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Our goal

Let A, denote the regular n-simplex.
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////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Michail Vidiassov, John C. Bowman, Alexander Grahn
//
// asylabels.js
//
// version 20120912
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript to be used with media9.sty (option `add3Djscript') for
// Asymptote generated PRC files
//
// adds billboard behaviour to text labels in Asymptote PRC files so that
// they always face the camera under 3D rotation.
//
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
////////////////////////////////////////////////////////////////////////////////

var bbnodes=new Array(); // billboard meshes
var bbtrans=new Array(); // billboard transforms

function fulltransform(mesh) 
{ 
  var t=new Matrix4x4(mesh.transform); 
  if(mesh.parent.name != "") { 
    var parentTransform=fulltransform(mesh.parent); 
    t.multiplyInPlace(parentTransform); 
    return t; 
  } else
    return t; 
} 

// find all text labels in the scene and determine pivoting points
var nodes=scene.nodes;
var nodescount=nodes.count;
var third=1.0/3.0;
for(var i=0; i < nodescount; i++) {
  var node=nodes.getByIndex(i); 
  var name=node.name;
  var end=name.lastIndexOf(".")-1;
  if(end > 0) {
    if(name.charAt(end) == "\001") {
      var start=name.lastIndexOf("-")+1;
      if(end > start) {
        node.name=name.substr(0,start-1);
        var nodeMatrix=fulltransform(node.parent);
        var c=nodeMatrix.translation; // position
        var d=Math.pow(Math.abs(nodeMatrix.determinant),third); // scale
        bbnodes.push(node);
        bbtrans.push(Matrix4x4().scale(d,d,d).translate(c).multiply(nodeMatrix.inverse));
      }
    }
  }
}

var camera=scene.cameras.getByIndex(0); 
var zero=new Vector3(0,0,0);
var bbcount=bbnodes.length;

// event handler to maintain camera-facing text labels
billboardHandler=new RenderEventHandler();
billboardHandler.onEvent=function(event)
{
  var T=new Matrix4x4();
  T.setView(zero,camera.position.subtract(camera.targetPosition),
            camera.up.subtract(camera.position));

  for(var j=0; j < bbcount; j++)
    bbnodes[j].transform.set(T.multiply(bbtrans[j]));
  runtime.refresh(); 
}
runtime.addEventHandler(billboardHandler);

runtime.refresh();



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012--today, Alexander Grahn
//
// 3Dmenu.js
//
// version 20140923
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript used by media9.sty
//
// Extended functionality of the (right click) context menu of 3D annotations.
//
//  1.) Adds the following items to the 3D context menu:
//
//   * `Generate Default View'
//
//      Finds good default camera settings, returned as options for use with
//      the \includemedia command.
//
//   * `Get Current View'
//
//      Determines camera, cross section and part settings of the current view,
//      returned as `VIEW' section that can be copied into a views file of
//      additional views. The views file is inserted using the `3Dviews' option
//      of \includemedia.
//
//   * `Cross Section'
//
//      Toggle switch to add or remove a cross section into or from the current
//      view. The cross section can be moved in the x, y, z directions using x,
//      y, z and X, Y, Z keys on the keyboard, be tilted against and spun
//      around the upright Z axis using the Up/Down and Left/Right arrow keys
//      and caled using the s and S keys.
//
//  2.) Enables manipulation of position and orientation of indiviual parts and
//      groups of parts in the 3D scene. Parts which have been selected with the
//      mouse can be scaled moved around and rotated like the cross section as
//      described above. To spin the parts around their local up-axis, keep
//      Control key pressed while using the Up/Down and Left/Right arrow keys.
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
// The code borrows heavily from Bernd Gaertners `Miniball' software,
// originally written in C++, for computing the smallest enclosing ball of a
// set of points; see: http://www.inf.ethz.ch/personal/gaertner/miniball.html
//
////////////////////////////////////////////////////////////////////////////////
//host.console.show();

//constructor for doubly linked list
function List(){
  this.first_node=null;
  this.last_node=new Node(undefined);
}
List.prototype.push_back=function(x){
  var new_node=new Node(x);
  if(this.first_node==null){
    this.first_node=new_node;
    new_node.prev=null;
  }else{
    new_node.prev=this.last_node.prev;
    new_node.prev.next=new_node;
  }
  new_node.next=this.last_node;
  this.last_node.prev=new_node;
};
List.prototype.move_to_front=function(it){
  var node=it.get();
  if(node.next!=null && node.prev!=null){
    node.next.prev=node.prev;
    node.prev.next=node.next;
    node.prev=null;
    node.next=this.first_node;
    this.first_node.prev=node;
    this.first_node=node;
  }
};
List.prototype.begin=function(){
  var i=new Iterator();
  i.target=this.first_node;
  return(i);
};
List.prototype.end=function(){
  var i=new Iterator();
  i.target=this.last_node;
  return(i);
};
function Iterator(it){
  if( it!=undefined ){
    this.target=it.target;
  }else {
    this.target=null;
  }
}
Iterator.prototype.set=function(it){this.target=it.target;};
Iterator.prototype.get=function(){return(this.target);};
Iterator.prototype.deref=function(){return(this.target.data);};
Iterator.prototype.incr=function(){
  if(this.target.next!=null) this.target=this.target.next;
};
//constructor for node objects that populate the linked list
function Node(x){
  this.prev=null;
  this.next=null;
  this.data=x;
}
function sqr(r){return(r*r);}//helper function

//Miniball algorithm by B. Gaertner
function Basis(){
  this.m=0;
  this.q0=new Array(3);
  this.z=new Array(4);
  this.f=new Array(4);
  this.v=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.a=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.c=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.sqr_r=new Array(4);
  this.current_c=this.c[0];
  this.current_sqr_r=0;
  this.reset();
}
Basis.prototype.center=function(){return(this.current_c);};
Basis.prototype.size=function(){return(this.m);};
Basis.prototype.pop=function(){--this.m;};
Basis.prototype.excess=function(p){
  var e=-this.current_sqr_r;
  for(var k=0;k<3;++k){
    e+=sqr(p[k]-this.current_c[k]);
  }
  return(e);
};
Basis.prototype.reset=function(){
  this.m=0;
  for(var j=0;j<3;++j){
    this.c[0][j]=0;
  }
  this.current_c=this.c[0];
  this.current_sqr_r=-1;
};
Basis.prototype.push=function(p){
  var i, j;
  var eps=1e-32;
  if(this.m==0){
    for(i=0;i<3;++i){
      this.q0[i]=p[i];
    }
    for(i=0;i<3;++i){
      this.c[0][i]=this.q0[i];
    }
    this.sqr_r[0]=0;
  }else {
    for(i=0;i<3;++i){
      this.v[this.m][i]=p[i]-this.q0[i];
    }
    for(i=1;i<this.m;++i){
      this.a[this.m][i]=0;
      for(j=0;j<3;++j){
        this.a[this.m][i]+=this.v[i][j]*this.v[this.m][j];
      }
      this.a[this.m][i]*=(2/this.z[i]);
    }
    for(i=1;i<this.m;++i){
      for(j=0;j<3;++j){
        this.v[this.m][j]-=this.a[this.m][i]*this.v[i][j];
      }
    }
    this.z[this.m]=0;
    for(j=0;j<3;++j){
      this.z[this.m]+=sqr(this.v[this.m][j]);
    }
    this.z[this.m]*=2;
    if(this.z[this.m]<eps*this.current_sqr_r) return(false);
    var e=-this.sqr_r[this.m-1];
    for(i=0;i<3;++i){
      e+=sqr(p[i]-this.c[this.m-1][i]);
    }
    this.f[this.m]=e/this.z[this.m];
    for(i=0;i<3;++i){
      this.c[this.m][i]=this.c[this.m-1][i]+this.f[this.m]*this.v[this.m][i];
    }
    this.sqr_r[this.m]=this.sqr_r[this.m-1]+e*this.f[this.m]/2;
  }
  this.current_c=this.c[this.m];
  this.current_sqr_r=this.sqr_r[this.m];
  ++this.m;
  return(true);
};
function Miniball(){
  this.L=new List();
  this.B=new Basis();
  this.support_end=new Iterator();
}
Miniball.prototype.mtf_mb=function(it){
  var i=new Iterator(it);
  this.support_end.set(this.L.begin());
  if((this.B.size())==4) return;
  for(var k=new Iterator(this.L.begin());k.get()!=i.get();){
    var j=new Iterator(k);
    k.incr();
    if(this.B.excess(j.deref()) > 0){
      if(this.B.push(j.deref())){
        this.mtf_mb(j);
        this.B.pop();
        if(this.support_end.get()==j.get())
          this.support_end.incr();
        this.L.move_to_front(j);
      }
    }
  }
};
Miniball.prototype.check_in=function(b){
  this.L.push_back(b);
};
Miniball.prototype.build=function(){
  this.B.reset();
  this.support_end.set(this.L.begin());
  this.mtf_mb(this.L.end());
};
Miniball.prototype.center=function(){
  return(this.B.center());
};
Miniball.prototype.radius=function(){
  return(Math.sqrt(this.B.current_sqr_r));
};

//functions called by menu items
function calc3Dopts () {
  //create Miniball object
  var mb=new Miniball();
  //auxiliary vector
  var corner=new Vector3();
  //iterate over all visible mesh nodes in the scene
  for(i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    if(!mesh.visible) continue;
    //local to parent transformation matrix
    var trans=mesh.transform;
    //build local to world transformation matrix by recursively
    //multiplying the parent's transf. matrix on the right
    var parent=mesh.parent;
    while(parent.transform){
      trans=trans.multiply(parent.transform);
      parent=parent.parent;
    }
    //get the bbox of the mesh (local coordinates)
    var bbox=mesh.computeBoundingBox();
    //transform the local bounding box corner coordinates to
    //world coordinates for bounding sphere determination
    //BBox.min
    corner.set(bbox.min);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //BBox.max
    corner.set(bbox.max);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //remaining six BBox corners
    corner.set(bbox.min.x, bbox.max.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
  }
  //compute the smallest enclosing bounding sphere
  mb.build();
  //
  //current camera settings
  //
  var camera=scene.cameras.getByIndex(0);
  var res=''; //initialize result string
  //aperture angle of the virtual camera (perspective projection) *or*
  //orthographic scale (orthographic projection)
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov*180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('\n3Daac=%s,', aac);
  }else{
      camera.viewPlaneSize=2.*mb.radius();
      res+=host.util.printf('\n3Dortho=%s,', 1./camera.viewPlaneSize);
  }
  //camera roll
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('\n3Droll=%s,',roll);
  //target to camera vector
  var c2c=new Vector3();
  c2c.set(camera.position);
  c2c.subtractInPlace(camera.targetPosition);
  c2c.normalize();
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('\n3Dc2c=%s %s %s,', c2c.x, c2c.y, c2c.z);
  //
  //new camera settings
  //
  //bounding sphere centre --> new camera target
  var coo=new Vector3();
  coo.set((mb.center())[0], (mb.center())[1], (mb.center())[2]);
  if(coo.length)
    res+=host.util.printf('\n3Dcoo=%s %s %s,', coo.x, coo.y, coo.z);
  //radius of orbit
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var roo=mb.radius()/ Math.sin(aac * Math.PI/ 360.);
  }else{
    //orthographic projection
    var roo=mb.radius();
  }
  res+=host.util.printf('\n3Droo=%s,', roo);
  //update camera settings in the viewer
  var currol=camera.roll;
  camera.targetPosition.set(coo);
  camera.position.set(coo.add(c2c.scale(roo)));
  camera.roll=currol;
  //determine background colour
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('\n3Dbg=%s %s %s,', rgb.r, rgb.g, rgb.b);
  //determine lighting scheme
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+=host.util.printf('\n3Dlights=%s,', curlights);
  //determine global render mode
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      currender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      currender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      currender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      currender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      currender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      currender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      currender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      currender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      currender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      currender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      currender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      currender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      currender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      currender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      currender='HiddenWireframe';break;
  }
  if(currender!='Solid')
    res+=host.util.printf('\n3Drender=%s,', currender);
  //write result string to the console
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Copy and paste the following text to the\n'+
    '%% option list of \\includemedia!\n%%' + res + '\n');
}

function get3Dview () {
  var camera=scene.cameras.getByIndex(0);
  var coo=camera.targetPosition;
  var c2c=camera.position.subtract(coo);
  var roo=c2c.length;
  c2c.normalize();
  var res='VIEW%=insert optional name here\n';
  if(!(coo.x==0 && coo.y==0 && coo.z==0))
    res+=host.util.printf('  COO=%s %s %s\n', coo.x, coo.y, coo.z);
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('  C2C=%s %s %s\n', c2c.x, c2c.y, c2c.z);
  if(roo > 1e-9)
    res+=host.util.printf('  ROO=%s\n', roo);
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('  ROLL=%s\n', roll);
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov * 180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('  AAC=%s\n', aac);
  }else{
    if(host.util.printf('%.4f', camera.viewPlaneSize)!=1)
      res+=host.util.printf('  ORTHO=%s\n', 1./camera.viewPlaneSize);
  }
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('  BGCOLOR=%s %s %s\n', rgb.r, rgb.g, rgb.b);
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+='  LIGHTS='+curlights+'\n';
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      defaultrender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      defaultrender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      defaultrender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      defaultrender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      defaultrender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      defaultrender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      defaultrender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      defaultrender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      defaultrender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      defaultrender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      defaultrender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      defaultrender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      defaultrender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      defaultrender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      defaultrender='HiddenWireframe';break;
  }
  if(defaultrender!='Solid')
    res+='  RENDERMODE='+defaultrender+'\n';

  //detect existing Clipping Plane (3D Cross Section)
  var clip=null;
  if(
    clip=scene.nodes.getByName('$$$$$$')||
    clip=scene.nodes.getByName('Clipping Plane')
  );
  for(var i=0;i<scene.nodes.count;i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd==clip||nd.name=='') continue;
    var ndUTFName='';
    for (var j=0; j<nd.name.length; j++) {
      var theUnicode = nd.name.charCodeAt(j).toString(16);
      while (theUnicode.length<4) theUnicode = '0' + theUnicode;
      ndUTFName += theUnicode;
    }
    var end=nd.name.lastIndexOf('.');
    if(end>0) var ndUserName=nd.name.substr(0,end);
    else var ndUserName=nd.name;
    respart='  PART='+ndUserName+'\n';
    respart+='    UTF16NAME='+ndUTFName+'\n';
    defaultvals=true;
    if(!nd.visible){
      respart+='    VISIBLE=false\n';
      defaultvals=false;
    }
    if(nd.opacity<1.0){
      respart+='    OPACITY='+nd.opacity+'\n';
      defaultvals=false;
    }
    if(nd.constructor.name=='Mesh'){
      currender=defaultrender;
      switch(nd.renderMode){
        case scene.RENDER_MODE_BOUNDING_BOX:
          currender='BoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
          currender='TransparentBoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
          currender='TransparentBoundingBoxOutline';break;
        case scene.RENDER_MODE_VERTICES:
          currender='Vertices';break;
        case scene.RENDER_MODE_SHADED_VERTICES:
          currender='ShadedVertices';break;
        case scene.RENDER_MODE_WIREFRAME:
          currender='Wireframe';break;
        case scene.RENDER_MODE_SHADED_WIREFRAME:
          currender='ShadedWireframe';break;
        case scene.RENDER_MODE_SOLID:
          currender='Solid';break;
        case scene.RENDER_MODE_TRANSPARENT:
          currender='Transparent';break;
        case scene.RENDER_MODE_SOLID_WIREFRAME:
          currender='SolidWireframe';break;
        case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
          currender='TransparentWireframe';break;
        case scene.RENDER_MODE_ILLUSTRATION:
          currender='Illustration';break;
        case scene.RENDER_MODE_SOLID_OUTLINE:
          currender='SolidOutline';break;
        case scene.RENDER_MODE_SHADED_ILLUSTRATION:
          currender='ShadedIllustration';break;
        case scene.RENDER_MODE_HIDDEN_WIREFRAME:
          currender='HiddenWireframe';break;
        //case scene.RENDER_MODE_DEFAULT:
        //  currender='Default';break;
      }
      if(currender!=defaultrender){
        respart+='    RENDERMODE='+currender+'\n';
        defaultvals=false;
      }
    }
    if(origtrans[nd.name]&&!nd.transform.isEqual(origtrans[nd.name])){
      var lvec=nd.transform.transformDirection(new Vector3(1,0,0));
      var uvec=nd.transform.transformDirection(new Vector3(0,1,0));
      var vvec=nd.transform.transformDirection(new Vector3(0,0,1));
      respart+='    TRANSFORM='
               +lvec.x+' '+lvec.y+' '+lvec.z+' '
               +uvec.x+' '+uvec.y+' '+uvec.z+' '
               +vvec.x+' '+vvec.y+' '+vvec.z+' '
               +nd.transform.translation.x+' '
               +nd.transform.translation.y+' '
               +nd.transform.translation.z+'\n';
      defaultvals=false;
    }
    respart+='  END\n';
    if(!defaultvals) res+=respart;
  }
  if(clip){
    var centre=clip.transform.translation;
    var normal=clip.transform.transformDirection(new Vector3(0,0,1));
    res+='  CROSSSECT\n';
    if(!(centre.x==0 && centre.y==0 && centre.z==0))
      res+=host.util.printf(
        '    CENTER=%s %s %s\n', centre.x, centre.y, centre.z);
    if(!(normal.x==1 && normal.y==0 && normal.z==0))
      res+=host.util.printf(
        '    NORMAL=%s %s %s\n', normal.x, normal.y, normal.z);
    res+=host.util.printf(
      '    VISIBLE=%s\n', clip.visible);
    res+=host.util.printf(
      '    PLANECOLOR=%s %s %s\n', clip.material.emissiveColor.r,
             clip.material.emissiveColor.g, clip.material.emissiveColor.b);
    res+=host.util.printf(
      '    OPACITY=%s\n', clip.opacity);
    res+=host.util.printf(
      '    INTERSECTIONCOLOR=%s %s %s\n',
        clip.wireframeColor.r, clip.wireframeColor.g, clip.wireframeColor.b);
    res+='  END\n';
//    for(var propt in clip){
//      console.println(propt+':'+clip[propt]);
//    }
  }
  res+='END\n';
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Add the following VIEW section to a file of\n'+
    '%% predefined views (See option "3Dviews"!).\n%%\n' +
    '%% The view may be given a name after VIEW=...\n' +
    '%% (Remove \'%\' in front of \'=\'.)\n%%');
  host.console.println(res + '\n');
}

//add items to 3D context menu
runtime.addCustomMenuItem("dfltview", "Generate Default View", "default", 0);
runtime.addCustomMenuItem("currview", "Get Current View", "default", 0);
runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);

//menu event handlers
menuEventHandler = new MenuEventHandler();
menuEventHandler.onEvent = function(e) {
  switch(e.menuItemName){
    case "dfltview": calc3Dopts(); break;
    case "currview": get3Dview(); break;
    case "csection":
      addremoveClipPlane(e.menuItemChecked);
      break;
  }
};
runtime.addEventHandler(menuEventHandler);

//global variable taking reference to currently selected node;
var target=null;
selectionEventHandler=new SelectionEventHandler();
selectionEventHandler.onEvent=function(e){
  if(e.selected&&e.node.name!=''){
    target=e.node;
  }else{
    target=null;
  }
}
runtime.addEventHandler(selectionEventHandler);

cameraEventHandler=new CameraEventHandler();
cameraEventHandler.onEvent=function(e){
  var clip=null;
  runtime.removeCustomMenuItem("csection");
  runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);
  if(clip=scene.nodes.getByName('$$$$$$')|| //predefined
    scene.nodes.getByName('Clipping Plane')){ //added via context menu
    runtime.removeCustomMenuItem("csection");
    runtime.addCustomMenuItem("csection", "Cross Section", "checked", 1);
  }
  if(clip){//plane in predefined views must be rotated by 90 deg around normal
    clip.transform.rotateAboutLineInPlace(
      Math.PI/2,clip.transform.translation,
      clip.transform.transformDirection(new Vector3(0,0,1))
    );
  }
  for(var i=0; i<rot4x4.length; i++){rot4x4[i].setIdentity()}
  target=null;
}
runtime.addEventHandler(cameraEventHandler);

var rot4x4=new Array(); //keeps track of spin and tilt axes transformations
//key event handler for scaling moving, spinning and tilting objects
keyEventHandler=new KeyEventHandler();
keyEventHandler.onEvent=function(e){
  var backtrans=new Matrix4x4();
  var trgt=null;
  if(target) {
    trgt=target;
    var backtrans=new Matrix4x4();
    var trans=trgt.transform;
    var parent=trgt.parent;
    while(parent.transform){
      //build local to world transformation matrix
      trans.multiplyInPlace(parent.transform);
      //also build world to local back-transformation matrix
      backtrans.multiplyInPlace(parent.transform.inverse.transpose);
      parent=parent.parent;
    }
    backtrans.transposeInPlace();
  }else{
    if(
      trgt=scene.nodes.getByName('$$$$$$')||
      trgt=scene.nodes.getByName('Clipping Plane')
    ) var trans=trgt.transform;
  }
  if(!trgt) return;

  var tname=trgt.name;
  if(typeof(rot4x4[tname])=='undefined') rot4x4[tname]=new Matrix4x4();
  if(target)
    var tiltAxis=rot4x4[tname].transformDirection(new Vector3(0,1,0));
  else  
    var tiltAxis=trans.transformDirection(new Vector3(0,1,0));
  var spinAxis=rot4x4[tname].transformDirection(new Vector3(0,0,1));

  //get the centre of the mesh
  if(target&&trgt.constructor.name=='Mesh'){
    var centre=trans.transformPosition(trgt.computeBoundingBox().center);
  }else{ //part group (Node3 parent node, clipping plane)
    var centre=new Vector3(trans.translation);
  }
  switch(e.characterCode){
    case 30://tilt up
      rot4x4[tname].rotateAboutLineInPlace(
          -Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(-Math.PI/900,centre,tiltAxis);
      break;
    case 31://tilt down
      rot4x4[tname].rotateAboutLineInPlace(
          Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(Math.PI/900,centre,tiltAxis);
      break;
    case 28://spin right
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            -Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 29://spin left
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 120: //x
      translateTarget(trans, new Vector3(1,0,0), e);
      break;
    case 121: //y
      translateTarget(trans, new Vector3(0,1,0), e);
      break;
    case 122: //z
      translateTarget(trans, new Vector3(0,0,1), e);
      break;
    case 88: //shift + x
      translateTarget(trans, new Vector3(-1,0,0), e);
      break;
    case 89: //shift + y
      translateTarget(trans, new Vector3(0,-1,0), e);
      break;
    case 90: //shift + z
      translateTarget(trans, new Vector3(0,0,-1), e);
      break;
    case 115: //s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1.01);
      trans.translateInPlace(centre.scale(1));
      break;
    case 83: //shift + s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1/1.01);
      trans.translateInPlace(centre.scale(1));
      break;
  }
  trans.multiplyInPlace(backtrans);
}
runtime.addEventHandler(keyEventHandler);

//translates object by amount calculated from Canvas size
function translateTarget(t, d, e){
  var cam=scene.cameras.getByIndex(0);
  if(cam.projectionType==cam.TYPE_PERSPECTIVE){
    var scale=Math.tan(cam.fov/2)
              *cam.targetPosition.subtract(cam.position).length
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }else{
    var scale=cam.viewPlaneSize/2
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }
  t.translateInPlace(d.scale(scale));
}

function addremoveClipPlane(chk) {
  var curTrans=getCurTrans();
  var clip=scene.createClippingPlane();
  if(chk){
    //add Clipping Plane and place its center either into the camera target
    //position or into the centre of the currently selected mesh node
    var centre=new Vector3();
    if(target){
      var trans=target.transform;
      var parent=target.parent;
      while(parent.transform){
        trans=trans.multiply(parent.transform);
        parent=parent.parent;
      }
      if(target.constructor.name=='Mesh'){
        var centre=trans.transformPosition(target.computeBoundingBox().center);
      }else{
        var centre=new Vector3(trans.translation);
      }
      target=null;
    }else{
      centre.set(scene.cameras.getByIndex(0).targetPosition);
    }
    clip.transform.setView(
      new Vector3(0,0,0), new Vector3(1,0,0), new Vector3(0,1,0));
    clip.transform.translateInPlace(centre);
  }else{
    if(
      scene.nodes.getByName('$$$$$$')||
      scene.nodes.getByName('Clipping Plane')
    ){
      clip.remove();clip=null;
    }
  }
  restoreTrans(curTrans);
  return clip;
}

//function to store current transformation matrix of all nodes in the scene
function getCurTrans() {
  var tA=new Array();
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd.name=='') continue;
    tA[nd.name]=new Matrix4x4(nd.transform);
  }
  return tA;
}

//function to restore transformation matrices given as arg
function restoreTrans(tA) {
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(tA[nd.name]) nd.transform.set(tA[nd.name]);
  }
}

//store original transformation matrix of all mesh nodes in the scene
var origtrans=getCurTrans();

//set initial state of "Cross Section" menu entry
cameraEventHandler.onEvent(1);

//host.console.clear();



Our goal

Let A, denote the regular n-simplex.

-
A3</dz\/v\
AN

How may we choose a 1-codimensional hyperplane H passing
through the center of A,, so that the volume of the intersection

volp—1(An N H) is
T —

3/21




Motivation

If K is a convex body, we call a set of the form K N H (where H is
a 1-codimensional hyperplane) a section of K.

—_—

427



Motivation

If K is a convex body, we call a set of the form K N H (where H is
a 1-codimensional hyperplane) a section of K. If H passes through
the barycenter of K, we call it a central section.

427



Motivation

If K is a convex body, we call a set of the form K N H (where H is
a 1-codimensional hyperplane) a section of K. If H passes through
the barycenter of K, we call it a central section.

Bourgain's slicing problem

Does every convex body K of volume 1 admit a section whose
volume is at least some universal constant, independent of the
dimension n?

427



Motivation

If K is a convex body, we call a set of the form K N H (where H is
a 1-codimensional hyperplane) a section of K. If H passes through
the barycenter of K, we call it a central section.

Bourgain's slicing problem

Does every convex body K of volume 1 admit a section whose
volume is at least some universal constant, independent of the
dimension n?

» Open problem

427



Motivation

If K is a convex body, we call a set of the form K N H (where H is
a 1-codimensional hyperplane) a section of K. If H passes through
the barycenter of K, we call it a central section.

Bourgain's slicing problem
Does every convex body K of volume 1 admit a section whose
volume is at least some universal constant, independent of the
dimension n?

» Open problem

> Key to understanding the uniform distribution on a
high-dimensional convex body

427



Motivation

If K is a convex body, we call a set of the form K N H (where H is
a 1-codimensional hyperplane) a section of K. If H passes through
the barycenter of K, we call it a central section.

Bourgain's slicing problem
Does every convex body K of volume 1 admit a section whose
volume is at least some universal constant, independent of the
dimension n?

» Open problem

> Key to understanding the uniform distribution on a
high-dimensional convex body

» Connections to isoperimetry in high dimensions (cf. KLS
conjecture)
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Previous work

A general type of question

Given a specific convex body K, can we identify its minimum
central section?

1Hugo Hadwiger. “Gitterperiodische Punktmengen und Isoperimetrie”. In: Monatshefte fiir Mathematik 76.5
(1972), pp. 410-418.

2Douglas Hensley. “Slicing the Cube in R” and Probability (Bounds for the Measure of a Central Cube Slice in
R" by Probability Methods)". In: Proceedings of the American Mathematical Society 73.1 (1979), pp. 95-100.

3Keith Ball. “Cube slicing in R™". In: Proceedings of the American Mathematical Society 97.3 (1986),
pp. 465-473.

4Simon Webb. “Central slices of the regular simplex”. In: Geometriae Dedicata 61.1 (1996), pp. 19-28.
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Simplex minimum

This leaves open the question from the beginning:

Simplex minimum

What is the minimum central section of the regular simplex?

5Patryk Brzezinski. “Volume estimates for sections of certain convex bodies”. In: Mathematische Nachrichten
286.17-18 (2013), pp. 1726-1743.

6/27



Simplex minimum

This leaves open the question from the beginning:

Simplex minimum
What is the minimum central section of the regular simplex?

Conjecture

The minimum central section is the central section A, N Hecet
that's parallel to a facet.

5Brzezinski, “Volume estimates for sections of certain convex bodies”.
6/27



Simplex minimum

This leaves open the question from the beginning:

Simplex minimum
What is the minimum central section of the regular simplex?

Conjecture

The minimum central section is the central section A, N Hecet
that's parallel to a facet.

Previous best bound [Brzezinski 2013°]

The central section A, N Heeet is within a factor of 2—\? z@f
the minimum.

5Brzezinski, “Volume estimates for sections of certain convex bodies”.
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Main result

Conjecture is true up to a 1 — o(1) factor [T. 2024-+9]

The central section A, N Heacet is within a factor of 1 — o(1) of the
minimum. (Little o is with respect to the dimension 7.) X I ,

AR/

—

6Colin Tang. Simplex slicing: an asymptotically-sharp lower bound. 2024. arXiv: 2403.13224 [math.MG].
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Main result

Conjecture is true up to a 1 — o(1) factor [T. 2024+°]

The central section A, N Heacet is within a factor of 1 — o(1) of the
minimum. (Little o is with respect to the dimension n.)

Tools used:
» probability distributions
» Fourier analysis

> New: moving the contour of integration of a
meromorphic function

We'll prove this result in the remainder of the presentation.

6Tang, Simplex slicing: an asymptotically-sharp lower bound.
7/27



Tool: probability distributions
Embed @nto R™1 via

{(Xl X2y .oy Xnt1) € R

X1+ X2+ - +X+1—1
x; > 0 for each i

(00\3 £42

(10,9)
A

(5,170)

8/27



Tool: probability distributions
Embed A, into R™1! via

A, = {(XI,X% CooyXny1) ERTE

X1+ x4 Fxp1=1
x; > 0 for each i ’

Central sections!A,, N H;correspond to a choice of vector@with

where a is the normal vector to H.

N - ap\.uv\ \W"(’
~ .




Tool: probability distributions Va Y

Embed A, into R™1! via

X1 +X):-/ + Xpp1 =1 \
x; > 0 fol each i

Central sections A, N H correspond to a choice\of vegdqr a with

A, = {(XI,X% CooyXny1) ERTE

aata+--+an1=0
a+az+ - +ap=1

where a is the normal vector to H.
Idea: Instead of A,, consider the density

|
e XITXe T Xn g, if each (
7Xn+1) =

v\ TH A\,

¢(X1,X2, co



Tool: probability distributions
Embed A, into R™! via

n {( 1,2, Xnt1) € x; > 0 for each i

Central sections A, N H correspond to a choice of vector a with

aata+--+ap1=0
T

where a is the normal vector to H.
Idea: Instead of A,, consider the density

e M@l if each x; > 0

¢X17X27...,X 1) =
( 1) 0 otherwise

Then [, ® dH" is proportional to the volume of the section.

X1+X2+"'+Xn+1:1}

8/27



Tool: probability distributions
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0 otherwise

Then [, ® dH" is proportional to the volume of the section.
Minimum central sections correspond to minimizing faJ- O dH".
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Tool: probability distributions

But & is a product measure, so [,1 ¢ dH" is the density at 0 of

the random variable

: 31Y1+32Y2+"'+3n+1@

(where the Y; are i.i.d. standard exponentials (mean 1)) 6\ (

A

14

N
2

- 7

Let G,(x) denote the density of Z,, so what we said above is

[L®dH" =G
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Tool: probability distributions

Reduction
The minimum central section corresponds to a choice of vector a
minimizing G,(0). Conjectured minimizer ag,cct satisfies

n—1
~ 1
Gafacet (0) = n—ril-l (n—?—l) ~ e
It's hard to optimize over the set S” N 1+ (the feasible region of
a). Expand the feasible region:

» Let u € 8" be arbitrary (the feasible region of u has one fewer
constraint than that of a!).

> Define@: (Vs = 1)+ (e = 1) 4k (Yo =T

» This extends the earlier definition of Z, since
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varies in §"7

Our result

Gu(0) > L for each u € S". Equality achieved if u = (1) € S°.

We lost a bit by expanding the feasible region from S"N1+ 3 a to
8" 5 u. Indeed, the minimum over u of G,(0) is exactly 1, but we
think the minimum over a of G,(0) is given by

G (0) = /521 (520) "
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Tool: probability distributions

Question

What's the minimum possible value that G,(0) can attain, as u
varies in §"7

Qur res
G,(0) >(E fdr each u € S". Equality achieved if u = (1) € S°.
We lost it by expanding the feasible region from S"N1+ 3 a to

8" 5 u. Indeed, the minimum over u of G,(0) is exactly 1, but we
think the minimum of G,(0) is given by

But certainly

1

E = muin GU(O) S main Ga(o) S Gafacet (0)’

and since G, ., (0) = %(1 + o(1)), we lost at most a 1 + o(1)
factor by expanding the feasible region. -
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Tool: Fourier analysis

wTs. C, (0) 2

Gu(x) is the density of a sum of mdependent centered exponentials
UJ(Y ) so G, is a convolution f1 % fp % - -« % f41.

o
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Tool: Fourier analysis

Gu(x) is the density of a sum of independent centered exponentials
uj(Yj —1), so js a convolution fy  fo % -« % foiq.

Here, f;(x) is the density of u;(Y; = 1). [t's given by

fi(x) = |l}|f( + 1) where £ is the density of the standard
(uncentered) exponentlal with mean 1:

F(x) = {ex if x>0

0 otherwise

12/27



Tool: Fourier analysis

Take the Fourier transform. Convolution becomes pointwise
multiplication.
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Tool: Fourier analysis

Take the Fourier transform. Convolution becomes pointwise
multiplication.

13/27



Tool: Fourier analysis
Take the Fourier transform. Convolution becomes pointwise

multiplication.

o 1
()_1+n
- eflljt
fi(th= ———
i 1+ iujt
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Tool: Fourier analysis
Take the Fourier transform. Convolution becomes pointwise

multiplication.

Gu(th\= 1] fi(t) = .
=1 =1 1+ it
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Tool: Fourier analysis

Take the Fourier tr rm. Convolution becomes pointwise
multiplication. v

Gu(t\=T1 fi(t)




Tool: Fourier analysis

1
We wanted to show | G,(0) > o and this is equivalent to
1 +o00 n+1 erjt 1
7/ 15t dt > —.
T i + 1ujt e
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Tool: Fourier analysis

We wanted to show | G,(0) >

1 .
— |, and this is equivalent to
e

1 +o00 n+1 ei“ft 1
7/ - dt 2 _
27 J o i1 1+ iujt e

iuit
Letting F,(t) = Hj”ill l—el—ijujt’ we just want to show

1 [t
— / Fu(t) dt >
27

OO0 m—

(O

_

é‘/\’bj "¢ ey o \\C
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Some complex analysis

Len (k) \‘1@

Thus far, all the techniques have been known.
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Some complex analysis

Thus far, all the techniques have been known.
The main difficulty now is estimating the highly oscillatory integral

[ Fy(t) dt.

4
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Some complex analysis

Thus far, all the techniques have been known.

The main difficulty now is estimating the highly oscillatory integral
J32 Fu(t) dt.

I'll spare you the pictures from my first attempt. It really wasn’t
great.
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Tool: moving the contour of integration

New ideaj moving the contour of integration.
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Tool: moving the contour of integration

New idea: moving the contour of integration.

» Recall from complex analysis that the integral of a
meromorphic function doesn't depend on the path taken (with

some caveats).
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Tool: moving the contour of integration

New idea: moving the contour of integration.

» Recall from complex analysis that the integral of a
meromorphic function doesn't depend on the path taken (with

some caveats).

> If we want to estimate the integral [72° F,(t) dt, we can
change the contour of integration, from the real line, to a

special curve 7y,.

16/27



Tool: moving the contour of integration

New idea: moving the contour of integration.

» Recall from complex analysis that the integral of a
meromorphic function doesn't depend on the path taken (with
some caveats).

> If we want to estimate the integral [72° F,(t) dt, we can
change the contour of integration, from the real line, to a
special curve 7y,.

> We will choose 7y, to have the property that F, is always a
positive real number along ~,. —

16/27



Tool: moving the contour of integration

\ /

Here's a plot of F,(t) with u = (1/0.42, \/0.38, 1/0.20): )/
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Tool: moving the contour of integration

|
(v0.42, \/o.fs, V020):

Here's a #0’7OF\Fu(t) with u
P4

7] £ s
1.4

2

-1/2

—T————
-4 -2

The color denotes the argumg

the red color, trace out a cur

ro— T n
2 4

nt of F,(t). Red means real. Follow
e Yy

17/27



Tool: moving the contour of integration

Black box (basically just the Implicit Function Theorem)

We can always find such a curve «,, along which F, takes positive
real values, such that ~y, is C* and passes through the origin.
Moreover, v, can be viewed as the graph of an even function y,(x)
in the xy-plane (identified with the complex plane in the usual
manner).

—— 7
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Tool: moving the contour of integration

Black box (basically just the Implicit Function Theorem)

We can always find such a curve «,, along which F, takes positive
real values, such that ~y, is C* and passes through the origin.
Moreover, -, can be viewed as the graph of an even function yu!x)
in the xy-‘pﬁ (identified with the complex plane in the usua
manner).

Here's a plot of v, with the same u (u = (1/0.42,/0.38,1/0.20)):

N,
VMM

18/27
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- moving the contour of integrati

ave that the
. Moreover, the
tison v,.

_—
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Tool: moving the contour of integration

Black box (some crude tail bounds)

As long as u has at least two nonzero entries, we have that the
integral [72° F,(t) dt exists and equals [, Fu(t) dt. Moreover, the
integrand F,(t) is always a positive real number if t is on ~,.

This is the part when we actually move the contour o

integration.
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Tool: moving the contour of integration

Black box (some crude tail bounds)

As long as u has at least two nonzero entries, we have that the
integral [72° F,(t) dt exists and equals [, Fu(t) dt. Moreover, the
integrand F,(t) is always a positive real number if t is on .

This is the part when we actually move the contour of
integration. I

So we just need to estimate > _

S

19/27



Differential equations

Recall that y,(x) is the function whose graph is ,.
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Differential equations

Recall that y,(x) is the function whose graph is 7,. Defining
Fu(x) = Fu(x + iyu(x)), we can compute that
[, Fu(t) dt = Jg Fu(x) dx since F, is an even function of x.
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Differential equations

Recall that y,(x) is the function whose graph is 7,. Defining
Fu(x) = Fu(x + iyu(x)), we can compute that

[y, Fu(t) dt = g F,(x) dx since F, is an even function of x. (We
changed dt to dx.)

20/27



Differential equations




Differential equations

Compute that equality holds if u = (1) € 8% i.e.
-

1 ~ 1
%/RF(]_)(X) dX: E
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Differential equations

Compute that equality holds if u = (1) € 8% i.e.

1 ~ 1
%/RF(]_)(X) dX: E
’/—’_\_—\

If we could show rl:_u(x) > l:_(l)(x) for each x} then we would

automatically get

as desired.
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Differential equations

Compute that equality holds if u = (1) € 8% i.e.
1 ~ 1
g/RF(l)(X) dx = g

If we could show | F,(x) > l:_(l)(x) for each x |, then we would

automatically get

1 o 1 ~ 1
il > _ -
27T/RFU(X) dx > 27T/RF(1)(X) dx -

as desired.
Let's show the boxed statement.
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Differential equations

Compute that equality holds if u = (1) € 8% i.e.

217T/RI:'(1)(X) dx = %. (/

If we could show(| F,(x) > l:_(l)(x) for each x | _then we would

S 1
e —

automatically get

1 o 1 ~ 1
il > _ -
27T/RFU(X) dx > 27T/RF(1)(X) dx -

as desired.
Let's show the boxed statement. From now on, assume x > 0.
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Differential equations

Defining property of y,

n+1 n+1
/ —Yu + UJ(X + yu Z

y: —_—m
! j=1 x? + ( yh uj yh)2
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Differential equations

\

/
n+1

2 2
, —yu Hui(k° + i)
y:

Defining property of y,

n+1

Corollary

Yu

X

- x
x2 + (u% — Yu)?

I < *YU+X2+)/3
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Differential equations

Defining property of y,

n+1

1
—yu+ u(x2+yt) |&
-SSR Sedw Y

j=1 x2 + (u_J - }/u) _J - }/u)2

Corollary

_yu+X2+y3
YU——

Using this,pwe can prove
Black b@( ( "t\ Y
't QLW Vg y) forall x > 0. ( \\
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Differential equations

Compute
2 2
) DVass x 4 [y —yutu(x*+y2)
=1 " 7. 2 j=1 "~ 7. \2
W (i) (3
e log Fu(x) = — : n+1 x -
x S

j=1 N 2
x2+ (7*)/11)
J
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Differential equations

Compute

zn+1 —yutuj(x>+y2)

j=1 2
x24 <% *Yu)
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Differential equations: Two curious |nequaI|t|es

Use Cauchy-Schwarz: \.? JCO\,
S e
Eein

J=1 X2+ (?j —Yu

IA
3>
%
—_
—
X
~
&
~
N
N—
N
N———
N
3>
%
—
K:N
N——
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Differential equations: Two curious inequalities

Use Cauchy-Schwarz again:

2
—Yu + Uj(X2 +)/L21)

=2 ()

n+1

IN

j=1

eyl

vy + X2+ y2) -y

j=1 x2 + (u% - yu)2
n+1 2 2\2 n+1
(=yu/uj+ %"+ yi) 2
u.
; 2 1 _ 2\ (; J)
X +<Uj y“)
n+1

(—yu/uj + x>+ y2)?

(s (5 -n))

D
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Differential equations

’ """571(
Putting it together: é \
) i, L

= _T
d ~
== log F,
\:> dx og (D(X)
which is sufficient to imply_F,(x) > F1)(x).\as desired.
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Thanks
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