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L,-Borell-Brascamp-Lieb inequality

L, coefficients: Cp 5 ¢ := (1 — t)%r(l - )\)%, Dpyi = tP A3 for t, )\ € [0, 1] where
1/p+1/qg=1.

L,-Borell-Brascamp-Lieb inequality (M. Roysdon and S. Xing, 2021)

Let p>1, —co<s<oo, te€(0,1)and f,g,h: R" — R, be a triple of bounded
integrable functions satisfying the condition

1
h(Cpaex + Dpxty) > [Contf (x)° + Dpxcg(y)°]

for every x € supp(f), y € supp(g) and every A € [0,1]. Then

[ (@-nU 7 +efom)7.  #s=-L
= min{[C’A,t]Wff,[Dp,A’t]W fg), ifs< -1

for0<A<1 and y=

_S
1+ns*

> p=1,5 > —1: the classical BBL inequality.
» p=1,5 < —1: the case solved by S. Dancs and B. Uhrin, JMAA, 1980.

n*
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L, s supremal convolution

M. Roysdon and S. Xing (Trans. Amer. Math. Soc., 2021)
For f,g : R" - R, s € (—o0,00) and p > 1, we define the L, s supremal
convolution of f and g as

[(1— 1) ps f Bpstpsgllz) = sup sup  (Copnef (X)° + Dpreg(y))"*
OS)\S].Z:CP,,\JX-FDP’)\J}/

where 1/p+1/qg = 1.

. | (A= PP+ ()7, ifs =1,
/(1 t) p,s f@p,s tps8 = min{[Cp’,\)t]% ff, [D ,)\,t]% fg)7 if s < —%.

< 0 < p < 1: we define L, s inf-supremal convolution of f and g replacing
supg<a<1 by info<a<i.

< p = 1: the classic supremal convolution operation for functions.
< K, L are convex bodies: (1 —t) ps Xk Dp,s t 'p.s XL = X(1—t)-pK+pt-,L Where

(1—1t)-p K+pt-p L means the L, Minkowski summation.
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The L, s Asplund summation for p > 1

< Given «, 8 > 0 and convex functions u, v on R”, the L, addition of u, v

(e u) By (88, v)](x) = {(a(u ()P + B(v" (x))P) /7",

where the Legendre transform for v is defined as

u*(x) = sup [{x,y) — u(y)]-

yeRn
The L, s Asplund summation for s-concave functions

Forp>1,se (-

=(1- su(x))%r and
g(x) =

00), given s-concave functions f(x)
(1 —sv(x))3, we define the L, s Asplund summation with weights
o, >0 as

(0 p.s ) %p.s (Bops ) = (1 = s[(@ B, u) B, (8, v)]) .

S

< s =0: Asplund summations for log-concave functions by N, Fang, S. Xing
and D. Ye, CVPDE, 2020.
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Quermassintegral for functions

4 Projection function (f4)(z) := sup f(z+y).
yeH+

Quermassintegral of functions

For a non-negative function f on R” and j € {0,---,n— 1}, the j-th
quermassintegral of f is defined as

Wi(F) ;:cn,,-/ /fH(x)dxdy,,,n,j(H).

G,,,,,,j H

S Wi(F) = [ Wi({x € R": f(x) > t})dt.
0

$ f = xk: W(f) = Wj(K), the quermassintegral for convex body K.

¢ ae[-1, n—ij] v € [-a, ), a-concave functions f, g, and p > 1:
pay

Wi((1 = t) Xpa f Spa t Xpa g) 2 [(1 = )W(F) + tWj(g)°]"", B = oty
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L, s mixed quermassintegral

Variation formula of quermassintegral (M. Roysdon and S. Xing, 2021)
We define L, s mixed quermassintegral for s-concave functions f = (1 — su)i/s,

gz(l—sv)i/S and o = u*, Y = v* as

s . 1 . VVj(f*p,s € p,s g) — VVJ(f)
W, i(f.g) = n—j 5@0 €
1
1 [1— sup(x)]2 " Yu(Vun(x))? 1-
_ 1 _ oH(Vun(x) P
n—jJ Jgre ||X||J 4
. 1{; Vuy(x Vup(x))—"
+s—0 WO L fRn H( H(X)‘)ljﬂaH( M) " gy
* J = 0' S = 0:

() 0 < p<1: L Rotem; p>1: N. Fang, S. Xing and D. Ye.
(ii) f(x) = xk, g = x1 for convex bodies K, L:

Wio(F.g) = Vo(k.D) = [ Kb Pk

Thank you very much!!!
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Problems in Directional Discrepancy

at the Workshop in Convexity and Probability, GA Tech

Michelle Mastrianni

University of Minnesota

May 27, 2022
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Discrepancy notation

e Point set P C [0,1)?: |P| =N
o Class of subsets of [0,1)7: A

Definition (Local discrepancy)

- . D(P,A) = |N - vol(A) — [P A
A .... [ ]
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Discrepancy notation

e Point set P C [0,1)?: |P| =N
o Class of subsets of [0,1)7: A

Definition (Local discrepancy)

- . D(P,A) = |N - vol(A) — [P A
.. ", Definition (L..-discrepancy of P wrt A)
AP D(P. A) = sup D(P, A)
. o o ° AcA
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Discrepancy notation

e Point set P C [0,1)?: |P| =N
o Class of subsets of [0,1)7: A

°
)
o.'.
° o o
°
°
e o
° °
° °
Al e
o o °
LI -
°

M. Mastrianni (University of Minnesota)

Definition (Local discrepancy)

D(P,A) = |N - vol(A) — [P A

Definition (L..-discrepancy of P wrt A4)

D(P,A) = sup D(P, A)

Definition (L.-discrepancy wrt .A)

D(N,A): inf D(P,A)
Pecl0,1)9
|P|=N

e

Directional Discrepancy May 27, 2022
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Directional discrepancy in two dimensions

If Q C[0,75) is a set of “allowed” directions, let

_ 2 . R is a rectangle making angle 0
RQ - {R n [0’ 1] ' with the x-axis, where 6€Q .
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Directional discrepancy in two dimensions

If Q C[0,75) is a set of “allowed” directions, let

_ 2 . R is a rectangle making angle 0
RQ - {R n [0’ 1] : with the x-axis, where 6€Q .

Two extreme cases:

e When Q is a singleton, say Q = {0} (the very well-studied class of
axis-parallel rectangles), we get logarithmic discrepancy:

D(N,Ryoy) ~ log N (Roth, Schmidt, Halasz, van der Corput)
@ And, for all rotations R,y = R[o,g) we have polynomial discrepancy:
N/* < D(N,R.y) < NY4\/log N (Beck)

Question: What happens “in between” these extremes?
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Lower bounds

All rotations: Let Py be an N-point set and S(q, r, v) a square with
center g, sidelength r, and angle v. If u = NA—3", p d(p— pi), we have

[.0(Pu.S(a.rda = [ [LQR - 7 de
R2 R2 —— s ~——

shape point
component component
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Lower bounds

All rotations: Let Py be an N-point set and S(q, r, v) a square with
center g, sidelength r, and angle v. If u = NA—3", p d(p— pi), we have

[.0(Pu.S(a.rda = [ [LQR - 7 de
R2 R2 e e N —

shape point
component component

In the proof we exploit the decay estimate awerave,,\l/,’\l,(f)\2 e #.
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Lower bounds

All rotations: Let Py be an N-point set and S(q, r, v) a square with
center g, sidelength r, and angle v. If u = NA—3", p d(p— pi), we have

[, 0P, S(a r)dg = [ [L(&)R - AP de
R2 R2 ~—— ~——

shape point
component component

In the proof we exploit the decay estimate averavey\l/r:,(g)\2 e ﬁ.

Restricted Intervals: Suppose now that € is a smaller interval.

Issue: decay estimate now only holds for £ in a sector of R? and since the
behavior of [i is entirely dependent on the point set, it is unclear whether

L 0PuS@r? L [ 1Pl
R? s

ector
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Related problem: particular classes of convex sets

Let C be a convex body. Given a unit vector © = (cos f,sin ),
the length of the interval

e vo(d) = {X eC:x0= )jglé(y-@)—ké}

(cme) measures smoothness and convexity
' of OC in the direction ©.

e For any convex set, [vo(d)| = d
o For sets with C2 boundary e.g. discs, |yo(8)| = 61/2.

L. Brandolini and G. Travaglini (2021): obtained discrepancy lower bounds

for classes of translations and dilations of a convex body with certain
smoothness properties: namely that have |yg(8)| = §1/2 on some interval.
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Back to rotated rectangles setting

Theorem (Bilyk, M., 2021)
If Q= (—0,0) for some § < 7, then D(N,Rq) NL/5. J

Proof outline (uses ideas from BT paper)

@ Use decay estimates for shape
component: > |¢|73 for & in
sector; > [£|~* for ¢ outside

@ Approximate the sector by
suitably many rotated rectangles

e For m € 72, let ®(m) be the number of rectangles m lies in
e Find p (depending on N) such that p®(m) < the decay estimates.

@ Use estimates for exponential sums (capturing point component /i)
over integer lattice points in rectangles centered at the origin.
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Extension to Cantor sets of rotations

In recent work, using similar methods, we have obtained a lower bound for
the case where the allowed rotations are given by Cantor sets.

Theorem (Bilyk, M., 2022)

Let 0 < A< % and let 1 and | be the intervals [0, \] and [1 — A, 1]
respectively. We iteratively remove intervals: if at step k — 1 we have
defined intervals lx_11, lk—12, -, [x_1 ok—1, then we define

lkas Ik2s -+ 5 Ik ox by deleting from each Ix_1; an interval of length

(1 — 2\)A =L If we let the resulting Cantor set be defined as

oo 2Kk

cN) = U ks

then we have
D(N, Re(yy) 2 NYT=200),

where 6(\) = log(2)/log(1/)) is the Hausdorff dimension of C(\).

—_— - ™ +
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Moments of Gaussian quadratic forms with values in

Banach space.

Rafat Meller (based on joint work with R. Adamczak and R. Latata)
University of Warsaw

Atlanta May 2022



Motivation

Theorem (Classical Hanson-Wright inequality)

Let (Xi)ien be independent, c-subgaussian r.v's and A = (ajj) be a
real-values matrix. Then
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Theorem (Classical Hanson-Wright inequality)

Let (Xi)ien be independent, c-subgaussian r.v's and A = (ajj) be a
real-values matrix. Then
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Natural questions:
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ij
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Motivation

Theorem (Classical Hanson-Wright inequality)

Let (Xi)ien be independent, c-subgaussian r.v's and A = (ajj) be a
real-values matrix. Then

S f2 t
P(| ) aj(XiX; — EXiXj)| > t) < 2e <c&4zija,.2j Caz'A”W@)

]

Natural questions:

P(sup| > af(XiX; — EX;X;)| > t) <?
ko

P(\«/Z |3 a5(OGX; — EXX)|9 > t) <7
k ij

B(IS by(XiX; — EXiX))] > £) <7

ij
where bj; € (F,||-||) (normed space).




From moments to tails

Let (F,||-||) be a normed space and A = (aj;) be an F-valued matrix.
Standard argument gives
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From moments to tails

Let (F,||-||) be a normed space and A = (aj;) be an F-valued matrix.
Standard argument gives

(I 25(XiX; — EXiX))|| > t) < C(a HZ aij(gigj — di=j)ll = c(a)t)
ij

The latter can be estimated by Markov inequality:

P
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P(I1> " aij(gigi — 0i=j)ll = t) < inf (f/
ij

P tP

It can be shown that the above is optimal (two-sided) using
Paley-Zygmund inequality.



From moments to tails

Let (F,||-||) be a normed space and A = (aj;) be an F-valued matrix.
Standard argument gives

(I 25(XiX; — EXiX))|| > t) < C(a HZ aij(gigj — di=j)ll = c(a)t)
ij

The latter can be estimated by Markov inequality:

P
/B> aii(gigi — di=;)IP
P(I1> " aij(gigi — 0i=j)ll = t) < inf (\/
i

P tP

It can be shown that the above is optimal (two-sided) using
Paley-Zygmund inequality.

(/EHZ ajj(gigj — di=j)||P =77

i




Known results

Theorem (Borell, Arcones, Giné, Ledoux, Talagrand)

Let (F,||-||) be a Banach space and A be a symmetric, F-valued matrix.
Then IE||Z ajj(gigj — 0y)|IP =~
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Known results

Theorem (Borell, Arcones, Giné, Ledoux, Talagrand)

Let (F,||-||) be a Banach space and A be a symmetric, F-valued matrix.
Then IE||Z ajj(gigj — 0y)|IP =~

y

X
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= xXE 2" 7

sup |1 agxiyjll.
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Known results

Theorem (Borell, Arcones, Giné, Ledoux, Talagrand)
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The latter expression was estimated by R. Latata in 2006.




Known results

Theorem (Borell, Arcones, Giné, Ledoux, Talagrand)

Let (F,||-||) be a Banach space and A be a symmetric, F-valued matrix.

Then (/IEHZaij(gigj—(sij)Hp%

i

~E|Y ai(gigi — 85)l| +v/PE sup || azgixll +p sup [ apxiy;ll-
ij XEB; ’J X,yeBé’ U

Example (F = ¢,)

E sup HZ aiigiXjlle, = E sup g Z ]aug,xj|q = sup Zaug,xjyk
j 7}/682 Uk

The latter expression was estimated by R. Latata in 2006.
Goal: replace problematic term by sup E||Z ajigiX;|
XGBg ij



New results

Theorem (R. Adamczak, R. Latata, R. Meller)

Under the assumption of the previous theorem we have
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Theorem (R. Adamczak, R. Latata, R. Meller)
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New results

Theorem (R. Adamczak, R. Latata, R. Meller)

Under the assumption of the previous theorem we have

(/E”Z aij(gigi — o) 1P S EID_ aigigy — dy)ll + EID_ a3l

i i Py
+vPsup B> ajgix| +
XGB" U

+p sup IIZauX:yJII
7y IJ

Advantages: sup outside the [E, holds in any Banach space.
Also the red term is not so difficult to estimate.
Small disadvantages: new yellow term

Disadvantages: not two sided because of red term (take (

where ||A||. = sup ajjtj.)
T B, 2

Muscn(R), [I-[]),



Case of L, spaces.

The previous inequality can be reversed if (F,|||) satisfies
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Case of L, spaces.

The previous inequality can be reversed if (F,|||) satisfies

For any F-valued matrix A — ]EHZ ajgijjl| < C(F) HZ ajj(gigi — 0i)||
i#j ij

The above hold in L, space, type 2 spaces. For Banach Lattices it is
equivalent to finite cotype (in general finite cotype is not enough).

Theorem (R. Adamczak, R. Latata, R. Meller)

In Lq spaces the following is true
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Case of L, spaces.

The previous inequality can be reversed if (F,|||) satisfies

For any F-valued matrix A — ]EHZ ajgijjl| < C(F) HZ ajj(gigi — 0i)||
i#j ij

The above hold in L, space, type 2 spaces. For Banach Lattices it is
equivalent to finite cotype (in general finite cotype is not enough).

Theorem (R. Adamczak, R. Latata, R. Meller)
In Lg spaces the following is true (no E on the RHS! deterministic bound)

§/\|Zau(g,-gj—6u>|r ~ | Za,,nquTasup 1> agxile,
ij

XGB" ij

2
+vpsup 1D (D ax| e +p sup 11D axiyjlle,.
xEB} F J x,y€Bj
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Extreme points of a subset of log-concave probability

sequences

Heshan Aravinda (University of Florida)

(based on joint work with Arnaud Marsiglietti)

Workshop in Convexity and High-Dimensional Probability - Georgia Tech
May 23-27, 2022
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0 Introduction

© A discrete localization

© Applications

@ A generalized localization in Z

Heshan Aravinda (UF) Extreme points of log-concave probabilities
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Log-concave Distributions

Definition

A random variable X on Z is said to be log-concave if its probability
mass function p satisfies,

pi(n) > p(n+1)p(n—1) foralln €7,

and X has a contiguous support.
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Log-concave Distributions

Definition
A random variable X on Z is said to be log-concave if its probability
mass function p satisfies,

pi(n) > p(n+1)p(n—1) foralln €7,

and X has a contiguous support.

Examples:

@ Bernoulli.
Geometric distribution.
Poisson.

Binomial.

Discrete uniform distribution.
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Log-concave probability sequences
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Log-concave probability sequences

Log-concave measures and their geometry are well-understood in the
continuous setting!!
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Log-concave probability sequences

Log-concave measures and their geometry are well-understood in the
continuous setting!!

One would like to investigate the class of discrete log-concave
probabilities on Z.
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Log-concave probability sequences

Log-concave measures and their geometry are well-understood in the
continuous setting!!

One would like to investigate the class of discrete log-concave
probabilities on Z.
Ex:
@ Properties of log-concave sequences.
@ Geometric and functional inequalities.

@ Concentration bounds.

Heshan Aravinda (UF) Extreme points of log-concave probabilities May 27, 2022



A Discrete Localization (Marsiglietti & Melbourne - 2020)

Motivation: The work done by Fradelizi & Guédon (2004) in the
continuous setting.
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continuous setting.
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probabilities on Z satisfying a mean constraint.

Notation: Let M, N € Z.
o [M,N]={M,M+1,M+2,...,N}.
@ P([M,N]) : The set of all probabilities supported on [M, N].

@ 7 : A measure with contiguous support on Z and mass function q.
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A Discrete Localization (Marsiglietti & Melbourne - 2020)

Motivation: The work done by Fradelizi & Guédon (2004) in the
continuous setting.

Goal: ldentifying the extremal distribution of the class of log-concave
probabilities on Z satisfying a mean constraint.

Notation: Let M, N € Z.

o [M,N]={M,M+1,M+2,..,N}.

@ P([M,N]) : The set of all probabilities supported on [M, N].

@ 7 : A measure with contiguous support on Z and mass function q.
@ h: An arbitrary real-valued function defined on [M, N].

Consider the following set.

Pl(IM,N]) = {Px € P([M,N]) : X log-concave w.r.tvy, E[h(X)] > 0}.
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A Discrete Localization ctd...

Theorem (Marsiglietti & Melbourne - 2020)

IfPx € Conv(P)([M, N])) is an extreme point, then its proba. mass
function f w.r.t -y satisfies,

f(n) =Cp"q(n) 1y (»)
where C,p > 0 and k,l € [M, N].
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function f w.r.t -y satisfies,

f(n) =Cp"q(n) 1y (»)
where C,p > 0 and k,l € [M, N].

Corollary
Let & : P} ([M, N]) — R be convex. Then,
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Px P} ([M,N]) Px €A} ([M,N])

Heshan Aravinda (UF) Extreme points of log-concave probabilities May 27, 2022 6/14



A Discrete Localization ctd...

Theorem (Marsiglietti & Melbourne - 2020)

IfPx € Conv(P)([M, N])) is an extreme point, then its proba. mass
function f w.r.t -y satisfies,

f(n) =Cp"q(n) 1y, (%)

where C,p > 0 and k,l € [M, N].

Corollary
Let & : P} ([M, N]) — R be convex. Then,

sup P(Px) < sup ®(Px),
Px P} ([M,N]) Px €A} ([M,N])

where A)([M, N]) = P)([M, N]) N {Px : X with PMF as in (x)}
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Applications

@ Combinatorial results.

e Convolution of log-concave and ultra log-concave sequences.
o A walkup-type theorem.

{ar} is LC = {c} defined by cp = > (Z) anis LC.

n>k
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@ A discrete version of Prékopa-Leindler inequality.
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Applications

@ Combinatorial results.

e Convolution of log-concave and ultra log-concave sequences.
o A walkup-type theorem.

{ar} is LC = {c} defined by cp = > (Z) anis LC.

n>k

@ A discrete version of Prékopa-Leindler inequality.

© Small & large deviation inequalities for log-concave probability
sequences.
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Applications

@ Combinatorial results.

e Convolution of log-concave and ultra log-concave sequences.
o A walkup-type theorem.

{ar} is LC = {c} defined by cp = > (Z) anis LC.

n>k

@ A discrete version of Prékopa-Leindler inequality.

© Small & large deviation inequalities for log-concave probability
sequences.

O A concentration for ultra log-concave distributions (HA,
Marsiglietti & Melbourne - 2021).
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Concentration for ULC random variables
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Concentration for ULC random variables

Theorem (HA, Marsiglietti & Melbourne - 2021)

Let X be ultra log-concave. Then,

2

P(|X — E[X]| > t) < 225D for all ¢ > 0.

Var(X) < E[X].

Heshan Aravinda (UF) Extreme points of log-concave probabilities May 27, 2022



Concentration for ULC random variables

Theorem (HA, Marsiglietti & Melbourne - 2021)

Let X be ultra log-concave. Then,

2

P(|X — E[X]| > t) < 225D for all ¢ > 0.

Var(X) < E[X].

Consequence:

Heshan Aravinda (UF) Extreme points of log-concave probabilities May 27, 2022
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Theorem (HA, Marsiglietti & Melbourne - 2021)

Let X be ultra log-concave. Then,

2

P(|X — E[X]| > t) < 225D for all ¢ > 0.

Var(X) < E[X].

Consequence:

Let K C R" be a convex body. Denote by Zk, the intrinsic volume
random variable associated with K. Then,

P(|Zx — E[Zk]| > tvn) < 2e 2% forall 0 <t < /n.

Var[Zy] <n.
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Concentration for ULC random variables

Theorem (HA, Marsiglietti & Melbourne - 2021)

Let X be ultra log-concave. Then,

2

P(|X — E[X]| > t) < 225D for all ¢ > 0.

Var(X) < E[X].

Consequence:

Let K C R" be a convex body. Denote by Zk, the intrinsic volume
random variable associated with K. Then,

P(|Zx — E[Zk]| > tvn) < 2e 2% forall 0 <t < /n.

Var[Zy] <n.

This improves a result of Lotz, McCoy, Nourdin, Peccati & Tropp -
2019.
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Extending localization to multiple constraints

Goal: Generalizing the localization of Marsiglietti & Melbourne to
multiple constraints.

Heshan Aravinda (UF) Extreme points of log-concave probabilities May 27, 2022



Extending localization to multiple constraints

Goal: Generalizing the localization of Marsiglietti & Melbourne to
multiple constraints.

Set up:

Let hi, ho, ..., hp : [M, N] — R be arbitrary and h = (hy, ha, ..., hp).
Consider,

P ([M,N]) = {Px € P([M,N]) : X log-concavey, E[(X)] > 0}
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Extending localization to multiple constraints

Goal: Generalizing the localization of Marsiglietti & Melbourne to
multiple constraints.

Set up:

Let hi, ho, ..., hp : [M, N] — R be arbitrary and h = (hy, ha, ..., hp).

Consider,

P ([M,N]) = {Px € P([M,N]) : X log-concavey, E[(X)] > 0}

Question:

If Px € Conv(P)([M,N])) is an extreme point, then the PMF of
Px?
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A generalized localization (ongoing work)
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A generalized localization (ongoing work)

Theorem (Marsiglietti & HA - 2022+,

Let Px € conv(P) ([[M, N]])) be an extreme point. Denote by V, the
convex function such that e~V is the PMF of Px with respect to the
counting measure on Z. Let k = #{i € {1,2,...,p} : E[h;(X)] = 0} be
the number of saturated constraints. Then, there exists k affine functions
&1, G2, ..., o, on supp(V') such that V = max di. (*)
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A generalized localization (ongoing work)

Theorem (Marsiglietti & HA - 2022+, Nayar & Slobodianiuk - 2022)

Let Px € conv(P) ([[M, N]])) be an extreme point. Denote by V, the
convex function such that e~V is the PMF of Px with respect to the
counting measure on Z. Let k = #{i € {1,2,...,p} : E[h;(X)] = 0} be
the number of saturated constraints. Then, there exists k affine functions
&1, G2, ..., o, on supp(V') such that V = max di. (*)

| \

Corollary
Let @ : Py ([[M, N]]) — R be convex. Then,

sup P(Px) < sup d(Px),
Px €Pp([[M,N]]) Px € Fr ([M,N]])

where F,([[M, N]) = Pn([[M, N]) N {Px : X with PMF as in (*) }.
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Proof techniques

Heshan Aravinda (UF) Extreme points of log-concave probabilities May 27, 2022 11/14



Proof techniques

The main idea is to use the notion of degree of freedom of a log-concave
function introduced by Fradelizi & Guédon (2004).
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Proof techniques

The main idea is to use the notion of degree of freedom of a log-concave
function introduced by Fradelizi & Guédon (2004).

Definition (Fradelizi & Guédon - 2004)

Let V : Z — RU {+o0} be convex and D = dom(V'). Define the degree
of freedom of e~V as the largest k such that,
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Proof techniques

The main idea is to use the notion of degree of freedom of a log-concave
function introduced by Fradelizi & Guédon (2004).

Definition (Fradelizi & Guédon - 2004)

Let V : Z — RU {+o0} be convex and D = dom(V'). Define the degree
of freedom of e~V as the largest k such that,

there exist a > 0 and linear independent bounded functions W1, Wo, ..W},
defined on D such that for all €1, €q, ..., €, € [—a,al, the function
e V(14 Zle €;W;) is discrete log-concave.
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Proof techniques

The main idea is to use the notion of degree of freedom of a log-concave
function introduced by Fradelizi & Guédon (2004).

Definition (Fradelizi & Guédon - 2004)

Let V : Z — RU {+o0} be convex and D = dom(V'). Define the degree
of freedom of e~V as the largest k such that,

there exist a > 0 and linear independent bounded functions W1, Wo, ..W},
defined on D such that for all €1, €q, ..., €, € [—a,al, the function
e V(1 + Zle e;W;) is discrete log-concave.

Geometrically, this is the largest & such that there is a
k—dimensional cube around ¢~V in the set of discrete log-concave
functions.
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Extension of a convex function in Z
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Extension of a convex function in Z

Denote by V, the convex extension of V obtained by extending V' linearly
on each [[k, k +1]] C [[a,]]].

Heshan Aravinda (UF) Extreme points of log-concave probabilities May 27, 2022



Extension of a convex function in Z

Denote by V, the convex extension of V obtained by extending V' linearly
on each [[k, k +1]] C [[a,]]].

e V is continuous on [a, b].
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Extension of a convex function in Z

Denote by V, the convex extension of V obtained by extending V' linearly
on each [[k, k +1]] C [[a,]]].

e V is continuous on [a, b].

e V is convex on [a, b].
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Extension of a convex function in Z

Denote by V, the convex extension of V obtained by extending V' linearly
on each [[k, k +1]] C [[a,]]].

e V is continuous on [a, b].

e V is convex on [a, b].

4‘"

= ¢~V is log-concave on [a,b].
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A key lemma

Let V : [[a,b]] — R be convex. Then,

Deg. of freedom of c ' = Deg. of freedom of e~V
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A key lemma

Let V : [[a,b]] — R be convex. Then,

Deg. of freedom of = Deg. of freedom of e~V

Idea of the proof of theorem (*):

Using the Lemma and techniques developed by Fradelizi & Guédon
(2004), we can extend the results from V' to

Heshan Aravinda (UF) Extreme points of log-concave probabilities May 27, 2022 13 /14



Thank you! Any questions?
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Sharp estimates of intersections of
Orlicz balls

Yin-Ting Liao

joint work with Kavita Ramanan

Brown University

2022 Workshop in Convexity and High-Dimensional Probability



Intersections of (] balls - a phase transition result

For p € (0,00], define €7 ball B := {x e R": "7, [x;|” < n}.

Theorem (Schechtman and Schmuckenschlager, '91)

For p € (0, 0] and g € (0, o0], there exists c,q > 0 such that

|8 N tBY| H{0, if t < Cpq

|Bx| 1, if t>c



Intersections of (] balls - a phase transition result

For p € (0,00], define €7 ball B := {x e R": "7, [x;|” < n}.
Theorem (Schechtman and Schmuckenschlager, '91)

For p € (0, 0] and g € (0, o0], there exists c,q > 0 such that

|BgmBgyH 0, if t< cp,
|Bx| 1, if t>c

Probability theory comes into play —

820115

B =" (Xt € e8y)
5

where X("P) ~ uniformly on B;.



A useful representation by Schechtman and Zinn '90

e U ~ Uniform[0, 1]
o £(mP) = (&,...,€&,) where {&} arei.i.d. and has density

1
o) = o+ 1/p)

e Let X("P) ~ uniformly on By :={x€eR": Hx||g < n}. Then

X(n,p) ) l/pUl/n E(np) )
let#1]l,

—IxI?/p



A useful representation by Schechtman and Zinn '90

o Let X(™P) ~ uniformly on By :={xeR": Hx||['j < n}. Then

x(mp) @ 1/pga/n £p)

el

Br B" 1 a .19
| p ﬁnt q‘ —P (X('LP) c th) _P (Uq/n n Z::l &l - < ta)
53] (2 n, lel?)?




A useful representation by Schechtman and Zinn '90

o Let X(™P) ~ uniformly on By :={xeR": Hx||['j < n}. Then

o) @ /o iin E0P
[gtmP)][,

n n 5 " i
M —P (X(n,p) c th) ) (Uq/n n Z/:l ‘51‘ P < tQ>
5 G lsP)

SLLN implies that there exists a constant A,q > 0 such that
1N\ e

Uq/n 1; Zi:l ‘gl‘ — A
(E Dim1 |§i|p)

1/q

1/q

The probability converges to 0 or 1 when t < Apg” or t > Apg’,

respectively.



A useful representation by Schechtman and Zinn '90

o Let X(™P) ~ uniformly on By :={xeR": Hx||['j < n}. Then

o) @ /o iin E0P
[gtmP)][,

n n 5 " i
M —P (X(n,p) c th) ) (Uq/n n Z/:l ‘51‘ P < tQ>
5 G lsP)

SLLN implies that there exists a constant A,q > 0 such that
1N\ e

Uq/n 1; Zi:l ‘gl‘ — A
(E Dim1 |§i|p)

1/q

1/q

The probability converges to 0 or 1 when t < Apg” or t > Apg’,

respectively.

Question: What if t = A,l,{,q?



After a decade...

Theorem (Schmuckenschlager, '01)
For p € (0,00], g € (0,00] and p # q, if t = cpq then

821 ¢85

L1
|B2] 2

CLT instead of SLLN to understand P (Uq/"m < tq>.



After a decade...

Theorem (Schmuckenschlager, '01)
For p € (0,00], g € (0,00] and p # q, if t = cpq then

821 ¢85

L1
|B2] 2

CLT instead of SLLN to understand P (Uq/"m < tq>.

Can we extend the results to more general convex bodies?



Beyond /7 balls — Orlicz balls

Definition
We say V is an Orlicz function if V : R — R is convex and satisfies
V(0) =0 and V(x) = V(—x) for x € R.

Define the associated symmetric Orlicz ball by
B\H/(Rl) = {X cR": Z V(X,') < an} .
i=1

Remark: When V/(x) = |x|?, By, is indeed the ¢ ball of radius nt/p.
However, Orlicz ball does not admit a nice probabilistic representation
like £ balls.



Beyond /7 balls — Orlicz balls

Definition
We say V is an Orlicz function if V : R — R is convex and satisfies
V(0) =0 and V(x) = V(—x) for x € R.

Define the associated symmetric Orlicz ball by

B\H/(Rl) = {X cR": Z V(X,') < an} .
i=1
Remark: When V/(x) = |x|?, By, is indeed the ¢ ball of radius nt/p.
However, Orlicz ball does not admit a nice probabilistic representation
like £ balls.

e LDP for norms of random vectors uniformly distributed on Orlicz
balls (Kim, L- and Ramana '20)
e Sharp volume estimates (Kabluchko and Prochno 20, L- and Ramanan '20)
1

Bl(R)| = —————
‘ V( 1)| URlTRl\/%

e—ninfx j(Rl,x)(l + 0(1))



Almost two decades after Schmuckenschager...

Theorem (Kabluchko and Prochno '20)
Let V4 and V5 be Orlicz functions. Fix Ry > 0. There exists an explicit
constant cg, := Cy; v,,R, > 0 such that as n — oo

1B, (R1) N By, (R)| {07 if cr, > R

|BY, ()| 1, if g <R

The proof relies on the SLLN and a large deviation tilting measure.



Almost two decades after Schmuckenschager...

Theorem (Kabluchko and Prochno '20)
Let V4 and V5 be Orlicz functions. Fix Ry > 0. There exists an explicit
constant cg, := Cy; v,,R, > 0 such that as n — oo

1B, (R1) N By, (R)| {07 if cr, > R

|BY, ()| 1, if g <R

The proof relies on the SLLN and a large deviation tilting measure.

Critical case when Ry = cg,?



Less than a year!

Theorem (L- and Ramanan '21)

Under suitable conditions on Orlicz functions V4 and V5. At the critical
value when Ry = cg,,

|BY,(Ry) N BY, (Re))|
|BY, (Ry)|

L
>

Remark: A sufficient condition: V/(x)/V3(x) is strictly increasing in R
and tends to infinity as x — oo.



Less than a year!

Theorem (L- and Ramanan '21)

Under suitable conditions on Orlicz functions V4 and V5. At the critical
value when Ry = cg,,

|BY,(Ry) N BY, (Re))|
|BY, (Ry)|

L
>

Remark: A sufficient condition: V/(x)/V3(x) is strictly increasing in R
and tends to infinity as x — oo.

Theorem (L- and Ramanan '21)

At the critical case, we have

n n CriRe
|Bv1(R1) a) sz(R2)| = 47'.‘? \/2;7”6 J(R1,R2)(1 + 0(1))
1

The sharp large deviation estimate relies on quantitative CLTs under the
large deviation tilting measures. 6



e While SLLN and CLT type results have been used for several
decades, only very recently have large deviations methods been
introduced in asymptotic convex geometry

e Our work is amongst the first to use sharp large deviations estimates
in asymptotic convex geometry — which requires a combination of
tools from probability theory and Fourier analysis

e Sharp large deviation estimates are more broadly useful in
high-dimensional probability/statistics



Small Ball Probabilities for Simple Random
Tensors

Xuehan Hu
Texas A&M University

based on joint work with Grigoris Paouris

May 27, 2022
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Small Ball Probab r Simple Random Tensors



Setting

Setting

Suppose X® = (Xl(i)7 . 7X,(fi)),l < ¢ <[ are random vectors in R". Define the
simple random tensor

_ yQ H_(y@ O]
X'_X()®"'®X()_(Xi1 "'Xil )

1,1~~-il .

Let F be an m-dimensional subspace in R™** "X and let fI,---, f™ be an
orthonormal basis for F. Denote by Pr XM @ --- @ X® the orthogonal
projection of XM @ ... ® X onto F. Then by definition we have

fprxr o0 - Sxts x5

Small Ball Probab r Simple Random Tensors2 /¢



Motivation

Motivation

Every tensor order-I X can be expressed as a sum of order [ simple tensors,

X = Zx(u)(l) ®- - ® X)W,
ucl

The rank of a tensor T is the minimum number of |/].

The initial motivation is to retrieve X (u)")’s from a given tensor of fixed rank.

Bhaskara, Charikar, Moitra, Vijayaraghavan designed the smoothed analysis model
that can recover X (u)\)'s with high probability if all the simple tensors

X(u)M @ --- @ X (u)® are robustly linearly independent. It suffices to prove that
for any subspace F C R™ of given dimension m, PrX(uw)M @ @ X(u)® has
small ball property.

Small Ball Probabilities for Simple Random Ten;



Main

Main result

Let XU e R™ 1 < j <1 be independent random vectors with independent
coordinates whose densities have uniform norms bounded by 1. Suppose F is a
subspace in R™ > *™ wijth dimension m and suppose z; € R",1 < j <[ are
arbitrary vectors, then for 0 < e < 1

P (HPF ®§.:1 (X(j) — Zj> H2 < e\/ﬁ) < me <C’log 1)l1 :

Small Ball Probab Simple Random Ten:




Examples

In general, this upper bound cannot be improved in terms of €. In fact, let
X0U) € R™ be independent uniform distributions on [—+/3,v/3]", 1 < j <.
Choose unit vector f € R™ such that

1 ifig=---=14
fil“'il, = . .
0 otherwise
Then for0 <e< 1,
J
-1 (log i) c 1\t
PXD - 0 XD, )| <= ( <lo > :
it < ﬁg > e lee ¢

In fact, we can construct subspace F' of dimension m, 1 < m < n, such that

-2
P(HPFX<1>®-~-®XU>H ge\/ﬁ) > Ovm (e L)
2 (1—2)! €

depends on the choice of the subspace

The behavior of ||PFX(1) Q- ®X(Z)H2
F.
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Main result

Main Result

A random vector in R™ is log-concave if its density f is log concave, i.e. for
x,y € R™ and 0 € (0,1), we have

f0z+ (1-0)y) > f(2)’ fF(y) 0.

A random vector in X € R" is isotropic if

EXXT = Id.

Small Ball Probabilities for Simple Random Tensors6 /9
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Main result

Let XU e R™ 1 < j < I be independent isotropic log-concave random vectors.
Suppose F is a subspace in R™* %™ with dimension m and suppose f1,---, f™
is an orthonormal basis of F'. Then for 0 < e < 1

-1
IP’(’(X(” ®~--®X(l>,f’“>‘ <e)<e (Clog 1)
€

and thus

-1
1
IP’(HPFX(1)®-~-®X(Z)H2Se\/ﬁ) < me (Cloge) )




Related Result

Carbery-Wright inequality can lead to a small ball property of simple tensors
where the component vectors are log-concave.

Vershynin gives concentration inequalities of orthogonal projection of simple
tensors where the component vectors are subgaussian.

Bhaskara, Charikar, Moitra, Vijayaraghavan give small ball property of orthogonal
projection of simple tensors where the component vectors are Gaussian.

Anari, Daskalakis, Maass, Papadimitriou, Saberi, Vempala give small ball property
of orthogonal projection of simple tensors where the component vectors are drawn
from (0, p)-nondeterministic distribution.

Glazer and Mikulincer give small ball property of any polynomial function of
log-concave product measure.

Small Ball Probabilit Simple Random Te:
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Integral Curvature

@ The integral curvature of K € K] :
J(K,w) = H" ok (w))

for every Borel w C S"! (Aleksandrov 1942)

o Radial Gauss map ax(w) maps radial vectors to normal vectors
e Measure of the normal cone of the radial projection to 0K

g ()t +oag(uy)

ag(w)

A (l‘l)vak(“z)
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Integral Curvature for a Polygon

as = |ag(us)| ,
,

ay = |ag(ur)|

ay = |ag(uy)|

Ty = ag ()|

A
as = |ag (us)|"

J(P,) = ay 6y, + @36y, + asby, + ayby, + asdy,
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Classical Aleksandrov Problem

Problem (Aleksandrov 1942)

What are the necessary and sufficient conditions on a Borel
measure 1 on S"1 so that

J(K>) =K

for some K € K7

@ Classical Aleksandrov problem is a type of Minkowski problem
o Contrast with classical Minkowski problem:

Sk()=un
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LP Brunn-Minkowski Theory

o (Firey 1962) For every p > 1, K,L € K7, and a,b > 0, define

T I

bty = (2 + b-H?)

o Generalized Vp € R,

1
a-K+4pb-L = [(a-hf + b-hl)"]

@ Actively researched when (Lutwak 1993) discovered the
concept of the LP surface area measure

e For each K, L € K7, defined by variational formula

1 P
T /Sn—:L hL(U) dS,D(K7 U)

d
— V(K4 t-L)
t=0 P

dt
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LP Integral Curvature

@ pcRand a b>0, define LP harmonic combination
a-Kipb-L=(a-K* 4, b-L*)"

o (Huang-LYZ 2018, JDG) defined the LP integral curvature by
variational formula for each K, L € KJ:

_ {,19 Jsn-1 pL(u)™P dJp(K,u) , for p#0

d ~
—E(K4pt-L =
gt PR T os(ou(w) dI(K, ) for p=0

t=0

where the entropy is

E(K) = —/ log hi(v) dv
Sn—1
@ Relationship to classical integral curvature
dip(K,-) = plh dJ(K,")
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LP Aleksandrov Problem

Problem

Fix p € R. What are the necessary and sufficient conditions on a
given Borel measure 1 on S"71 so that there exists a convex body
K € K7 with

o If  has density f, equivalent to PDE

(|Vh|2 + h2)g

det (V5h + hdjj) = e
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LP Aleksandrov Problem Results

@ (Huang-LYZ 2018) completely solved existence for p > 0

o (Huang-LYZ 2018) solved existence under some strong
conditions when p < 0

o Measure is even and vanishes on all great subspheres
o Excludes many shapes, including polytopes

@ (Zhao 2019, Proc. AMS) addressed this polytope gap
o —1<p<O
o Measure is even and discrete
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Recent Progress for p < 0 Case (M. 2021)

o Completely solve the symmetric case for —1 < p <0

wis even and —1 < p < 0. Then 3K € K s.t. Jo(K,-) =p iff o is
not completely concentrated on lower dimensional subspace.

o A sufficient measure concentration condition for the symmetric
case and p < —1

p < —1, u Is even and satisfies

1(€) )P
w(S"1) < clm

for all great subspheres &€ C S™1, where
C(n)=exp[3 (¥ (3) = (3))]. Then 3K € KI s.t. Jp(K,") = p.
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End

Thanks for listening!
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