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Properties of Set Functions

Let [n] = {1,2 , . _, n} and u : 29 → IR for Ñ) .

We say that u is submodnlar if

v6Ut to Is Rt) ≤ v67 + ult

V-s.to [n] .

If - u is
submodedar , we say u is supermodular .

Eg:_ 1) Cardinality uG) = Is) is submodular and supermodels .

2) Rank function of a matroid is
submodvlar -



Examples from Geom -
Furie - Analysis & IT

1) For a discrete r -
v - ×

,
let HCX) = I - P✗(a) logpx (a) .

AE support

If Xi , _

,
Xn are arbitrary discrete r-v 's on the

same probability space ,

%) = H (Xs) is submodular , where Xs={Xi : its} .

Why? H(× , ,
✗2) + HCX, , XD - H(✗ i ,✗z , ✗3) -HCXD

= E- [ logpjzn.at - - - - ]
= average of
relativeentropic 70

-



2) For compact , convex sets Api
,

. .

,
An C Rd , Explicitly

in [FMMZ
' 18]
,

u G) = Vold ( ¥g Ai) is supermodel's - perhaps
folklore?

Why? Suffices to prove that

Vold (13,1-132+133)+ Vold (B) ≥ Vold (13,1-132)+Vold (13,1-133).
Recall the mixed volume formula :

④= Vold (1+13,1-133) - Vold (BBD = ¥ (%) 1/(134+132) [d-k], B> [k])
12=1

Can assume OE Bz by translation -invariance , so B
,
C B ,tBz .

Monotonicity property implies
⊕ ≥ ¥! (9) VCB , [d-k] , Bs[k]) = Vold (131+133)- Vold (Bi) -



Fractional •subadditiirty

We say
that u : 2K] → R is fractionally subadditive

if u¢nD ≤ I a) v67 t fractional partitions .
SCG]

Rmks : 1) x : 2 → [0, a) is a fractional partition if

[ ✗6) 91g = 1
,

i - e -

, I ✗ s = I V-iE[n] .
scar]

SEED 57 i

2) Supp (a) = { seen] : xD > 0} is a hypergraph _

Generalizes partitions .

If 46) C- {0,1} , E.④⑧ = 1-
sozi



SM and FSA

-1hm : If u : 2
"
→ IR is submodular and u (4) =0 ,

then u is fractionally subadditiro .

Rmks : 1) Consider s ,t disjoint in

ucs Ut) + v6Rt) ≤ uG) + ult .

2) History :

Implicit in cooperative giorno theory 1950 's

(Shapley's core for convex games +Bandanna- Shapley
theorem] '

Direct proof by Moulin -Odlagmir -Pinchon
'82

,
of ; M -

-Tetali 40
.

2010 .

Useful , e- g. , Shearer's inequality
.



The Analogies between Convex Geometry & Information Theory
Category of sets a category of functions category of prob -

f measures

µ

A Ckd Na Unif (A)

Vold (A) ff h(µ)= - fflogf
Rd if f=d¥ .

Convex sets Log- concave ohs- concave Log- concave or
functions s- concave measures



Examples of analogies
✗ c- Rd

BMI A ,BCRᵈ compact EPI

JfN(✗)=exp{2ʰd}
Vold (9-+13)

"ᵈ

> Vold (A)
"dtvoldl.BY/dN(XtY)7NCX)+NlY)

if × ,Y independent .

N(f*g)≥N (f) +Nlg)



Entropy of convolutions : EPI 's

Entropy power inequality :

Jf X ,
Y are independent , N (✗+Y) ≥ N +NCY) .

¥ⁿkÑ✗ , ,
Xz ii. d. , using N(aX) = of NCX),

N(✗¥-) ≥ NCXD

⇒ in the CLT, £ =
¥ ¥=

,

✗i
,

where Xi are i. if

Nlszn) is ↑



Artstein- Ball - Barthe - Naor
'04 :
n

NCE ✗ i) ≥ ÷, ¥4 N(E*i)in i≠j

Barron -M .

'07
,
Ghassemi -M -

'18 : Jf Xi are independent
v.v 's in Rd

,

uep G) = N ({ Xi)
IES

is fractionally superadditive .

£4s = 1 ti :
EI ✗G) ={

0
,
if Is/ ≠n -1

÷, ,
if 1st __ n-1

.

scan]
Sai



Volumes of Minkowski sums

Brunn-Minkowski inequality CBMI) tells us that if A , ,
. _

,
An

U 6) = Vold (2 A ;) Yd
are compacts in Rd,

BM
IES

is superadditiro .

Conjecture [Bobkov-Madiman-Wang'll] :

43m is fractionally superadditive .

Rmk : upon cannot be supermodelas : [Fradelizi
-Madiman-

Marsiglielti -Zvavitch 'D
A.= {0,1 }

,
B = C = [0,1]

1A+Btc +1A / =3 < 4 = / A+131+1^-1-4 .



Negative result on conjecture

Thm : [FMMZ ' 18]

For d ≥ 12, upon is not fractionally superadditive .

RG
A AtA_ A+Ag+A_

R6☆
Rmk:_ [Fradelizi- Langi-Zvavitchizo] rule it out for d ≥ 7

+ other interesting result .



3osi-h.ve result on conjecture

-1hm : Barthe - Madiman'2☐

↳m is fractionally superadditive for D= 1 .

More generally, Uvoe G) = Vold ({ Ai) is

i c-s

fractionally superadditive for Ai
,

. _ , Anc Rd , for any d-

Rm Uses total ordering of R , inspired by Gyarmati-Matolcsi-
Ruzsa ' 09 .



11 { 1 , 2,33
= ¥ [ 9) {1,23 + % {2,3}

+ 91
{3 , ,}] N=3

A
, ,
Az

,
As CIR compact with Min Ai = 0

,
ai = max A- i.

Since 0 C- Ai ti ,

CA , + A) U (ai+Ae+As) C A
,
+ Azt Az

a,+a≤

(AztA)≤ a, U (Aitaz+AD CA , +AztAz .

N◦t +<5=5 A Ct ,a) , s⇔ = SRC-os.tt .

21A ,+Azt Az) ≥ /Ait Az)+ I (ai+Ae+AD / + l&etAD≤ a.)
a.+€

+ / Aitazt As /
= IA ,+AH + 1AetAz) +1A ,+As / .



Supermodelarity conjecture

conj : [FMMZ '↓8]

For any
convex body A and compacts B , C in Rd ,

Vold (AtBtc) + Vold (A)≥ Vold (AtB)+Vold (
Atc) .

Rmkˢ 1) 1A+Btc / + / cowlA) I ≥ 1A+B) + /Atd

true for compacts A ,B,
CCIR [FMMZ ' 18]

2) Conj . is true if B is a zonoid . [FMZ '22] .



Entropy of convolutions : Submodularity

-1hm : Jf X
, ,

. _

,
Xn are independent r-v . 's in a LCA group,
uG) = h(E. X-D Madiman '08

,
. . .]

E
i

is submodular .

Rmks : 1) Suffices to show h(× ,
+XztXD + HAD
≤ hlx.tl/D+hCXi+XD

.

2) Nile that subadditwty is FALSE ; u(∅) = -as .

3) Contrast with superadditivity of e2ʰGÉYi) on IR .

4) -Very useful , e- g. , reverse EPI for log-concave measures
[Bobkov- Madman 'll - 'B)



Log- submodulearity of Volume ?

o hope without convexity assumptions .

Motivations :

Jf A ,
B
,
C convex bodies in Rd ,

Hold (A +Btc) Vold (A) ≤ Vold (A-+B)Vold CA+c)?

Tim : [Bobkor -M42]

LHS ≤ 3d
.
RHS .

h (X) ≤ log Vold (supp ,
with eg for Uniform .

h(✗) ≥ log Vold - Cd
,
s
,

if ✗ is s - concave
,
s>0 .



[ Nayar -Tkocz,
t-radelizi-M-Zvavit.ch '22]

If we set

a = sur "Ta¥¥:;%e!&¥-,
A
,
B
,
C

convex

Cd > 1 ,
in fact, Cd ≥ (g-* •(D)d.

* ≤ (¥5)ᵈ .

{ = 1 , c} =§ ,
. . .

?



Conf % G) =logVdd( { Ai)
log TES

is submodular if A , , . . ,An are zonoids .

Rmk:_ True in dim 3 [FMMZ
'
22] .


