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Motivation: Average Length
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max{[|x —yllc, ly = xllc} = lIx = yllen-o)

R({Xay}7 C) = ”X_}/”%

X = Yllconv(cu— o))
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AM-HM mean inequality
Let a,b > 0. Then

2ab
min{a, b} < 2

<a+
at+b—

2

< max{a, b}
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AM-HM mean inequality

Let a,b > 0. Then

) 2ab a+b
< < <
min{a, b} < b= g = max{a, b}

Let A, B be convex sets with 0 € int(A)Nint(B). Firey '61 has shown

C conv(AU B).

A°+B°\° A+ B
Ach( + )C+

2 2
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Always Optimal

Let C be a convex set with 0 € int(C). Then

CN(=C) cot (CO +§_C)°>O c CHEO con conv(C U (=C)).

2
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C* conv(C U (—C)).

CA(~C) ot (co + (—C)°>° C CH(=0)

2 2

What about:

2 2
CN(=C)c’ conv(CU(=C))

(M)O 7 c+(=0
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Minkowski Asymmetry

s(C) :=inf{\ > 0|C C A(—C)+t forsome teR}=R(C,—C).

~sC+t

¢ = Minkowski center: C — ¢ C s(C)(—(C — ¢)).
0 = Minkowski center: C is Minkowski centered.
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Theorem
Let S be a Minkowski centered regular n-simplex. Then

(i) SN(=S) C* conv(SU(=S)), if n is odd,
(i) SN(=S) cort

reonv(S U (=S)), if n is even, and

(iii) (5 50) CoPt '(’,(1':;?) 323, if n is even.

72
)
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Reverse mean inequalities

Theorem

Let C € K" be Minkowski centered. Then
(i) con(CU(=C)) ct s(C)(CN(-C)),

(i) conv(C U (—C)) cort 522(?1%,

(i) (£5<) cort 2 (cn(-0)),

(v) S€ o 2198(cn(-0)),

(V) COnV(CU (_C)) copt S(C2)+1 (COECO)O_

(vi) CEC C S(C2)+1 (COECO)O, and for all s € [1,n] 3 a Minkowski
centered C € K" with s(C) = s, s.th. containment is optimal.
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Let x € R". Then

IX[loo < [lxll2 < [Ix[l2and  Ix[s < V/nllx[l2 < nf|x[|
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||X||conv(CU(—C)) < ||X||% < ||X||(C(’2C“)q < ||X||Cﬂ(—C)

s+1
Ixllcno < ZFHxll e < slixleomicoc
Illnc) < —=lixll ooy < sl
or ||X{lcn(-¢) = s+1 X (C“;C()“ = S{|X||conv(CU(-C))
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Theorem
(i) CN(=C) c con(CU(-C)) —
(i) (3(c°= ) < 3(C-O) =

(ii) 3p, —p € bd(C), parallel halfspaces H: o H=,
—p, respectively.

o supporting C at p,
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Let C € K", a(C) > 0s.th. CN(—C) C% o(C)conv(C U (-C)).
For s € [1, n] we define

a1\2(s) == inf \ sup{a(C) : C € K" Minkowski centered, s(C) = s}.

a(C)
1 foeeee .
1 S 1
L2 s2-1 |
st . !
A : s

1 2 2

For n=2: ay(s) = 25. aa(s) = 1for s < = 1+2‘/§;
ao(s) > 555 for s > o, azgﬁfors>gp.
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For C = SN(—sS) with S a regular Minkowski centered simplex holds

2
_ opt _
Cn(-=C)cC S+1conv(CU( 0))
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For C = SN(—sS) with S a regular Minkowski centered simplex holds

2
_ opt _
Cn(-=C)cC s-|—1C0nV(CU( 0))
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CNn(-C)c* max{l }conv(C u(—=0Q))
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For C = SN (—sS) holds

CN(=C) C* max{1, 2 }conv(CU( Q))
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Let C € K", a(C) > 0s.th. CN(—C) C% o(C)conv(C U (-C)).
For s € [1, n] we define

a1\2(s) == inf \ sup{a(C) : C € K" Minkowski centered, s(C) = s}.

a(C)
1 _________ 1 S :
L2 -1
, s+l . ‘
AN I I I s
1 ' 2
_ . _ 2 _ . 1+V5.
For n=2: au(s) = ;57 ao(s) = 1 for s < ¢ 1= =52,

s —265°4365+34
Q/Q(S)Z @forSZgo, a2§mfors>@.
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Theorem
Let C € K" be Minkowski centered with s(C) =s, n even. Then

(i) CN(=C)C ¥ n: -conv(C U (=C)), if s > a(n), and
(ii) (W) C Q%% if s > ~3(n), where

g (nmsEDEHY
V=) S T st D)

sn l1+n—s
C.—C(n,s)—(n+1)<<1+s+1> 1—n(n—s)_n>’
= o(n) = n* 4+ nd+2n°+ /5,
T2 S 2m 1+ 30+ 1)

62 1= 62(n) := n® 4 6n" +17n° + 28n° + 28n* + 12n* — 4n® — 12n — 4.

o’
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|dea of the proof

For C, K € K" the Banach-Mazur distance between K and C is

dem(K, C) :=inf{p>1:c'+ K C L(C) C ¢+ pK, L € GL(n)}.

Proposition (Schneider, 2009)

Let S € K" be an n-simplex and C € K" s.th. s(C) =n—¢, ¢ € (0, %)
Then
(n+1)e

< .
dBM(C,S) <1+ 1_ e

o Forse (n—1,n): c'+S5CL(C)Cc®+pSwith p < $7H=
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Theorem
Let C € K™ be Minkowski centered, o € R. Then

CN(—C)c% a-conv(CU(-C)) iff

L(C)N L(—C) C°* « - conv(L(C) U L(—C)).

@ Thus, ¢! + S C C C c?+ pS with p < 12*,,’(1”‘_1)-

@ Show: 0 ect+Sc Ccc?+pS.

@ Define: fi as minimal distance from 0 to the facets of ¢! + S.

o Show: 3 (1—s(p—1))=p<p<Ll
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o Combine:
CN(=C) C(c®+pS)Nn(—c®—pS)
C(p+nlp—p)(SN(=9))
C " (p+ n(p — u))conv(S U (~5))

n+1
n_ (p+n(p—p) 1 1

P . conv((c* +S)U(—c = 5))
n_ (p+n(p—p)

n 1 . conv(C U (—CQ)).
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Let C € K", a(C) > 0s.th. CN(—C) C% a(C)conv(C U (—C)).
For s € [1, n] we define

an2(s) ;= inf \ sup{a(C) : C € K" Minkowski centered, s(C) = s}.

a(C)
1 """"" 1
1 S 1
L2 -1
e . |
A : s

1 ¥ 2

For n=2: ay(s) = 25. aa(s) = 1fors < = L5,
ao(s) > 555 fors > o, a2§%f0r5>go.
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Golden House

Theorem

Let C € K2 be Minkowski centered, (COECO)O copt £2€ then s(C) < .
If s(C) = ¢, 3 linear transformation L s.th. L(C) = golden house.
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|dea of the proof

Proposition (Brandenberg, Koenig, 2013)
Let K,C € K" and K C C. The following are equivalent:

(i) K Cot C.

(i) There exist k € {2,...,n+ 1}, p € KNbd(C), & € N(C, p/),
j=1,...,k, such that 0 € conv({a,...,a*}).
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d2

—H
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Generalized Golden House

Let n > 2. Then for C = generalized golden house holds

CA(=C) P conv(CU(=C)). s(C):%(n—H (n—2)n+5)
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a—l—b_a
=
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Generalized Golden Ratio

(n—1)a+b
=

b
— g=3(n-1+n-2n+5)
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Thank you for your attention!
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