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A discrete analogue upper bound on the isotropic constant for log-concave
functions

Proof ideas for the Theorem of approximation of entropies

An open problem/ Work in progress
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Differential and Shannon entropies

The differential entropy of an R%valued random vector X with density f is
defined as

h(X) = _/]Rd f(x) log f(x)dx,

if the integral exists.
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Differential and Shannon entropies
The of an R%valued random vector X with density f is
defined as

= —/ f(x) log f(x)dx,
Rd
if the integral exists.

Let A be a discrete (finite or countable) set and let X be a random variable
supported on A with probability mass function (p.m.f.) p on A.
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Differential and Shannon entropies

The of an R%valued random vector X with density f is
defined as

= —/ f(x) log f(x)dx,
Rd
if the integral exists.

Let A be a discrete (finite or countable) set and let X be a random variable
supported on A with probability mass function (p.m.f.) p on A.
The Shannon entropy of X is

H(X) == p(x)log p(x).

XEA
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Differential and Shannon entropies

The of an R%valued random vector X with density f is
defined as

= —/ f(x) log f(x)dx,
Rd
if the integral exists.

Let A be a discrete (finite or countable) set and let X be a random variable
supported on A with probability mass function (p.m.f.) p on A.
The Shannon entropy of X is

H(X) == p(x)log p(x).

XEA

The Shannon entropy — uncertainty or "surprise” of a random variable X.
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The Entropy Power Inequality (EPI)

The Entropy Power Inequality (EPI) plays a central role in information theory.
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The Entropy Power Inequality (EPI)

The Entropy Power Inequality (EPI) plays a central role in information theory.
It goes back to Shannon and was first proven in full generality by Stam.
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The Entropy Power Inequality (EPI)

The Entropy Power Inequality (EPI) plays a central role in information theory.
It goes back to Shannon and was first proven in full generality by Stam.

Definition (Entropy power)

The entropy power of a random variable X in R? is defined as follows
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The Entropy Power Inequality (EPI)

The Entropy Power Inequality (EPI) plays a central role in information theory.
It goes back to Shannon and was first proven in full generality by Stam.

Definition (Entropy power)

The entropy power of a random variable X in R? is defined as follows

(X)
N(X) = L™

T 2ne
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The Entropy Power Inequality (EPI)

The Entropy Power Inequality (EPI) plays a central role in information theory.
It goes back to Shannon and was first proven in full generality by Stam.

Definition (Entropy power)
The entropy power of a random variable X in RY is defined as follows

1 200
N(X):=-—e @ .

T 2ne

Theorem (Shannon-Stam, '59)

Let X, Y be independent random variables with densities in RY. Then,
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The Entropy Power Inequality (EPI)

The Entropy Power Inequality (EPI) plays a central role in information theory.
It goes back to Shannon and was first proven in full generality by Stam.

Definition (Entropy power)
The entropy power of a random variable X in RY is defined as follows

1 200
N(X):=-—e @ .

T 2ne

Theorem (Shannon-Stam, '59)

Let X, Y be independent random variables with densities in RY. Then,

N(X + Y) > N(X) + N(Y). (1)
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The Entropy Power Inequality (EPI)

The Entropy Power Inequality (EPI) plays a central role in information theory.
It goes back to Shannon and was first proven in full generality by Stam.

Definition (Entropy power)
The entropy power of a random variable X in RY is defined as follows

1 2nx)
N(X) = Ee d .

Theorem (Shannon-Stam, '59)

Let X, Y be independent random variables with densities in RY. Then,
N(X +Y) > N(X) + N(Y). (1)
If X1, X are identically distributed (1) can be rewritten as

d
h(X1 + X2) > h(X1) + 5 log2.
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A generalisation of the Entropy Power Inequality

Let us first recall a generalisation of the classical (EPI) due to Artstein, Ball,
Barthe and Naor which states the following:
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A generalisation of the Entropy Power Inequality

Let us first recall a due to Artstein, Ball,
Barthe and Naor which states the following:

Theorem (Artstein, Ball, Barthe and Naor, '04)
Let Xi,...,X, be i.i.d. continuous random variables.

n+1

h(\/% ;X;) > h(% ;x)
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A generalisation of the Entropy Power Inequality

Let us first recall a due to Artstein, Ball,
Barthe and Naor which states the following:

Theorem (Artstein, Ball, Barthe and Naor, '04)

Let Xi,...,X, be i.i.d. continuous random variables.

n+1
1

(g ) 2 (5 320),

which by the scaling property of differential entropy
<h(/\X) =h(X)+d Iog(/\)> is equivalent to
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A generalisation of the Entropy Power Inequality

Let us first recall a due to Artstein, Ball,
Barthe and Naor which states the following:

Theorem (Artstein, Ball, Barthe and Naor, '04)
Let Xi,...,X, be i.i.d. continuous random variables.

n+1

which by the scaling property of differential entropy
<h(/\X) =h(X)+d Iog(/\)> is equivalent to

n+1 n

o(35) = n(32x) + Srn (1)

i=
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A generalisation of the Entropy Power Inequality

Let us first recall a due to Artstein, Ball,
Barthe and Naor which states the following:

Theorem (Artstein, Ball, Barthe and Naor, '04)
Let Xi,...,X, be i.i.d. continuous random variables.

n+1

which by the scaling property of differential entropy
<h(/\X) =h(X)+d Iog(/\)> is equivalent to

n+1 n

o(35) = n(32x) + Srn (1)

i=

What about Shannon discrete entropies?



Introduction and motivation From a Theorem of approximation of entropies to our final result A discrete analogue upper bound on the isotropic constant for
000e0 000 0000000000000

A conjecture of Tao

Unlike for continuous differential entropies,

1
H(X1 + Xz) > H(X1) + 5 |0g 2,
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A conjecture of Tao

Unlike for continuous differential entropies,
1
H(X1 + Xz) > H(X1) + 5 |0g 2,

fails in general.
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A conjecture of Tao

Unlike for continuous differential entropies,
1
H(X1 + Xg) > H(X1) + E log 2,
fails in general.

Indeed, if one takes X; ~ &, then one would get H(62,) = 0 >  log 2, which is
false.
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A conjecture of Tao
Unlike for continuous differential entropies,

1
H(X1 + Xg) > H(X1) + E |Og 2,

fails in general.

Indeed, if one takes X; ~ &, then one would get H(62,) = 0 >  log 2, which is
false.

However, Tao has proved the following discrete version of EPI:
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A conjecture of Tao
Unlike for continuous differential entropies,

1
H(X1 + Xg) > H(X1) + E log 2,

fails in general.

Indeed, if one takes X; ~ &, then one would get H(62,) = 0 >  log 2, which is
false.

However, Tao has proved the following discrete version of EPI:

H(X + X2) > H(X) + % log(2) — o(1),
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A conjecture of Tao
Unlike for continuous differential entropies,

1
H(X1 + X2) > H(X1) + > log 2,

fails in general.

Indeed, if one takes X; ~ &, then one would get H(62,) = 0 >  log 2, which is
false.

However, Tao has proved the following discrete version of EPI:

H(X + X2) > H(X) + % log(2) — o(1),

where the o(1)-term tends to zero as H(X1) tends to infinity.
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A conjecture of Tao
Unlike for continuous differential entropies,

1
H(X1 + X2) > H(X1) + > log 2,

fails in general.

Indeed, if one takes X; ~ &, then one would get H(62,) = 0 >  log 2, which is
false.

However, Tao has proved the following discrete version of EPI:

H(X + X2) > H(X) + % log(2) — o(1),

where the o(1)-term tends to zero as H(X1) tends to infinity.
Conjecture (Tao, '10)

Let X1, Xo ..., X, i.i.d. random variables taking values in a finite subset of Z¢.
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A conjecture of Tao
Unlike for continuous differential entropies,

1
H(X1 + X2) > H(X1) + > log 2,

fails in general.

Indeed, if one takes X; ~ &, then one would get H(62,) = 0 >  log 2, which is
false.

However, Tao has proved the following discrete version of EPI:

H(X + X2) > H(X) + % log(2) — o(1),

where the o(1)-term tends to zero as H(X1) tends to infinity.
Conjecture (Tao, '10)

Let X1, Xo ..., X, i.i.d. random variables taking values in a finite subset of Z¢.
For any n > 1,

n+1

1
H(X1+...+Xn+1)2H(X1+...+X,,)+§Iog( :

) ~ (1)
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A conjecture of Tao
Unlike for continuous differential entropies,

1
H(X1 + X2) > H(X1) + > log 2,

fails in general.

Indeed, if one takes X; ~ &, then one would get H(62,) = 0 >  log 2, which is
false.

However, Tao has proved the following discrete version of EPI:
1
H(X1 +X2) 2 H(X1) + 7 log(2) — o(1),

where the o(1)-term tends to zero as H(X1) tends to infinity.
Conjecture (Tao, '10)

Let X1, Xo ..., X, i.i.d. random variables taking values in a finite subset of Z¢.
For any n > 1,

n+1

n

1
H(X1+...+Xn+1)2H(X1+...+X,,)+§Iog( )—0(1)

as H(X1) — oo.
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An answer of Gavalakis for log-concave random variables on Z
Log-concave distributons

A random variable X on Z is said to be if its p.m.f. p satisfies,
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An answer of Gavalakis for log-concave random variables on Z
Log-concave distributons

A random variable X on Z is said to be if its p.m.f. p satisfies,

p°(n) > p(n+1)p(n— 1) for all n € Z.
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An answer of Gavalakis for log-concave random variables on Z
Log-concave distributons

A random variable X on Z is said to be if its p.m.f. p satisfies,
p°(n) > p(n+1)p(n— 1) for all n € Z.

This class includes
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An answer of Gavalakis for log-concave random variables on Z
Log-concave distributons

A random variable X on Z is said to be if its p.m.f. p satisfies,

p°(n) > p(n+1)p(n— 1) for all n € Z.

This class includes : Bernoulli,
Geometric distribution, Poisson, Binomial, Discrete uniform distribution ...
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An answer of Gavalakis for log-concave random variables on Z
Log-concave distributons

Definition

A random variable X on Z is said to be if its p.m.f. p satisfies,
p°(n) > p(n+1)p(n —1) for all n € Z.

This class includes : Bernoulli,
Geometric distribution, Poisson, Binomial, Discrete uniform distribution ...

Theorem (Gavalakis '23)

Let Xi,...,X, be i.i.d. log-concave random variables on Z. Then
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An answer of Gavalakis for log-concave random variables on Z
Log-concave distributons

A random variable X on Z is said to be if its p.m.f. p satisfies,
p°(n) > p(n+1)p(n —1) for all n € Z.

This class includes : Bernoulli,

Geometric distribution, Poisson, Binomial, Discrete uniform distribution ...
Theorem (Gavalakis '23)

Let Xi,...,X, be i.i.d. log-concave random variables on Z. Then

AL " 1 n+1
H(;X;>ZH<i_1X;>+2log( : )70(1),

as H(X1) — oo.
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An answer of Gavalakis for log-concave random variables on Z
Log-concave distributons

A random variable X on Z is said to be if its p.m.f. p satisfies,

p°(n) > p(n+1)p(n —1) for all n € Z.

This class includes : Bernoulli,

Geometric distribution, Poisson, Binomial, Discrete uniform distribution ...
Theorem (Gavalakis '23)

Let Xi,...,X, be i.i.d. log-concave random variables on Z. Then

n+1 n

A% ) = H( DX ) + 210 (T50) — o),
i=1 i=1

as H(X1) — oo.

Question adressed in this talk: can we extend these results to Z? ?



Log-concavity in Z¢

In dimension d > 1, it is not obvious what the suitable definition of
log-concavity should be !

«Or «Fr o«

DA
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Log-concavity in Z9

Definition (Murota)

A function f : Z% — R U {+oo} is said to be convex-extensible
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Log-concavity in Z9

Definition (Murota)

A function f : Zd_—> R U {400} is said to be convex-extensible if there exists a
convex function f : R — R U {+oo} such that

fz) = f(z) (VzeZd).
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Definition (Murota)

A function f : Zd_—> R U {400} is said to be convex-extensible if there exists a
convex function f : R — R U {+oo} such that

fz) = f(z) (VzeZd).
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Log-concavity in Z9

Definition (Murota)

A function f : Zd_—> R U {400} is said to be convex-extensible if there exists a
convex function f : R — R U {+oo} such that

f(z)=f(z) (VzeZ9).

Definition
A function f : Z% — R U {+oo} is said to be log-concave extensible if
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Log-concavity in Z9

Definition (Murota)

A function f : Zd_—> R U {400} is said to be convex-extensible if there exists a
convex function f : R — R U {+oo} such that

f(z)=f(z) (VzeZ9).

Definition
A function f : Z% — R U {+oo} is said to be log-concave extensible if

f(z) =e ¥
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Log-concavity in Z9

Definition (Murota)

A function f : Zd_—> R U {400} is said to be convex-extensible if there exists a
convex function f : R — R U {+oo} such that

f(z)=f(z) (VzeZ9).

Definition
A function f : Z% — R U {+oo} is said to be log-concave extensible if

f(z) =e ¥

where V : Z% — R U {+o0} is convex-extensible .
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Log-concavity in Z9

Definition (Murota)

A function f : Zd_—> R U {400} is said to be convex-extensible if there exists a
convex function f : R — R U {+oo} such that

f(z)=f(z) (VzeZ9).

Definition
A function f : Z% — R U {+oo} is said to be log-concave extensible if

f(z) =e ¥

where V : Z% — R U {+o0} is convex-extensible .
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From a Theorem of approximation of entropies to our final result

Theorem ( Monotonicity of discrete entropy for log-concave random

variables on Z)

Let X1, ..., X, be i.i.d. random vectors on Z9 such that the sums X1 + - - - + X,
and X1 + - - - + Xy41 are log-concave with
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From a Theorem of approximation of entropies to our final result

Theorem ( Monotonicity of discrete entropy for log-concave random

variables on Z)

Let X1, ..., X, be i.i.d. random vectors on Z9 such that the sums X1 + - - - + X,
and X1 + - - - + Xy41 are log-concave with . Then

HG + -+ Xosa) 2 HOXG 44 X) + 5 log (

2 n

as H(X1) — oco. We have also obtained an explicit rate of convergence o(1).
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From a Theorem of approximation of entropies to our final result

Theorem ( Monotonicity of discrete entropy for log-concave random

variables on Z)

Let X1, ..., X, be i.i.d. random vectors on Z9 such that the sums X1 + - - - + X,
and X1 + - - - + Xny1 are log-concave with . Then
d 1
H(X 4+ Xog1) = HOG 4 -+ Xa) + §|og(”j ) = o(1)

as H(X1) — oco. We have also obtained an explicit rate of convergence o(1).

Theorem (Approximation of entropies)

Let X1,...,X, be i.i.d. random vectors on Z¢ such that their sum
X1+ -+ X, is log-concave with
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From a Theorem of approximation of entropies to our final result

Theorem ( Monotonicity of discrete entropy for log-concave random

variables on Z)

Let X1, ..., X, be i.i.d. random vectors on Z9 such that the sums X1 + - - - + X,
and X1 + - - - + Xny1 are log-concave with . Then
d 1
m&+~+xgnzmm+~+xa+?%(ﬁ;)fdn

as H(X1) — oco. We have also obtained an explicit rate of convergence o(1).

Theorem (Approximation of entropies)

Let Xi,...,X, be i.i.d. random vectors on 79 such that their sum
X1+ -+ X, is log-concave with .Then

h(Xe+ -+ Xo+ U+ -+ Un) = HOXG + -+ + Xa) + 0(1),
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From a Theorem of approximation of entropies to our final result

Theorem ( Monotonicity of discrete entropy for log-concave random

variables on Z)

Let X1, ..., X, be i.i.d. random vectors on Z9 such that the sums X1 + - - - + X,
and X1 + - - - + Xny1 are log-concave with . Then
d 1
m&+~+xgnzmm+~+xa+?%(ﬁ;)fdn

as H(X1) — oco. We have also obtained an explicit rate of convergence o(1).

Theorem (Approximation of entropies)

Let Xi,...,X, be i.i.d. random vectors on 79 such that their sum
X1+ -+ X, is log-concave with .Then

h(Xe+ -+ Xo+ U+ -+ Un) = HOXG + -+ + Xa) + 0(1),

where o(1) — 0 as H(X1) — oo and Uy, ..., U, are independent continuous
uniforms on [0,1]%.
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From a Theorem of approximation of entropies to our final result

Theorem ( Monotonicity of discrete entropy for log-concave random

variables on Z)

Let X1, ..., X, be i.i.d. random vectors on Z9 such that the sums X1 + - - - + X,
and X1 + - - - + Xny1 are log-concave with . Then
d 1
m&+~+xgnzmm+~+xa+?%(ﬁ;)fdn

as H(X1) — oco. We have also obtained an explicit rate of convergence o(1).

Theorem (Approximation of entropies)

Let Xi,...,X, be i.i.d. random vectors on 79 such that their sum
X1+ -+ X, is log-concave with .Then

h(Xe+ -+ Xo+ U+ -+ Un) = HOXG + -+ + Xa) + 0(1),

where o(1) — 0 as H(X1) — oo and Uy, ..., U, are independent continuous
uniforms on [0,1]%. In fact, we have also the rate of convergence o(1) .
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From a Theorem of approximation of entropies to our final result

By the scaling property of the generalisation of continuous EPI one has

n+1 )
h(;X;—I—Ui) > h(;x;—i— U,-) +g|og(n_:1)
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From a Theorem of approximation of entropies to our final result

By the scaling property of the generalisation of continuous EPI one has

n+1 )
h(;Xi—l—Ui) > h(;x;—i— U,-) +g|og(n_:1)

and by Theorem of approximation of entropies applied to the differential
entropies on both sides
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From a Theorem of approximation of entropies to our final result

By the scaling property of the generalisation of continuous EPI one has

n+1 )
h(;Xi—l—Ui) > h(;x;—i— U,-) +g|og(n_:1)

and by Theorem of approximation of entropies applied to the differential
entropies on both sides

n+1

H(;Xi) +o(1) > H(éx,‘) 4’0(1)+gmg("-":l)7

per bound on the isotropic co

nstant for
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By the scaling property of the generalisation of continuous EPI one has

n+1 )
h(;Xi—l—Ui) > h(;x;—i— U,-) +g|og(n_:1)

and by Theorem of approximation of entropies applied to the differential
entropies on both sides

n+1 o
H(ZX") +0o(1) > H(ZX,) +o(1) + g log (”—:1)7

as H(X1) — oo and the result follows. [ ]
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From a Theorem of approximation of entropies to our final result

By the scaling property of the generalisation of continuous EPI one has

n+1 )
h(;Xi+Ui) > h(;x;—i— U,-) +g|og(n_:1)

and by Theorem of approximation of entropies applied to the differential
entropies on both sides

n+1 o
H(ZX") +0o(1) > H(ZX,) +o(1) + g log (”—:1)7

as H(X1) — oo and the result follows. [ ]
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Notion of isotropicity and some definitions in the continuous setting

The upper bound will be an essential step for the proof of the approximation
Theorem and may be of independent interest.
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The upper bound will be an essential step for the proof of the approximation
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The isotropic constant of a function f : RY — R, is defined by
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functions
Notion of isotropicity and some definitions in the continuous setting

The upper bound will be an essential step for the proof of the approximation
Theorem and may be of independent interest.

The isotropic constant of a function f : RY — R, is defined by

Supga f\ 1
L= (——— f))2d
f ( oo ) det(Cov(f)),
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Notion of isotropicity and some definitions in the continuous setting

The upper bound will be an essential step for the proof of the approximation
Theorem and may be of independent interest.

The isotropic constant of a function f : RY — R, is defined by

Supga f\ .
L= (——— f))2d
f ( oo ) det(Cov(f)),

where Cov(f) is the inertia or covariance matrix defined, for 1 </,j < d, by
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A discrete analogue upper bound on the isotropic constant for log-concave

functions
Notion of isotropicity and some definitions in the continuous setting

The upper bound will be an essential step for the proof of the approximation
Theorem and may be of independent interest.

The isotropic constant of a function f : RY — R, is defined by

Supga f\ .
L= (——— f))2d
f ( oo ) det(Cov(f)),

where Cov(f) is the inertia or covariance matrix defined, for 1 </,j < d, by
Joa Xixf()dx [oa xif (x)dx [pq xf(x)dx
3 .
Jra F(x)dx ( fos F() dx)

[Cov()]; =



Introduction and motivation From a Theorem of approximation of entropies to our final result A discrete analogue upper bound on the isotropic constant for
00000 [e]e]e} 9000000000000

A discrete analogue upper bound on the isotropic constant for log-concave

functions
Notion of isotropicity and some definitions in the continuous setting

The upper bound will be an essential step for the proof of the approximation
Theorem and may be of independent interest.

The isotropic constant of a function f : RY — R, is defined by

Supga f\ .
L= (——— f))2d
f ( oo ) det(Cov(f)),

where Cov(f) is the inertia or covariance matrix defined, for 1 </,j < d, by
Joa Xixf()dx [oa xif (x)dx [pq xf(x)dx
5 .
f]Rd f(X)dX (fRd f(X)dX)

[Cov()]; =

® f is isotropic if Cov(f) = %14, for some ¢ >0 ,
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functions
Notion of isotropicity and some definitions in the continuous setting

The upper bound will be an essential step for the proof of the approximation
Theorem and may be of independent interest.

The isotropic constant of a function f : RY — R, is defined by

Supga f\ .
L= (——— f))2d
f ( oo ) det(Cov(f)),

where Cov(f) is the inertia or covariance matrix defined, for 1 </,j < d, by
Joa Xixf()dx [oa xif (x)dx [pq xf(x)dx
3 .
f]Rd f(X)dX (fRd f(X)dX)

[Cov()]; =

® f is isotropic if Cov(f) = %14, for some ¢ >0 ,
® K be a convex body in R? : Cov(K) := Cov(1k), Lk := L,
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A discrete analogue upper bound on the isotropic constant for log-concave

functions
Notion of isotropicity and some definitions in the continuous setting

The upper bound will be an essential step for the proof of the approximation
Theorem and may be of independent interest.

The isotropic constant of a function f : RY — R, is defined by

Supga £\ 4 1
L= (——— f))2d
f ( oo ) det(Cov(f)),

where Cov(f) is the inertia or covariance matrix defined, for 1 </,j < d, by

Jea Xixif(x)dx [ xif (x)dx [oq i (x)dx
[Cov(F)ls = - (e
Jra F(x)dx (fRd f(x)dx)

® f is isotropic if Cov(f) = %14, for some ¢ >0 ,
® K be a convex body in R? : Cov(K) := Cov(1k), Lk := L,

® K isotropic if 1k is isotropic.
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A discrete analogue upper bound on the isotropic constant for log-concave

functions
Notion of isotropicity in the discrete setting and almost isotropicity

In the discrete setting p : Z¢ — R, we define the covariance matrix Cov(p) by
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A discrete analogue upper bound on the isotropic constant for log-concave

functions
Notion of isotropicity in the discrete setting and almost isotropicity

In the discrete setting p : Z¢ — R, we define the covariance matrix Cov(p) by

(Cov(p)]y = 2okez KikiP(K)  Buezs kip(k) Xneas ip(k)
i >k P(K) (Zkezd p(k))2
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A discrete analogue upper bound on the isotropic constant for log-concave

functions
Notion of isotropicity in the discrete setting and almost isotropicity

In the discrete setting p : Z¢ — R, we define the covariance matrix Cov(p) by

(Cov(p)]y = 2okez KikiP(K)  Buezs kip(k) Xneas ip(k)
ij > (k) (Zkezd p(k))2

A family {f;}ocr, of non-negative functions on RY is
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A discrete analogue upper bound on the isotropic constant for log-concave

functions
Notion of isotropicity in the discrete setting and almost isotropicity

In the discrete setting p : Z¢ — R, we define the covariance matrix Cov(p) by

(Cov(p)]y = 2okez KikiP(K)  Buezs kip(k) Xneas ip(k)
ij > (k) (Zkezd p(k))2

A family {f;}ocr, of non-negative functions on RY is if, as
o — 00,

Cov(fs);; = o’ + 0(0) fori=j,
= O(o) fori#j.
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A discrete analogue upper bound on the isotropic constant for log-concave
functions

Suppose p is a log-concave p.m.f. on Z¢ with almost isotropic extension and
covariance matrix Cov(p).
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A discrete analogue upper bound on the isotropic constant for log-concave
functions

Theorem

Suppose p is a log-concave p.m.f. on Z¢ with almost isotropic extension and
covariance matrix Cov(p). Then there exists a constant C; depending on the
dimension only, such that
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A discrete analogue upper bound on the isotropic constant for log-concave
functions

Theorem

Suppose p is a log-concave p.m.f. on Z¢ with almost isotropic extension and
covariance matrix Cov(p). Then there exists a constant C; depending on the
dimension only, such that

&

max p(k) < 3
’ det (Code(p)) :

kezd
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A discrete analogue upper bound on the isotropic constant for log-concave
functions

Suppose p is a log-concave p.m.f. on Z¢ with almost isotropic extension and
covariance matrix Cov(p). Then there exists a constant C; depending on the
dimension only, such that

&

max p(k) < 3
’ det (Code(p)) :

kezd

provided that det (Covzd(p)) is large enough depending on d.
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A discrete analogue upper bound on the isotropic constant for log-concave
functions

Suppose p is a log-concave p.m.f. on Z¢ with almost isotropic extension and
covariance matrix Cov(p). Then there exists a constant C; depending on the
dimension only, such that

&

max p(k) < 3
’ det (Code(p)) :

kezd

provided that det (Covzd(p)) is large enough depending on d.
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A discrete analogue upper bound on the isotropic constant for log-concave
functions

Theorem

Suppose p is a log-concave p.m.f. on Z¢ with almost isotropic extension and
covariance matrix Cov(p). Then there exists a constant C; depending on the
dimension only, such that

C/

max p(k) < d

1
kezd

det (Code(p)) :

provided that det (Covzd(p)) is large enough depending on d.

Theorem (Bobkov-Marsiglietti-Melbourne, '21)

If a random variable X follows a discrete log-concave p.m.f. f on Z,
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A discrete analogue upper bound on the isotropic constant for log-concave
functions

Theorem

Suppose p is a log-concave p.m.f. on Z¢ with almost isotropic extension and
covariance matrix Cov(p). Then there exists a constant C; depending on the
dimension only, such that

C/

max p(k) < d

1
kezd

det (Code(p)) :

provided that det (Covzd(p)) is large enough depending on d.

Theorem (Bobkov-Marsiglietti-Melbourne, '21)

If a random variable X follows a discrete log-concave p.m.f. f on Z, then

1 2
max p(k) < ———, o° = Var(X).
maxp(k) € (X)
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functions
A small détour: the slicing conjecture

Slicing conjecture: there exists a universal constant ¢ > 0 such that, for any
dimension d and for any convex body K in isotropic position in RY and any
direction 8 € S, one has |[K N6+]s_1 > c.
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functions
A small détour: the slicing conjecture

Slicing conjecture: there exists a universal constant ¢ > 0 such that, for any

dimension d and for any convex body K in isotropic position in RY and any
direction 8 € S, one has |[K N6+]s_1 > c.

L]
0
K
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A discrete analogue upper bound on the isotropic constant for log-concave

functions
A small détour: the slicing conjecture

Slicing conjecture: there exists a universal constant ¢ > 0 such that, for any
dimension d and for any convex body K in isotropic position in RY and any
direction 8 € S, one has |[K N6+]s_1 > c.

L]
0
K

Slicing conjecture for log-concave measures : there exists a universal
constant C such that for any dimension d and for any log-concave integrable
function f : RY — [0, 00) one has Lr < C.
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A discrete analogue upper bound on the isotropic constant for log-concave

functions
A small détour: the slicing conjecture

Slicing conjecture: there exists a universal constant ¢ > 0 such that, for any

dimension d and for any convex body K in isotropic position in RY and any
direction 8 € S, one has |[K N6+]s_1 > c.

L]
0
K

\
N

Slicing conjecture for log-concave measures : there exists a universal
constant C such that for any dimension d and for any log-concave integrable
function f : RY — [0, 00) one has Lr < C.

Best known constant by a recent result of Klartag:

Lf < C+/logd.
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A discrete analogue upper bound on the isotropic constant for log-concave
functions

Approximations for the integral, mean and covariance discretely

Let us prove a discrete analogue of the upper bound on the isotropic constant
for log-concave functions in the simplest case where f is isotropic log-concave .
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A discrete analogue upper bound on the isotropic constant for log-concave

functions
Approximations for the integral, mean and covariance discretely

Let us prove a discrete analogue of the upper bound on the isotropic constant
for log-concave functions in the simplest case where f is isotropic log-concave .
To do so, we must be able to approximate the integral, mean and covariance
discretely. We obtain the following results; for this, we will need to use the
Keith Ball's bodies as well as concentration results.
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A discrete analogue upper bound on the isotropic constant for log-concave
functions

Approximations for the integral, mean and covariance discretely

Let us prove a discrete analogue of the upper bound on the isotropic constant
for log-concave functions in the simplest case where f is isotropic log-concave .
To do so, we must be able to approximate the integral, mean and covariance
discretely. We obtain the following results; for this, we will need to use the
Keith Ball's bodies as well as concentration results.

‘/]Rd xf — Z kf(k)‘ = 04(1), as o — oo,

kezd

’det(Code(f)) - det(Code(f))‘ = 04(c*7?), as o — 0.
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A discrete analogue upper bound on the isotropic constant for log-concave
functions

Approximations for the integral, mean and covariance discretely

Let us prove a discrete analogue of the upper bound on the isotropic constant
for log-concave functions in the simplest case where f is isotropic log-concave .
To do so, we must be able to approximate the integral, mean and covariance
discretely. We obtain the following results; for this, we will need to use the
Keith Ball’s bodies as well as concentration results.

‘/Rdf—;f‘—od(l), as o — o0,
‘/Rdxf—ke%kf(k)‘ = 04(1), aso — oo,

’det(Code(f)) - det(Code(f))‘ = 04(c*7?), as o — 0.

Just for a moment, let's admit these approximations ...
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A discrete analogue upper bound on the isotropic constant for log-concave

functions
Case of isotropic log-concave functions

Since p is extensible log-concave, there exists a continuous log-concave
function f (not necessarily a density) such that f(k) = p(k) for all k € Z? and
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A discrete analogue upper bound on the isotropic constant for log-concave

functions
Case of isotropic log-concave functions

Since p is extensible log-concave, there exists a continuous log-concave
function f (not necessarily a density) such that f(k) = p(k) for all k € Z? and
by assumption f is isotropic.
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A discrete analogue upper bound on the isotropic constant for log-concave

functions
Case of isotropic log-concave functions

proof |

Since p is extensible log-concave, there exists a continuous log-concave
function f (not necessarily a density) such that f(k) = p(k) for all k € Z? and
by assumption f is isotropic. Thus

max p(k) <
kezd
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A discrete analogue upper bound on the isotropic constant for log-concave

functions
Case of isotropic log-concave functions

Since p is extensible log-concave, there exists a continuous log-concave
function f (not necessarily a density) such that f(k) = p(k) for all k € Z? and
by assumption f is isotropic. Thus

max p(k) < max f(x) =
kezd xERI
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A discrete analogue upper bound on the isotropic constant for log-concave

functions
Case of isotropic log-concave functions

Since p is extensible log-concave, there exists a continuous log-concave
function f (not necessarily a density) such that f(k) = p(k) for all k € Z? and
by assumption f is isotropic. Thus

LY [ou £ -

max p(k) < max f(x) =
S p(k) < T (x) d
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A discrete analogue upper bound on the isotropic constant for log-concave

functions
Case of isotropic log-concave functions

Since p is extensible log-concave, there exists a continuous log-concave
function f (not necessarily a density) such that f(k) = p(k) for all k € Z? and
by assumption f is isotropic. Thus

LY [ou £ - Co [ra f

= od

I

max p(k) < max f(x) =
S p(k) < T (x) d

where Cy is an upper bound of L¢.
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A discrete analogue upper bound on the isotropic constant for log-concave

functions
Case of isotropic log-concave functions

Since p is extensible log-concave, there exists a continuous log-concave
function f (not necessarily a density) such that f(k) = p(k) for all k € Z? and

by assumption f is isotropic. Thus
LSt Galpef

<
Lpgazgp(k) < e f(x) cd ST gd
where Cy is an upper bound of L¢.
Ca(1+ O4(%
max p(k) < M0 4G
kes det(cov(p)) 2 | Ogod-1) det(cov(p)) 2

provided that o is large enough depending on d,
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A discrete analogue upper bound on the isotropic constant for log-concave

functions
Case of isotropic log-concave functions

Since p is extensible log-concave, there exists a continuous log-concave
function f (not necessarily a density) such that f(k) = p(k) for all k € Z? and
by assumption f is isotropic. Thus

LSt Galpef

max p(k) < max f(x)

kezd xeRd cd - o9
where Cy is an upper bound of L¢.
Ca(1+ O4(%
maXp(k) < d( +1 d(o-)) < 4Cd .
kezd 2 2
det(cov(p)) 4 04(09-1)  det (cov(p))

provided that ¢ is large enough depending on d, using that
1

O4(c®) > -1 det(Cov(p)) . n
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Some tools to approximate the integral, mean and covariance discretely
A lemma using Keith Ball's bodies

Assume that f : R — R is a centered, isotropic, log-concave density:
Jpa f =1, [gaxf =0and [q xTxf = 0°14.
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Some tools to approximate the integral, mean and covariance discretely
A lemma using Keith Ball's bodies

Assume that f : R — R is a centered, isotropic, log-concave density:
Jpa f =1, [gaxf =0and [q xTxf = 0°14.

f — Keith Ball's bodies .
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Some tools to approximate the integral, mean and covariance discretely
A lemma using Keith Ball's bodies

Assume that f : RY — R is a centered, isotropic, log-concave density:
Joa f=1,[paxf =0and [oq xTxf = o?14.

f—

Definition (Keith Ball's bodies)
For any p > 0, the set K,(f) is defined as follows

Ky(f) == {x €R?: /OOO prP M (rx)dr > f(O)} :
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Some tools to approximate the integral, mean and covariance discretely
A lemma using Keith Ball's bodies

Assume that f : RY — R is a centered, isotropic, log-concave density:
Joa f=1,[paxf =0and [oq xTxf = o?14.

f—

Definition (Keith Ball's bodies)
For any p > 0, the set K,(f) is defined as follows

Ky(f) == {x €R?: /OOO prP M (rx)dr > f(O)} :

This important family of bodies was introduced by Keith Ball, who established
that the set K,(f) is a convex body.
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Some tools to approximate the integral, mean and covariance discretely
A lemma using Keith Ball's bodies

Assume that f : RY — R is a centered, isotropic, log-concave density:
Joa f=1,[paxf =0and [oq xTxf = o?14.

f—

Definition (Keith Ball's bodies)
For any p > 0, the set K,(f) is defined as follows

Ky(f) == {x €R?: /OOO prP M (rx)dr > f(O)} :

This important family of bodies was introduced by Keith Ball, who established
that the set K,(f) is a convex body. Moreover, its radial function is

1
Py (F)(X) = ( 5 Jo PrtT LE( rx)dr)p for x #0.
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Some tools to approximate the integral, mean and covariance discretely
A lemma using Keith Ball's bodies

Lemma

Let d > 1 be an integer. There exist two constants 0 < C; < C4 such that for
any f : RY — R, centered, isotropic, log-concave density and for every
9 esi,
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Some tools to approximate the integral, mean and covariance discretely
A lemma using Keith Ball's bodies

Lemma

Let d > 1 be an integer. There exist two constants 0 < C; < C4 such that for
any f : R — R, centered, isotropic, log-concave density and for every
9esit,

() < / dr* = (r0)dr < (Ca)°,
0

where Cy4 and C) are constants depending only on the dimension d.
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Some tools to approximate the integral, mean and covariance discretely
A lemma using Keith Ball's bodies

Lemma

Let d > 1 be an integer. There exist two constants 0 < C; < C4 such that for
any f : R — R, centered, isotropic, log-concave density and for every
9esit,

() < / dr* = (r0)dr < (Ca)°,
0

where Cq4 and C) are constants depending only on the dimension d. In fact, we

may take
/ Cld+2 d+2
Cg=——5 and Cy=(d+1)g max Ly,

2me2

where c1 and ¢ will be explicit later.
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Proof of lemma

The function f being isotropic, we have Cov(f) = a?ly, for some o > 0 and
Jf=1,thus L = max(f)%a.
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Proof of lemma

The function f being isotropic, we have Cov(f) = a?ly, for some o > 0 and
Jf=1,thus L = max(f)do.
Note that proving the lemma is equivalent to proving that

CiBS  F(0)4 Ky(F) C C4B5.
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Proof of lemma

The function f being isotropic, we have Cov(f) = a?ly, for some o > 0 and
Jf=1,thus L = max(f)do.
Note that proving the lemma is equivalent to proving that

C,B¢ C £(0)a Ky(f) C C4BS.

Theorem (Kannan-Lovész-Simonovits)

Let K be a centered convex body in RY and u € S9~1. Then

he(u)® / d z
< .
dd12) SR W Vi < g hule)
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Proof of lemma

The function f being isotropic, we have Cov(f) = a?ly, for some o > 0 and
Jf=1, thus L = max(f)%a.
Note that proving the lemma is equivalent to proving that

C,B¢ C £(0)a Ky(f) C C4BS.

Theorem (Kannan-Lovész-Simonovits)

Let K be a centered convex body in RY and u € S9~1. Then

he(u)® / d z
< :
d(d—|—2)_|K| x, u)’dx d+2hK(u)

th+1(f)(U)2 1 d 5
dx < ——h .
d(d 2) ‘Kd+1(f)‘ Kay1(f )< > = d 2 Fan(f )(U)
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Proof of lemma

th+1(f)(u)2 1 ) d ,
x,u)’dx < ——h u)2.
d(d+2) = Raa(D)] S, S g Manr(v)
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Proof of lemma

th+1(f)(“)2 1 ) d ,
x,u)’dx < ——h u)2.
d(d+2) = Raa(D)] S, S g Manr(v)

Using inclusion relations between K,(f) and Kq(f) and classical inequalities on
Gamma functions : there exist 0 < ¢1 < ¢ such that for any dimension d > 1,
one has

Cle+1(f) C Kd(f) C C2Kd+1(f) and C1Kd+2(f) (- Kd+1(f) C Cde+2(f).
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Proof of lemma

th+1(f)(“)2 1 ) d ,
x,u)’dx < ——h u)2.
d(d+2) = Raa(D)] S, S g Manr(v)

Using inclusion relations between K,(f) and Kq(f) and classical inequalities on
Gamma functions : there exist 0 < ¢1 < ¢ such that for any dimension d > 1,
one has

Cle+1(f) C Kd(f) C C2Kd+1(f) and C1Kd+2(f) (- Kd+1(f) C Cde+2(f).

From integration in polar coordinates: Kgyy1(f) is centered and, for any p > 0

and v e S91,
[ ixara= g [ lxaree
Kip(f) f(O) Rd
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Proof of lemma

th+1(f)(U)2 1 d ,
= dx < ——h u)2.
dd+2) = o)l DO 5 S Gya @)

Using inclusion relations between K, (f) and Ky(f) and classical inequalities on
Gamma functions : there exist 0 < ¢1 < ¢ such that for any dimension d > 1,
one has

Cle+1(f) C Kd(f) C C2Kd+1(f) and C1Kd+2(f) C Kd+1(f) C C2Kd+2(f)-

From integration in polar coordinates: Kg+1(f) is centered and, for any p > 0
and ue S

/ ‘(XU|dX— /|xu|pf
Katp(f)
2

i _i x, u)|*F(x x:L
‘/Kd+2(f)|<x, u>| *= f(o) /]Rd|< ’ >| f( )d f(0)7
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Proof of lemma

th+1(f)(U)2 1 ) d ,
x,u)’dx < ——h u)2.
d(d+2) = Raa(D)] S, S g Manr(v)

Using inclusion relations between K, (f) and Ky(f) and classical inequalities on
Gamma functions : there exist 0 < ¢1 < ¢ such that for any dimension d > 1,
one has

C1Kd+1(f) C Kd(f) C C2Kd+1(f) and Cle+2(f) C Kd+1(f) C C2Kd+2(f).
From integration in polar coordinates: Kg+1(f) is centered and, for any p > 0

and ue S
1

/Kd}p(f) [{(x, u)|Pdx = @ /Rd [(x, u)|Pf(x)dx.

0,2

? _i x. P f(x)dx = ——
Ad+2(f)|<x, u>| dX_ f(o) /]Rd|< ’ >| f( )d f(0)7

2
d+2 O

2
a == x,u)dx < ¢ T——.
O —/wfﬁ V< ST



Introduction and motivation From a Theorem of approximation of entropies to our final result A discrete analogue upper bound on the isotropic constant for
00000 000 0000000000800

Proof of lemma

2 2
d+2 O 2 d+2 O

c —g/ x,u)dx < ¢ C——.
tf(0) Km(f)( * f(0)

Using again the inclusion relations and the fact |Kq(f)| = 1/f(0) one gets

of 0% |cKaa(f)] < / (x, u)’dx < 0% Kaa(f)|
Ka1(f)

Using these inequalities, and the inclusion relations, we get
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Proof of lemma

2 2
d+2 O +2 O

c —g/ x,u)2dx§cd —_—
FUR0) S ! O

Using again the inclusion relations and the fact |Kq(f)| = 1/f(0) one gets

of 0% |cKaa(f)] < / (x, u)’dx < 0% Kaa(f)|

Ka11(f)

Using these inequalities, and the inclusion relations, we get

d+2
d

0By  Ky(f) € \/d(d + 2)cs 2o BS.
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Proof of lemma

2 2
d+2 O 2 d+2 O

c —g/ x,u)dx < ¢ C——.
tf(0) wf)( * f(0)

Using again the inclusion relations and the fact |Kq(f)| = 1/f(0) one gets

of 0% |cKaa(f)] < / (x, u)’dx < 0% Kaa(f)|

Ka11(f)

Using these inequalities, and the inclusion relations, we get

d+2
d

0By  Ky(f) € \/d(d + 2)cs 2o BS.

Now, from an inequality of Fradelizi, we have f(0) > e~ max(f) hence
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Proof of lemma

2 2
d+2 O 2 d+2 O

o —==< / x,u)dx < ¢ C——.
bf(0) Kd+1(f)< > £(0)

Using again the inclusion relations and the fact |Kq(f)| = 1/f(0) one gets

o o?laKan(f) < / (x, u)?dx < c§ 0% |2 Kysa(f))|

Ka11(f)

Using these inequalities, and the inclusion relations, we get

d+2
d

cf2oBS  Ky(f) C \/d(d +2)c5 20 Bs.

Now, from an inequality of Fradelizi, we have f(0) > e~

% < £(0)70 = (%)d Le < Ly,

max(f) hence

since Ly > Ly _, > 1/+/2me, we conclude.
&5
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Some tools needed for the approximations of the integral, mean and
covariance discretely

A concentration lemma

As a consequence of the previous lemma, we obtain the following concentration
lemma.
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Some tools needed for the approximations of the integral, mean and
covariance discretely

A concentration lemma

As a consequence of the previous lemma, we obtain the following concentration
lemma.

Lemma (Concentration Lemma)

Let cq := 34 Cq. Then, for every log-concave, isotropic, centered density
function f and for every x € RY such that ||x|2 > cd/f(O)%,

3
f(0
I, QL

f(x) < £(0)2"!



With all these lemmas, the following approximations can be proved:

«Or «Fr o«

DA
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With all these lemmas, the following approximations can be proved:

‘/df—Zf‘:od(l), as 0 — 09,
‘/Rdxf— Zkf(k)‘

kezd

’det (COVZd(f)) — det (Code (f)) ‘

04(1), as o — oo,

04(6*77%), as o — .
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With all these lemmas, the following approximations can be proved:

‘/df—Zf‘:od(l), as 0 — 09,
‘/Rdxf— Zkf(k)‘

kezd

04(1), as o — oo,

04(6*77%), as o — .

‘det (COVZd(f)) — det (Code (f)) ‘

...so that the discrete analogue upper bound on the isotropic constant for
log-concave functions can be proven.
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With all these lemmas, the following approximations can be proved:

‘/Rdf—;f‘:od(l), as 0 — 09,
‘/Rdxf— 3 kf(k)‘ = 04(1), aso — oo,

kezd

det(Covya(f)) — det(Covga(f) )| = 04(6*?73), as o — 0.
det(Covie(r)) = det(Covie()

...so that the discrete analogue upper bound on the isotropic constant for
log-concave functions can be proven.

All these arguments can be generalised to almost isotropic log-concave
distributions.
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Proof ideas for the Theorem of approximation of entropies

Let F(x) = xlog%,x>0.
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Proof ideas for the Theorem of approximation of entropies

Let F(x) = xlogl,x>0.
Denote S, =>_7 , Xi, U"=>"", U; and let fs,,yn be the density of S, + U"
on the RY.
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Proof ideas for the Theorem of approximation of entropies

Let F(x) = xlogl,x>0.
Denote S, =>_7 , Xi, U"=>"", U; and let fs,,yn be the density of S, + U"
on the RY. We have

h(Xi+ -+ + Xo + Ut + - -+ + Un)

= 3 / F(fsyun(x))dx +
k+[0,1)d

kil kll2<o?

/ F(fs,+un(x))dx.
k-+[0,1)d

ki k[l2>o2
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Proof ideas for the Theorem of approximation of entropies

Let F(x) = xlogl,x>0.

Denote S, =>_7 , Xi, U"=>"", U; and let fs,,yn be the density of S, + U"
on the RY. We have
h(Xi+ -+ + Xo + Ut + - -+ + Un)

2 / F(fsprur()de+ > / F(fs, un (x)) dx.
Kllkllp <o T KHO1 Killklz>02 T KO

® Second term:
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Proof ideas for the Theorem of approximation of entropies

Let F(x) = xlogl,x>0.

Denote S, =>_7 , Xi, U"=>"", U; and let fs,,yn be the density of S, + U"
on the RY. We have
h(Xi+ -+ + Xo + Ut + - -+ + Un)

2 / F(fsprur()de+ > / F(fs, un (x)) dx.
Kllkllp <o T KHO1 Killklz>02 T KO

® Second term: Entropy tails— 0.
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Proof ideas for the Theorem of approximation of entropies

Let F(x) = xlogl,x>0.

Denote S, =>_7 , Xi, U"=>"", U; and let fs,,yn be the density of S, + U"
on the RY. We have
h(Xi+ -+ + Xo + Ut + - -+ + Un)

2 / F(fsprur()de+ > / F(fs, un (x)) dx.
Kllkllp <o T KHO1 Killklz>02 T KO

® Second term: Entropy tails— 0.
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Proof ideas for the Theorem of approximation of entropies

Let F(x) = xlogl,x>0.

Denote S, =>_7 , Xi, U"=>"", U; and let fs,,yn be the density of S, + U"
on the RY. We have
h(Xi+ -+ Xo+ Ui+ -+ Un)

2 / F(fsprur()de+ > / F(fs, un (x)) dx.
Kllkllp <o T KHO1 Killklz>02 T KO

® Second term: Entropy tails— 0.

® First term ~ H(S,),
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Proof ideas for the Theorem of approximation of entropies

Let F(x) = xlog%,x>0.

Denote S, =>_7 , Xi, U"=>"", U; and let fs,,yn be the density of S, + U"
on the RY. We have

h(Xi+ -+ + Xo + Ut + - -+ + Un)

/ F(fsy s 0n (x))dx +
k+[0,1)d

ki k[l2>o2

ke[| kl|2 <02

/ F(fs,+un(x))dx.
k-+[0,1)d

® Second term: Entropy tails— 0.

® First term =~

~

H(S,), for this we will use the discrete analogue upper bound
on the isotropic constant for log-concave functions.
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An open problem/ Work in progress

For d = 1, our definition of log-concavity is equivalent to the usual definition
p(k)? > p(k — 1)p(k + 1), k € Z, which is preserved under convolution .
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An open problem/ Work in progress

For d = 1, our definition of log-concavity is equivalent to the usual definition
p(k)? > p(k — 1)p(k + 1), k € Z, which is preserved under convolution . A
related concept to the one of extensible log-concave: a set A C Z9 is said to be
hole free if A = conv(A)NZ-.
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An open problem/ Work in progress

For d = 1, our definition of log-concavity is equivalent to the usual definition
p(k)? > p(k — 1)p(k + 1), k € Z, which is preserved under convolution . A
related concept to the one of extensible log-concave: a set A C Z9 is said to be
hole free if A = conv(A)NZ-.

Minkowski sum of hole free sets can have a hole (example of Murota)!
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An open problem/ Work in progress

For d = 1, our definition of log-concavity is equivalent to the usual definition
p(k)? > p(k — 1)p(k + 1), k € Z, which is preserved under convolution . A
related concept to the one of extensible log-concave: a set A C Z9 is said to be
hole free if A = conv(A)NZ-.

Minkowski sum of hole free sets can have a hole (example of Murota)!

y 72

51 =1{(0,0),(1,1)}

@ x

For d > 1 log-concavity may not be preserved in general, considering two
log-concave distributions supported on S; and S, respectively.

Our definition of log-concavity is preserved under self-convolution?



Introduction and motivation From a Theorem of approximation of entropies to our final result A discrete analogue upper bound on the isotropic constant for
00000 000 0000000000000

An open problem/ Work in progress

For d = 1, our definition of log-concavity is equivalent to the usual definition
p(k)? > p(k — 1)p(k + 1), k € Z, which is preserved under convolution . A
related concept to the one of extensible log-concave: a set A C Z9 is said to be
hole free if A = conv(A)NZ-.

Minkowski sum of hole free sets can have a hole (example of Murota)!

y 72

51 =1{(0,0),(1,1)}

S ={(0,1),(1,0)}

X

For d > 1 log-concavity may not be preserved in general, considering two
log-concave distributions supported on S; and S, respectively.

Our definition of log-concavity is preserved under self-convolution?



Introduction and motivation From a Theorem of approximation of entropies to our final result A discrete analogue upper bound on the isotropic constant for
00000 [e]e]e} 0000000000000

An open problem/ Work in progress

For d = 1, our definition of log-concavity is equivalent to the usual definition
p(k)? > p(k — 1)p(k + 1), k € Z, which is preserved under convolution . A
related concept to the one of extensible log-concave: a set A C Z9 is said to be
hole free if A = conv(A)NZ-.

Minkowski sum of hole free sets can have a hole (example of Murota)!

y 72
| 51 ={(0,0),(1,1)}

S = {(07 1)7 (17 0)}

o0
o-e .
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An open problem/ Work in progress

For d = 1, our definition of log-concavity is equivalent to the usual definition
p(k)? > p(k — 1)p(k + 1), k € Z, which is preserved under convolution . A
related concept to the one of extensible log-concave: a set A C Z9 is said to be
hole free if A = conv(A)NZ-.

Minkowski sum of hole free sets can have a hole (example of Murota)!

y 72
| 51 ={(0,0),(1,1)}

‘ . S = {(07 1)7(170)}

oo X

For d > 1 log-concavity may not be preserved in general, considering two
log-concave distributions supported on S; and S, respectively.
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An open problem/ Work in progress

For d = 1, our definition of log-concavity is equivalent to the usual definition
p(k)? > p(k — 1)p(k + 1), k € Z, which is preserved under convolution . A
related concept to the one of extensible log-concave: a set A C Z9 is said to be
hole free if A = conv(A)NZ-.

Minkowski sum of hole free sets can have a hole (example of Murota)!

y 72
| 51 ={(0,0),(1,1)}

‘ . S = {(07 1)7(170)}

oo X

For d > 1 log-concavity may not be preserved in general, considering two
log-concave distributions supported on S; and S, respectively.

Our definition of log-concavity is preserved under self-convolution?
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