn.
Geodesics Magnetic geodesics
Minimizers of Minimizers of
Lenfy); sl = Lenly] ~ | n
Y
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Magnetic geodesics
Riemannian manifold (M, g); one-formn (“magnetic potential”); QO = dn.

Geodesics Magnetic geodesics

Minimizers of Minimizers of

Lenlyl; sl = Lenly] ~ | n
Y
Solutions to When parametrized by arclength,
solutions to
VYY =0;

(Vyv.:) =Q(v,).
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Magnetic geodesics

Riemannian manifold (M, g); one-formn (“magnetic potential”); QO = dn.

Geodesics Magnetic geodesics
Minimizers of Minimizers of
Lenlyl; sl = Lenly] ~ | n
Y
Solutions to When parametrized by arclength,
solutions to
VYY =0;

(Vyv.:) =Q(v,).

Integral curves of the Hamiltonian  Integral curves of the Hamiltonian
flow on T*M with the Hamilto- flowon T*M with the Hamiltonian
nian g and the canonical symplec- g and the symplecticform wq =
tic form w; w + Q.
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Examples

e 1 = 0: geodesics.
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Examples

e 1 = 0: geodesics.

e M=R*Q =«dxANdyk € R.Cantakee.g.n = kxdy.
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Examples

e 1 = 0: geodesics.

e M=R*Q =«dx/A\dyk € R.Cantakee.g. n = kxdy. Magnetic
geodesics are arcs of circles of radius 1/k.
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Examples

e 1 = 0: geodesics.

e M=R*Q =«dx/A\dyk € R.Cantakee.g. n = kxdy. Magnetic
geodesics are arcs of circles of radius 1/k.

e M =R*Q = «(x,y)dx A dy.
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Examples

e 1 = 0: geodesics.

e M=R*Q =«dx/A\dyk € R.Cantakee.g. n = kxdy. Magnetic
geodesics are arcs of circles of radius 1/k.

e M =1R?* Q = k(x,y)dx /A dy. Unit-speed magnetic geodesics solve

Y =Kivy.
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Examples

e 1 = 0: geodesics.

e M=R*Q =«dx/A\dyk € R.Cantakee.g. n = kxdy. Magnetic
geodesics are arcs of circles of radius 1/k.

e M =1R?* Q = k(x,y)dx /A dy. Unit-speed magnetic geodesics solve

Y =kivy.

e M = H* Q = hyperbolicarea form.
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Examples

e 1 = 0: geodesics.

e M=R*Q =«dx/A\dyk € R.Cantakee.g. n = kxdy. Magnetic
geodesics are arcs of circles of radius 1/k.

e M =1R?* Q = k(x,y)dx /A dy. Unit-speed magnetic geodesics solve

Y =kivy.

e M = H* Q = hyperbolicarea form. Magnetic geodesics are oriented
horocycles.
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Examples

e 1 = 0: geodesics.

e M=R*Q =«dx/A\dyk € R.Cantakee.g. n = kxdy. Magnetic
geodesics are arcs of circles of radius 1/k.

e M =1R?* Q = k(x,y)dx /A dy. Unit-speed magnetic geodesics solve

Y =kivy.

e M = H* Q = hyperbolicarea form. Magnetic geodesics are oriented
horocycles.

(M, w) Kdhler manifold. Q = k w, where w is the Kdhler form and
kK € R.
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Examples

e 1 = 0: geodesics.

e M=R*Q =«dx/A\dyk € R.Cantakee.g. n = kxdy. Magnetic
geodesics are arcs of circles of radius 1/k.

e M =1R?* Q = k(x,y)dx /A dy. Unit-speed magnetic geodesics solve

Y =kivy.

e M = H* Q = hyperbolicarea form. Magnetic geodesics are oriented
horocycles.

(M, w) Kahler manifold. Q = k w, where w is the K&hler form and
k € IR. Unit-speed magnetic geodesics solve

Vyvy =Ky,

where ] is the complex structure.
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Magnetic Ricci curvature
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Magnetic Ricci curvature

Qv,w) = (Yv,w), vwweTM, x€M.

Y is the “Lorentz force”: unit-speed magnetic geodesics satisfy Vv = Yy.




MAGNETIC GEODESICS MAGNETIC BM >RO N FUTURE STUDY

[e]e] le]

Magnetic Ricci curvature

Qv,w) = (Yv,w), vwweTM, x€M.

Y is the “Lorentz force”: unit-speed magnetic geodesics satisfy Vv = Yy.

QF Y]
—|—u+ﬂ, v e SM

mRic(v) := Ric(v) — (8Q)(v)
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Magnetic Ricci curvature

Qv,w) = (Yv,w), vwweTM, x€M.

Y is the “Lorentz force”: unit-speed magnetic geodesics satisfy Vv = Yy.

QF Y]
—|—u+ﬂ, v e SM

mRic(v) := Ric(v) — (8Q)(v)
o IfdimM = 2and OO = k Vol, forsome k : M — R, then

mRic(v) = K(x) — (iv, Vk), + k(x)?, veTyM, x€M.
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Magnetic Ricci curvature
Qv,w) = (Yv,w), vwweTM, x€M.

Y is the “Lorentz force”: unit-speed magnetic geodesics satisfy Vv = Yy.

QP [Yvf
= 5 v € SM

mRic(v) := Ric(v) — (6Q)(v) +
o IfdimM =2and Q = KVolgforsome K: M — R, then

mRic(v) = K(x) — (iv, Vk), + k(x)?, veTyM, x€M.

e If (M, w)isaKahler manifold of complex dimensionnand Q = kw
where k = const, then

nt1 o,

mRic(v) = Ric(v) + K%, v € SM.
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[e]e] le]

Magnetic Ricci curvature
Qv,w) = (Yv,w), vwweTM, x€M.

Y is the “Lorentz force”: unit-speed magnetic geodesics satisfy Vv = Yy.

QP [Yvf
= 5 v € SM

mRic(v) := Ric(v) — (6Q)(v) +
o IfdimM =2and Q = KVolgforsome K: M — R, then

mRic(v) = K(x) — (iv, Vk), + k(x)?, veTyM, x€M.

e If (M, w)isaKahler manifold of complex dimensionnand Q = kw
where k = const, then

nt1 o,

mRic(v) = Ric(v) + K%, v € SM.

Gouda 97, Grognet 99, Wojtkowski’oo, Adachi 11, Assenza '23.
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Magnetic Ricci curvature
Let V be a vector field satisfying|V| = 1and VyV = YV.
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Magnetic Ricci curvature

Let V be a vector field satisfying |V| = 1and VyV = YV. The (1, 1)-tensor
V'V satisfies the Riccati equation

Vv(VV) + (VV)* =R(V, )V + V(YV).
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Magnetic Ricci curvature

Let V be a vector field satisfying |V| = 1and VyV = YV. The (1, 1)-tensor
V'V satisfies the Riccati equation

Vv(VV) + (VV)* =R(V, )V + V(YV).

(divv)>
n—1

— VdivV + + mRic(V) < o.
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Magnetic Ricci curvature

Let V be a vector field satisfying |V| = 1and VyV = YV. The (1, 1)-tensor
V'V satisfies the Riccati equation

Vv(VV) + (VV)* =R(V, )V + V(YV).

(divV)>
n—1

— VdivV + + mRic(V) < o.

]t = det d(Dt,

where @ is the flow of V,
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Magnetic Ricci curvature

Let V be a vector field satisfying |V| = 1and VyV = YV. The (1, 1)-tensor
V'V satisfies the Riccati equation

Vv(VV) + (VV)* =R(V, )V + V(YV).

(divV)>
n—1

— VdivV + + mRic(V) < o.

]t = det d(Dt,
where @ is the flow of V, then divV = d(logJ;)/dt,
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Magnetic Ricci curvature

Let V be a vector field satisfying |V| = 1and VyV = YV. The (1, 1)-tensor
V'V satisfies the Riccati equation

Vv(VV) + (VV)* =R(V, )V + V(YV).

. (divV)* .
— VdivV + — + mRic(V) < o.
If
]t = det d(Dt,
where @ is the flow of V, then divV = d(logJ;)/dt, so
2
d4z (% |0g]t>

—— (logJi) + + mRic(V) < o.

arz n—1
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Magnetic Ricci curvature

Let V be a vector field satisfying |V| = 1and VyV = YV. The (1, 1)-tensor
V'V satisfies the Riccati equation

Vv(VV) + (VV)* =R(V, )V + V(YV).

. (divV)* .
— VdivV + — + mRic(V) < o.
If
]t = det d(Dt,
where @ is the flow of V, then divV = d(logJ;)/dt, so
2

2 (% Iog]t>

— (logJ;) + ———— + mRic(V) < o.

dtz n—1

1

In particular, if mRic > othenJ;is -

-concave (hence log-concave) int.
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Magnetic Brunn-Minkowski

Let (M, g) be a complete, connected, oriented, n-dimensional Riemannian
manifold, endowed with a one-formn. We assume
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Magnetic Brunn-Minkowski

Let (M, g) be a complete, connected, oriented, n-dimensional Riemannian
manifold, endowed with a one-formn. We assume

e Magnetic convexity: Everyx,y € M can be joined by a minimizing
magnetic geodesic.
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Magnetic Brunn-Minkowski
Let (M, g) be a complete, connected, oriented, n-dimensional Riemannian
manifold, endowed with a one-formn. We assume

e Magnetic convexity: Everyx,y € M can be joined by a minimizing
magnetic geodesic.

e Supercriticality: For every closed curvey,

Shyl > o where Sly] := Len[y] —J 1.
Y
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Magnetic Brunn-Minkowski

Let (M, g) be a complete, connected, oriented, n-dimensional Riemannian
manifold, endowed with a one-formn. We assume

e Magnetic convexity: Everyx,y € M can be joined by a minimizing
magnetic geodesic.

e Supercriticality: For every closed curvey,

Shyl > o where Sly] := Len[y] —J 1.
Y

e Properness: For every compact A C M there exists acompactA D A
such that every minimizing magnetic geodesic with endpointsin A is
contained inA.
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Magnetic Brunn-Minkowski

Ag, Ay, C M,o< A<

Ay = {v(?\) ‘

v : [0,1] — M constant speed minimizing
magnetic geodesic, v(o) € Ay, Y(1) € A
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Magnetic Brunn-Minkowski

Ag, Ay, C M,o< A<

Ay = {v(?\) ‘

v : [0,1] — M constant speed minimizing
magnetic geodesic, v(o) € Ay, Y(1) € A

Theorem (A.24)
mRic > 0 = V A, A; C M Borel, nonempty,0 < A <1,

Vol (Ax)Y" > (1— A)Voly(Ao)"" + AVoly(4,)"/™.
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Magnetic Brunn-Minkowski

Ao, A, C M,o< A<
A e (A) v : [0,1] — M constant speed minimizing
ALY magnetic geodesic, v(o) € Ay, Y(1) € A

Theorem (A.24)
mRic > 0 = V A, A; C M Borel, nonempty,0 < A <1,

Vol (Ax)Y" > (1— A)Voly(Ao)"" + AVoly(4,)"/™.

mRic > K € R = “distorted Magnetic Brunn-Minkowski”.
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Example: complex hyperbolic space

The unitballM = {z € C" | |z| < 1} with the symplectic form and metric

(1—12) 3 dzidz + (3 Zidz) (D_; z:dZ:)

(1—|z*)*

w = %65 log(1—|z*), g:=4

is the complex hyperbolic space CH", satisfying Ric = —

n+i1
P
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Example: complex hyperbolic space

The unitballM = {z € C" | |z| < 1} with the symplectic form and metric

(1—12) 3 dzidz + (3 Zidz) (D_; z:dZ:)
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is the complex hyperbolic space CH", satisfying Ric = —"-. Set

1' Zi ,'zidzi — Zidzi

Q=w=dn where n:= —édc log(1—|z[*) = 1— |72
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The unitballM = {z € C" | |z| < 1} with the symplectic form and metric

(1—12) 3 dzidz + (3 Zidz) (D_; z:dZ:)

(1— [z[*)*

w = %65 log(1—|z*), g:=4

. . . . . _ +
is the complex hyperbolic space CH", satisfying Ric = —"-. Set

S ndz — 7d7
Q=w=dq where 1= —-dlog(i—|z) = I oinds — ads
2 4 1— |z

ThenmRic:Ric—i—V’TJrl =—"7H+”T+1 =o.

Foreachz,w € M there isa unique minimizing magnetic geodesicjoining
ztow, which lies on a totally geodesic hyperbolic plane (a complex geodesic).
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Example: complex hyperbolic space

The unitballM = {z € C" | |z| < 1} with the symplectic form and metric

(1—12) 3 dzidz + (3 Zidz) (D_; z:dZ:)

(1— [z[*)*

w = %65 log(1—|z*), g:=4

. . . . . _ +
is the complex hyperbolic space CH", satisfying Ric = —"-. Set

S ndz — 7d7
Q=w=dq where 1= —-dlog(i—|z) = I oinds — ads
2 4 1— |z

ThenmRic:Ric—i—V’TJrl =—"7H+”T+1 =o.

Foreachz,w € M there isa unique minimizing magnetic geodesicjoining
ztow, which lies on a totally geodesic hyperbolic plane (a complex geodesic).

—  Voly(A\)Y" = (1— A)Voly(40)Y™ + AVol,(4,)".
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Weighted Borell-Brascamp-Lieb
Theorem (Coredero-Erqusquin, McCann, Schmuckenschliger’o1)
e (M, g) complete n-dimensional Riemannian manifold.
e L measure on M with a smooth positive density.
e Ne (n,00] ,q€[-1/N,o0] , KER ,0<A<1
e fo.fa.fi i M — [0, 00) integrable such that for every mininimizing

geodesicy : [0,1] — M,

foly )ﬁ(v(l)
BEN(0) BXN(©)

Then, if Ric, y > K then

Jfodu >M . (J I J fdus A) .

AlY(A) = Mg < ) 7\) , where { = Lenl[y].
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Weighted magnetic Borell-Brascamp-Lieb

Theorem (A.24)
e (M, g,m) satisfying the assumptions.

e Lmeasure on M with a smooth positive density.
e Nc (noo] g€ [—1/n0] , KER ,0<A< 1L

e fo.fa.fi i M — [0, 00) integrable such that for every mininimizing
magnetic geodesicy : [0,1] — M,

Joly(0)) fily(®))
O BN

Then, if mRic,, y > Kthen

| pauzm (jMfodu, | e A) |

HAY(A)) = My < ?\) , where { = Lenly].
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Letf : M — R be a compactly supported integrable function satisfying
Jyufln=o.
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2. Forevery Borel measurable functionh : M — IR,
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Magnetic needle decomposition

Letf : M — R be a compactly supported integrable function satisfying
fodp = 0. There exist a collection { Ly } « c o Of Borel measures on M
and a measure v on the set &7 such that:

1. Each measure |1 is supported on a magnetic geodesicy .

2. Forevery Borel measurable functionh : M — IR,

e ) v

3. Forv-almostevery o« € &7,

JMfduo( =o.

Evans-Gangbo’99, ..., Klartag 14, Ohta15. Magnetic geodesics are
reparametrizations of geodesics of the Finsler metric F(v) := [v| — n(v).
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Magnetic needle decomposition

Lemma
Forv-ae o € & andevery N € (—oo, o0] \ [1, n], the density

ditg /dH" =: e~V of the needle 1 satisfies
V%
N—1

lboc = mRiCp,Nﬁ/a) +

where dots indicate differentiation with respect to arclength along vy «.
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Magnetic needle decomposition

Lemma
Forv-ae o € & andevery N € (—oo, o0] \ [1, n], the density

ditg /dH" =: e~V of the needle 1 satisfies
V%
N—1

lboc = mRiCp,Nﬁ/a) +
where dots indicate differentiation with respect to arclength along vy «.

Lemma
For v-almostevery x € <7,

| Ao > my <JMﬁaduouJMﬁducx; A) |
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[e]e]e] le]ele)

More applications of the magnetic needle decomposition

Theorem (Magnetic Poincaré inequality)
Assume that mRic,, o, > 0. Then forevery C* functionf : M — R,

2
J fdu=o = J frap < DZJ IVflPdu,
M M ™ M

where D is the length of the longest minimizing magnetic geodesicin M.
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More applications of the magnetic needle decomposition

Theorem (Magnetic Poincaré inequality)

Assume that mRic,, o, > 0. Then forevery C* functionf : M — R,

DZ
J fdu=o = J frap < ZJ IVflPdu,
M M ™ M
where D is the length of the longest minimizing magnetic geodesicin M.

e log-Sobolevinequalities

e Isoperimetricinequalities (Lévy-Gromov, Bakry-Ledoux)
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the Hamiltonian
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A Lagrangian is a function L : TM — IR. Associated to each Lagrangian is
the Hamiltonian

H(p) :=sup{p(v) — L(v) | v € T,M} pETM x €M
The magnetic Lagrangian and its associated Hamiltonian are

v 41 +nPF—1 .
:||2 -nv), veTM,; H(p)zlpT, peT"M.

L(v)




PROOF OUTLINE FUTURE STUDY

0000e00

Lagrangians and Hamiltonians
A Lagrangian is a function L : TM — IR. Associated to each Lagrangian is
the Hamiltonian
H(p) :=sup{p(v) — L(v) | v € T,M} pETM x €M
The magnetic Lagrangian and its associated Hamiltonian are

v 41 +nPF—1 .
:||2 -nv), veTM,; H(p)zlpT, peT"M.

Recall S := Len — [ .

L(v)

Lemma

LetT > o. Lety : [0, T] — M be a piecewise-C* curve. Then

with equality ifand only if y is parametrized by arclength.
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Dominated functions and the Hamilton-Jacobi equation
LetL: TM — IR be a nice Lagrangian.
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Dominated functions and the Hamilton-Jacobi equation

LetL: TM — IR be a nice Lagrangian. A functionu : M — R is
L-dominated if for every piecewise-C* curvey : [a, b] — M,

b
u(y(b)) —uly(a)) < J L(v(t))dt.

a

Ifuis L-dominated thenitis locally Lipschitz and satisfies
H(du) <o

whenever it is differentiatiable, where H : T*M — IR is the Hamiltonian
associated to L.
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[e]e]e]e]e] o)

Dominated functions and the Hamilton-Jacobi equation

LetL: TM — IR be a nice Lagrangian. A functionu : M — R is
L-dominated if for every piecewise-C* curvey : [a, b] — M,

b
u(y(b)) —uly(a)) < J L(v(t))dt.

a

Ifuis L-dominated thenitis locally Lipschitz and satisfies
H(du) <o
whenever itis differentiatiable, where H : T*M — R is the Hamiltonian
associated to L.
Lemma (Contreras-Iturriaga-Paternain-Paternain '98)

Assume that there exists ¢, > 0 such that fy 1N < (1—¢&o) - Lenly] for
every closed curve y on M. Then there exist ¢; > 0 and a smooth function
9 : M — R whichis astrict Hamilton-Jacobi subsolution, i.e.

dd +nl <1— ¢4 ()
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Dominated functions and the Hamilton-Jacobi equation

Let u be an L-dominated function. A curvey : [a, b] — M is calibrated if

Foreache > o,let8, := Jv(la + ¢, b — ¢]) where the union is over all
calibrated curvesy : [a, b] — M.
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Dominated functions and the Hamilton-Jacobi equation

Let u be an L-dominated function. A curvey : [a, b] — M is calibrated if

Foreache > o,let8, := Jv(la + ¢, b — ¢]) where the union is over all
calibrated curvesy : [a, b] — M.

Theorem (Fathi’03, Bernard-Zavidovique 13, Klartag 14)

Let L be a Tonelli or Finsler Lagrangian on a manifold M, and let u be an
L-dominated function. For every ¢ > o there exists a C** function
ue : M — R such that

Ue =u and du, = du on8g,

and fora.e. x € 8¢, the Hessian Hessu, exists and varies differentiably
(and if Lis Finsler, smoothly) on the calibrated curve through x.
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Future study

1. Removing assumptions (completeness, properness?)

2. The Lorentzian case (Displacement convexity for timelike optimal
transport, McCann '23)

3. Non-magneticsprays. (In dimension two, among constant-speed
sprays, only magnetic sprays can satisfy Brunn-Minkowski).




Thank You!
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