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Preliminaries.
Brunn-Minkowski inequality

Recall: Minkowski's sum of arbitrary sets K and L in R"

K+L={x+y:xeK,yelL}.
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Preliminaries.
Brunn-Minkowski inequality

Recall: Minkowski's sum of arbitrary sets K and L in R"

K+L={x+y:xeK,yelL}.

v

Brunn-Minkowski inequality:

IAK+ (1= AL > [KP L (1)

v

Equivalently, the (apriori stronger) additive form:

1 1 1
IAK 4+ (1= A)L|7 > A[K|7 + (1= A)|L]7. (2)
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Preliminaries.
Brunn-Minkowski inequality

Recall: Minkowski's sum of arbitrary sets K and L in R"

K+L={x+y:xeK,yelL}.

Brunn-Minkowski inequality:

v

IAK+ (1= AL > [KP L (1)

v

Equivalently, the (apriori stronger) additive form:

1 1 1
IAK 4+ (1= A)L|7 > A[K|7 + (1= A)|L]7. (2)

v

Brunn-Minkowski inequality constitutes a fundamental concavity property
of Lebesgue measure in R".

Impies Young's convolution inequality;

Is a fundamental tool in convexity (duality&volumes, sections of convex
bodies, projections of convex bodies, upper estimates on difference bodies,
center of mass, coverings);

Is a fundamental tool for obtaining concentration properties in probability;
Is a fundamental tool in PDE thanks to its equality cases
characterizations...
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Preliminaries.

Relations of Brunn-Minkowski inequality to the isoperimetric inequality

Isoperimetric inequality
For any K such that |K| = |B5| we have |0K|,—1 > |0B|n—1.
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Preliminaries.

Relations of Brunn-Minkowski inequality to the isoperimetric inequality

Isoperimetric inequality
For any K such that |K| = |B5| we have |0K|,—1 > |0B|n—1.

Brunn-Minkowski — Isoperimetric inequality

1 a1\
(117 +elB317) 1K
> lim

e—0 G

10K py = lim (K EBEIZ1K]
T es0 €
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Preliminaries.

Relations of Brunn-Minkowski inequality to the isoperimetric inequality

Isoperimetric inequality
For any K such that |K| = |B5| we have |0K|,—1 > |0B|n—1.

Brunn-Minkowski — Isoperimetric inequality

n—1

= nlK| 7

1 a1\
(117 +elB317) 1K
> lim

e—0 G

|K +eBj|— |K|
€

1
0K ln-1 = lim, B4,

and hence

|0K|n—1  |0B3ln—1
2

K| B3I
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Preliminaries.

More generally: log-concavity

Log-concave functions

A function is called log-concave if its logarithm is concave, i.e.
FOx+ (1= N)y) = FO) ()
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Preliminaries.

More generally: log-concavity

Log-concave functions

A function is called log-concave if its logarithm is concave, i.e.
FOx+ (1= N)y) = FO) ()

Log-concave measures

A measure y is called log-concave if p(AK + (1 —A)L) > pu(K) (L)1,
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More generally: log-concavity

Log-concave functions

A function is called log-concave if its logarithm is concave, i.e.
FOx+ (1= N)y) = FO) ()

Log-concave measures

A measure y is called log-concave if p(AK + (1 —A)L) > pu(K) (L)1,

Borell’s theorem (which implies Brunn-Minkowski)

A measure with log-concave density is log-concave.
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Preliminaries.

More generally: log-concavity

Log-concave functions

A function is called log-concave if its logarithm is concave, i.e.
FOX+ (1= N)y) > F(x) (y)

Log-concave measures

A measure y is called log-concave if p(AK + (1 —A)L) > pu(K) (L)1,

Borell’s theorem (which implies Brunn-Minkowski)

A measure with log-concave density is log-concave.

@ Gaussian measure 7 with density #e_ 2,
iy

o Lebesgue measure;

@ Poisson density...
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Preliminaries.
Preliminaries

@ A convex body in R" is a convex set with non-empty interior.

@ They shall be usually denoted K, L.
@ We shall usually assume that they contain the origin.

o A body K is called symmetric if x € K = —x € K.
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Preliminaries.
Preliminaries

@ Support function hk : R" — RT of a convex body K is defined

() = max ()

If ueS" ! then hy(u) is the distance from the origin to the support
hyperplane to K, orthogonal to w.

vh(s)

convex body Q

0g_unit vector ©
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Preliminaries.
Preliminaries

@ Support function hk : R" — RT of a convex body K is defined

() = max ()

If ueS" ! then hy(u) is the distance from the origin to the support
hyperplane to K, orthogonal to w.

vh(s)

convex body Q

0g_unit vector ©

@ hxyp =hk+hy, hxk = Ahk.
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Preliminaries.

Brunn-Minkowski inequality is equivalent to its local form

Claim

Fix a convex body K with support function h, and pick an arbitrary function
P S"! s R. Consider a family of convex bodies Ks with support functions
hs = h+si. Set F(s)=|Ks|. Then
1 1 1
[AK+ (1 =X)L|" > AK|7+ (1 =N)|L|"

is equivalent to
F(0)F" (0) — ”;an’(o)2 <o.
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Preliminaries.

Brunn-Minkowski inequality is equivalent to its local form

Claim

Fix a convex body K with support function h, and pick an arbitrary function
P S"! s R. Consider a family of convex bodies Ks with support functions
hs = h+si. Set F(s)=|Ks|. Then
1 1 1
[AK+ (1 =X)L|" > AK|7+ (1 =N)|L|"
is equivalent to

F(0)F"(0) — ”;an’(o)2 <o.

Analogously, log-concavity of F at s =0 is equivalent to the multiplicative
form of Brunn-Minkowski inequality.
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Preliminaries.

Brunn-Minkowski inequality in R? for convex sets: relations to Poincare

inequality

In the case n =2,

1 (" 2 1 (™, -2
K= [ b+t =3 [ i

—T —T
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Preliminaries.

Brunn-Minkowski inequality in R? for convex sets: relations to Poincare

inequality

In the case n =2,
1 (" 2 1 [7 .2
|K\=5/ hK(hK+hK):5/ hix — hi (3)
—T —T
Hence,

FO =il =5 [ (s (i i
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Preliminaries.

Brunn-Minkowski inequality in R? for convex sets: relations to Poincare

inequality

In the case n =2,
1 (" 2 1 [7 .2
|K\=5/ hK(hK+hK):5/ hix — hi (3)
—T —T
Hence,

1 [ 1.

FO =il =5 [ (s (i i
—T

and %—concavity of F

F(O)F"(0) ~ 5F(0)2 <0

(f#-) (f-2) () =

writes as
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Preliminaries.

Brunn-Minkowski inequality in R? for convex sets

o) (=) (i)
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Preliminaries.

Brunn-Minkowski inequality in R? for convex sets

(o) (f=2)-(fwi) =

Note: if h=1 (corresponds to perturbing the unit ball), (10) becomes the

Poincare inequality: ,
/w2</w> s/u‘ﬂ. (5)
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Preliminaries.

Brunn-Minkowski inequality in R? for convex sets

(o) (f=2)-(fwi) =

Note: if h=1 (corresponds to perturbing the unit ball), (10) becomes the

Poincare inequality: ,
/w2</w> s/u‘ﬂ. (5)

D P2 <) KP(k). (6)
k520 k=0

It is true since
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Preliminaries.

Brunn-Minkowski inequality in R? for convex sets

(o) (f=2)-(fwi) =

Note: if h=1 (corresponds to perturbing the unit ball), (10) becomes the

Poincare inequality: ,
/w2</w> s/u‘ﬂ. (5)

It is true since

D P2 <) KP(k). (6)
k0 k0
Moreover, if 1) is m-periodic, then 1[1(1) = 1[)(—1) =0, and we get
DDk < D KRGk, (7)
|k|=2 [k|>2
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Preliminaries.

Brunn-Minkowski inequality in R? for convex sets

(o) (f=2)-(fwi) =

Note: if h=1 (corresponds to perturbing the unit ball), (10) becomes the

Poincare inequality: ,
/w2</w> s/u‘ﬂ. (5)

It is true since

D P2 <) KP(k). (6)
k0 k£0
Moreover, if 1) is m-periodic, then 1[1(1) = 1[)(—1) =0, and we get
dP< 3 S KRB ™
|k|>2 [k|>2
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Preliminaries.

Brunn-Minkowski inequality in R? for convex sets

(o) (f=2)-(fwi) =

Note: if h=1 (corresponds to perturbing the unit ball), (10) becomes the

Poincare inequality: ,
/w2</w> s/u‘ﬂ. (5)

It is true since

D P2 <) KP(k). (6)
k0 k£0
Moreover, if 1) is m-periodic, then 1[1(1) = 1[)(—1) =0, and we get
dP< 3 S KRB ™
|k|>2 [k|>2

and hence
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Preliminaries.

Brunn-Minkowski inequality in R? for convex sets

Conclusion: Poincare inequality improves when symmetry is assumed:

/¢2—</w>zsi/¢2. (9)

How about Brunn-Minkowski?
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Preliminaries.

Brunn-Minkowski inequality in R? for convex sets

Conclusion: Poincare inequality improves when symmetry is assumed:

/¢2—</w>zsi/¢2. (9)

How about Brunn-Minkowski?

(f#8) (f-) (o 1o

h(0)? = > (K = 1)h(k)* | | $(0)° = (K —1)i(k)? (11)
k#0 k#0
2

< $(0) =Y (K2 = 1)h(k)P(k)
k#0
(11) can be verified directly! BUT: killing k =1 does not help:(
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Preliminaries.

Brunn-Minkowski inequality in R? for convex sets

Conclusion: Poincare inequality improves when symmetry is assumed:

/¢2—</w>zsi/¢? (9)

How about Brunn-Minkowski?

(f#8) (f-) (o 1o

SRR nhk? | | $0)? - DK - 1)d(k)? (11)
k0 k0
2

< $(0) =Y (K2 = 1)h(k)P(k)
k#0
(11) can be verified directly! BUT: killing k =1 does not help:(

How does Brunn-Minkowski inequality improve under the symmetry and
convexity assumptions?
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Preliminaries.
Log-Brunn-Minkowski conjecture

Geometric average of convex bodies

MK +o(1=A)L:={x €R": (x,u) < hx(u)h} *(u) Vue S"1}.
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Preliminaries.
Log-Brunn-Minkowski conjecture

Geometric average of convex bodies

MK +o(1=A)L:={x €R": (x,u) < hx(u)h} *(u) Vue S"1}.

Log-Brunn-Minkowski Conjecture (Boéroczky, Lutwak, Yang, Zhang, 2011)

Let n > 2 be an integer. Let K and L be symmetric convex sets in R”. Then

IAK +0 (1= A)L| > KL

Stronger than the Brunn-Minkowski inequality by arithmetic-geometric mean
inequality.
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Preliminaries.
Log-Brunn-Minkowski conjecture

Geometric average of convex bodies

MK +o(1=A)L:={x €R": (x,u) < hx(u)h} *(u) Vue S"1}.

Log-Brunn-Minkowski Conjecture (Boéroczky, Lutwak, Yang, Zhang, 2011)

Let n > 2 be an integer. Let K and L be symmetric convex sets in R”. Then

IAK +0 (1= A)L| > KL

Stronger than the Brunn-Minkowski inequality by arithmetic-geometric mean
inequality.
@ True for n =2 (Stancu; Boréczky, Lutwak, Yang and Zhang)
@ True for unconditional sets (i.e. symmetric with respect to every
coordinate hyperplane) (Saroglou; Cordero-Erasquin, Fradelizi, Maurey)
@ True for complex convex bodies (Rotem)
@ True in a neighborhood of a Euclidean ball (Colesanti, L, Marsiglietti;
improved in Colesanti, L)
o Works well with the Ly-method (Kolesnikov-Milman)
Boroczky, Colesanti, Cordero, Fradelizi, Henk, Huang, Hug, Linke, Lutwak,
Marsiglietti, Morey, Oliker, Saraglou, Stancu, Vikram, Xu, Yang, Zhang...
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Preliminaries.

Gardner-Zvavitch conjecture

Gardner-Zvavitch conjecture, 2007

Let v be the Gaussian measure (more generally, even log-concave measure),
and K and L be symmetric convex bodies. Then

YK+ (1= N)0)7 > M(K)7 + (1 - A)y(L)*
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Preliminaries.

Gardner-Zvavitch conjecture

Gardner-Zvavitch conjecture, 2007

Let v be the Gaussian measure (more generally, even log-concave measure),
and K and L be symmetric convex bodies. Then

YK+ (1= N)0)7 > M(K)7 + (1 - A)y(L)*

1

@ -concavity is stronger than log-concavity (which is 0-concavity);
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Preliminaries.

Gardner-Zvavitch conjecture

Gardner-Zvavitch conjecture, 2007

Let v be the Gaussian measure (more generally, even log-concave measure),
and K and L be symmetric convex bodies. Then

YK+ (1= N)0)7 > M(K)7 + (1 - A)y(L)*

1

@ -concavity is stronger than log-concavity (which is 0-concavity);

. . 1.
@ Cannot possibly hold with smaller power than +;
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Preliminaries.

Gardner-Zvavitch conjecture

Gardner-Zvavitch conjecture, 2007
Let v be the Gaussian measure (more generally, even log-concave measure),
and K and L be symmetric convex bodies. Then

YK+ (1= N)0)7 > M(K)7 + (1 - A)y(L)*

° %-concavity is stronger than log-concavity (which is 0-concavity);
. . 1.

@ Cannot possibly hold with smaller power than +;

o Without symmetry: not true (fix K and let L fly away to infinity);

@ When sets contain origin: not necessarily true (Tkocz, Nayar);

On the dimensional Brunn-Minkowski conjecture: the role of symmetry
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Preliminaries.

Gardner-Zvavitch conjecture

Gardner-Zvavitch conjecture, 2007

Let v be the Gaussian measure (more generally, even log-concave measure),
and K and L be symmetric convex bodies. Then

YK+ (1= N)0)7 > M(K)7 + (1 - A)y(L)*

@ -concavity is stronger than log-concavity (which is 0-concavity);

1

Cannot possibly hold with smaller power than —;

Without symmetry: not true (fix K and let L fly away to infinity);

When sets contain origin: not necessarily true (Tkocz, Nayar);

@ When «y is Gaussian and K = tL: true (Gardner, Zvavitch, building upon
Cordero-Erasquin, Fradelizi, Maurey);
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Preliminaries.

Gardner-Zvavitch conjecture

Gardner-Zvavitch conjecture, 2007

Let v be the Gaussian measure (more generally, even log-concave measure),
and K and L be symmetric convex bodies. Then

YK+ (1= N)0)7 > M(K)7 + (1 - A)y(L)*

@ -concavity is stronger than log-concavity (which is 0-concavity);

o Cannot possibly hold with smaller power than

n
o Without symmetry: not true (fix K and let L fly away to infinity);
@ When sets contain origin: not necessarily true (Tkocz, Nayar);

@ When «y is Gaussian and K = tL: true (Gardner, Zvavitch, building upon
Cordero-Erasquin, Fradelizi, Maurey);

@ Does not imply/ does not follow from Ehrhard’s inequality;
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Preliminaries.

Gardner-Zvavitch conjecture

Gardner-Zvavitch conjecture, 2007

Let v be the Gaussian measure (more generally, even log-concave measure),
and K and L be symmetric convex bodies. Then

YK+ (1= N)0)7 > M(K)7 + (1 - A)y(L)*

@ -concavity is stronger than log-concavity (which is 0-concavity);

o Cannot possibly hold with smaller power than

n
o Without symmetry: not true (fix K and let L fly away to infinity);
@ When sets contain origin: not necessarily true (Tkocz, Nayar);

@ When «y is Gaussian and K = tL: true (Gardner, Zvavitch, building upon
Cordero-Erasquin, Fradelizi, Maurey);

@ Does not imply/ does not follow from Ehrhard’s inequality;

e Follows from Log-Brunn-Minkowski conjecture! Hence true in dimension 2
and for unconditional sets. (L, Marsiglietti, Nayar, Zvavitch).

@ Is a bit nicer than Log BM since we are dealing with Minkowski sum.
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Preliminaries.
Theorem about the Gaussian measure

Suppose 7 is the Gaussian measure on R".

Theorem (Kolesnikov, L 2018+)

For gaussian barycentered convex sets K and L, and for any A € [0, 1], we have

YAK+(L=0)L)F 2 Ay(K)¥ +(1 = \)(L)5.
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Preliminaries.
Theorem general

Theorem (Kolesnikov, L 2018+)

Let v be a log-concave measure on R” with density e~ V(X), for some even
convex function V : R” — R. We shall assume that kq,k» > 0 are such
constants that

V2V > kild; AV < kyn.

Let R= k—f > 1. For any pair of symmetric convex sets K and L, and for any
A €[0,1], one has

YK+ (1= ML) 5 > M(K)7 + (1= A)y(L)7, (12)
where
C—C(R)= —2>.
(VR+1)2
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Preliminaries.
Replace symmetry with something weaker

In fact, we get a bound under a weaker than symmetry assumption:

Theorem (Kolesnikov, L 2018+)

Suppose p is log-concave. For any pair of convex sets K and L which satisfy

/vvcm:/vv(m:o,
K L

and for any X € [0,1], one has

POK +(1=X)0)7 > Aa(K)T + (1= A)u(L) 7, (13)
where 1
/! _
c fc(R)fiRﬁ_1 > 0.
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Preliminaries.

Definitions (GAUSSIAN CASE)

Gardner-Zvavitch constant

We shall define the Gardner-Zvavitch constant Cy to be the largest number so
that for all barycentered convex sets K, L, and for any A € [0,1]

S S
S =

YK+ (1= * > My (K) T + (1= A)y(L) (14)
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Preliminaries.

Definitions (GAUSSIAN CASE)

Gardner-Zvavitch constant

We shall define the Gardner-Zvavitch constant Cy to be the largest number so
that for all barycentered convex sets K, L, and for any A € [0,1]

YK+ (1= 00T > M(K)® + (1A (L) (14)

The goal is to estimate Cy from below.
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Preliminaries.

Definitions (GAUSSIAN CASE)

Gardner-Zvavitch constant

We shall define the Gardner-Zvavitch constant Cy to be the largest number so
that for all barycentered convex sets K, L, and for any A € [0,1]

S

YK+ (1= 00T > M(K)® + (1A (L) (14)

The goal is to estimate Cy from below.

Weighted Laplace operator

Lu=Au—(Vu,x). (15)

/ v~Lud’y:—/ (x,Vu)dy.
RII n

Integration by parts:
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Preliminaries.

Steps of the proof (GAUSSIAN CASE)

Let C; to be the largest number, such that for every u € C3(K) with Lu=1 on
K,

1 22 2 G
— Vaul|+ |Vul®dy > —.
i LIl + 9ultdy > S

Then Go > Cy.
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Preliminaries.

Steps of the proof (GAUSSIAN CASE)

Step 1

Let C; to be the largest number, such that for every u € C3(K) with Lu=1 on

K,
1 22 2 G
— Vaul|+ |Vul®dy > —.
i LIl + 9ultdy > S
Then Go > Ci.

1 1
Clzi/ ——d~.
1(K) K¥+l

Galyna V. Livshyts
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Preliminaries.

Steps of the proof (GAUSSIAN CASE)

Let C; to be the largest number, such that for every u € C3(K) with Lu=1 on
K,

1 22 2 G
— Vaul|+ |Vul®dy > —.
i LIl + 9ultdy > S

Then Go > Cy.

Galyna V. Livshyts
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Preliminaries.
Step 1

As before, let F(s) =(Ks), where Ks has support function h+ si;

YK + (1= A)L)7 > My (K)7 + (1= A)y(L)7

is equivalent to

F(0)F"(0)— ”;an’(O)2 <0.
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Preliminaries.
Step 1

As before, let F(s) =(Ks), where Ks has support function h+ si;

YK + (1= A)L)7 > My (K)7 + (1= A)y(L)7

is equivalent to
FOF"(0)- " 1F(0) <o.

Derivatives

Let f: 9K — R be f(y) =(ny), where ny is the normal vector. Then
F(0) =~(K);
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Preliminaries.
Step 1

As before, let F(s) =(Ks), where Ks has support function h+ si;

YK + (1= A)L)7 > My (K)7 + (1= A)y(L)7

is equivalent to
FOF"(0)- " 1F(0) <o.

Derivatives

Let f: 9K — R be f(y) =(ny), where ny is the normal vector. Then
F(0) =~(K);

F'(0) = /a )oK
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Preliminaries.
Step 1

As before, let F(s) =(Ks), where Ks has support function h+ si;

1
n

YK +(1=A)L)7 > My(K)7 + (1= A)y(L)"
is equivalent to
F(0)F"(0)— ”;an’(o)2 <o.

Derivatives

Let f: 9K — R be f(y) =(ny), where ny is the normal vector. Then
F(0) =~(K);

F'(0) = /a )oK

F”(0) :/ (foz (I Vo, VaKf)> Ao (x).
oK
Here II is the second quadratic form of OK and

Hx = trIl — (x, nx).
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Step 1

Second derivative

F"(0) = / Hxf? — (11 'V ok f, Vok ) dva ().
oK
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Preliminaries.
Step 1

Second derivative

F"(0) = / Hxf? — (11 'V ok f, Vok ) dva ().
oK

Integration by parts twice (Kolesnikov-Milman, 2016):

Suppose
f(x) = (Vu(x),nx). (16)

Galyna V. Livshyts On the dimensional Brunn-Minkowski conjecture: the role of symmetry



Preliminaries.
Step 1

Second derivative

F"(0) = / Hxf? — (11 'V ok f, Vok ) dva ().
oK

Integration by parts twice (Kolesnikov-Milman, 2016):

Suppose
f(x) = (Vu(x),nx). (16)

Then
/ (Lu)dr(x) = / 1720l s + [V Py () + (17)
K K

/ Hxf? —2(Voku, Vo f) + (I1V o, Vo u) dyar (x).
oK

Galyna V. Livshyts On the dimensional Brunn-Minkowski conjecture: the role of symmetry



Preliminaries.
Step 1

Second derivative

F"(0) = / Hef? — (11 'V ok f, Vok F)dvax (x).
oK

Integration by parts twice (Kolesnikov-Milman, 2016):

Suppose
f(x) = (Vu(x),nx). (16)

Then
/ (Lu)dr(x) = / 1720l s + [V Py () + (17)
K K

/ Hxf? —2(Voku, Vo f) + (I1V o, Vo u) dyar (x).
oK

v

For a positive-definite matrix A,

(Ax,x) + (ALY, y) > 2(x,y). (18)
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Neumann system

We can solve the Neumann system and find such v: K — R that

f(x) = (Vu(x),nx), (19)
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Preliminaries.
Step 1

Neumann system

We can solve the Neumann system and find such v: K — R that

f(x) = (Vu(x),nx), (19)

and have additionally that
Lu=1, (20)

/ fdvax =v(K).
oK

Combining all of the above, we note that the conjecture of Gardner and
Zvavitch follows from

provided that

iy | Iv s 19 > 2 ey

That finishes the proof of Step 1.

Galyna V. Livshyts On the dimensional Brunn-Minkowski conjecture: the role of symmetry



Preliminaries.
Step 2

Recall the statement of Step 2:

For all u with Lu=1 on K,

1
V2ullZs+|Vul*d x>/7d.
J Il 9uPan0 > [ ot
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Step 2

Recall the statement of Step 2:

For all u with Lu=1 on K,

1
V2ullZs+|Vul*d x>/7d.
J Il 9uPan0 > [ ot

Proof:
o By Cauchy inequality,

J vl = [ 1auPare (22)
K K
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Preliminaries.
Step 2

Recall the statement of Step 2:

For all u with Lu=1 on K,

1
V2ullZs+|Vul*d x>/7d.
J Il 9uPan0 > [ ot

Proof:
o By Cauchy inequality,

J vl = [ 1auPare (22)
K K

o Write Au= Lu+(Vu,x) =14+ (Vu,x);
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Preliminaries.
Step 2

Recall the statement of Step 2:

For all u with Lu=1 on K,

1
V2ullZs+|Vul*d x>/7d.
J Il 9uPan0 > [ ot

Proof:
o By Cauchy inequality,

1
J vl = [ 1auPare (22)
K K
o Write Au= Lu+ (Vu,x) =1+ (Vu,x); we get

1 2
/||V2u||%_,5+(Vu7Vu> > ;/1+;(VU,-X>+<(n-ld+x®x)Vu,Vu>;
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Step 2

Recall the statement of Step 2:

For all u with Lu=1 on K,

1
V2ullZs+|Vul*d x>/7d.
J Il 9uPan0 > [ ot

Proof:
o By Cauchy inequality,

J vl = [ 1auPare (22)
K K

o Write Au= Lu+ (Vu,x) =1+ (Vu,x); we get

1 2
/||V2u||%_,5+(Vu7Vu> > ;/1+;(VU,-X>+<(n-ld+x®x)Vu,Vu>;

@ Using Cauchy inequality we bound it from below by

1/_n o
nJ n+|x|?
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For any barycentered convex body K,

1 2
5 /K Ix2d(x) < . (23)
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Step 3

For any barycentered convex body K,

1 2
5 /K Ix2d(x) < . (23)

Proof.
_ Ix+t0]?

@ By Prekopa, the function a(t) = fKe 2 dx is log-concave in t.
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Preliminaries.
Step 3

For any barycentered convex body K,

1 2
5 /K Ix2d(x) < . (23)

Proof.
|x+t6]2

@ By Prekopa, the function a(t) = fK e~ 2 dx is log-concave in t.
o An even log-concave function on R is concave at zero!
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Preliminaries.
Step 3

For any barycentered convex body K,

1 2
5 /K Ix2d(x) < . (23)

Proof.
|x+t6]2

@ By Prekopa, the function a(t) = fK e~ 2 dx is log-concave in t.
o An even log-concave function on R is concave at zero!
o aj <0 with 0 = ey, ...,en implies (30). O
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Preliminaries.
Step 3

For any barycentered convex body K,

1 2
5 /K Ix2d(x) < . (23)

Proof.
|x+t6]2

@ By Prekopa, the function a(t) = fK e~ 2 dx is log-concave in t.
o An even log-concave function on R is concave at zero!
o aj <0 with 0 = ey, ...,en implies (30). O
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Preliminaries.
Step 3

For any barycentered convex body K,

1 2
5 /K Ix2d(x) < . (23)

Proof.

|x+t0]2

@ By Prekopa, the function «a(t) = fK e~ 2 dx is log-concave in t.
o An even log-concave function on R is concave at zero!
o aj <0 with 0 = ey, ...,en implies (30). O

Proof: By Jensen's inequality,

1/ 1
> =
WK) S B 1™ s [ a1 ™ 2
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Towards sharper bounds?

Question

Given symmetric convex K, does there exist a function F : K — R such that for
all u: K — R with Lu= F we have

/K (1920l s + [V ul?)dr(x) > (24)

2
2 n—c
/KF dfy(x)—infy(K) (/K Fd’y(x)) ?

Ideally with ¢ =17
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Case of dilates

F=Lu=n—|x?

imensional Bruni inkowski conjecture: the role of symmetry
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Case of dilates

F=Lu=n—|x?

2

u(x) = %

2
-1
v2ul]?+ Vu2dfyz/F2d7— n (/ de) . 25
Jvtar e watay> [ far— 2o (f (25)

Then
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Preliminaries.
Case of dilates

F=Lu=n—|x?

2

u(x) = %

2
-1
v2ul]?+ Vu2dfyz/F2d7— n (/ de) . 25
Jvtar e watay> [ far— 2o (f (25)

Proof: Note that (25) rewrites:

nw(K)—&—/Kx dy > nPy(K) — /x d7+/ x*d (26)

1
_ (n2ﬂy(K)—2n/Kx dv+—F— T3 (/x d’y) )
+}7(n2’y(K) 2n /Kx dvy+ (K)(/X d’y)2>.

Then
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Case of dilates

@ Rearranging, we get

{/Kx‘ld'y—Fy(lK)(/szdw)2—2/KX2d7} + (27)

2 1 2, 1\2
|:—/Kx d'y—&—m(/}(x d'y) ] <o0.
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Preliminaries.
Case of dilates

@ Rearranging, we get

{/Kx‘ld'y—Fy(lK)(/szdw)2—2/KX2d7} o+ (27)

2 1 2, 1\2
|:—/Kx d'y—&—m(/}(x d'y) ] <0.

@ Recall the B-Theorem of Cordero-Erasquin, Fradelizi, Maurey:

4, 1 2d)2 - 2 .
/Kx dvy ’Y(K)(/K d’y) 2/K dy<0; (28)
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Preliminaries.
Case of dilates

@ Rearranging, we get

{/Kx‘ld'y—Fy(lK)(/szdw)2—2/KX2d7} + (27)

2 1 2, 1\2
|:—/Kx d'y—&—m(/}(x d'y) ] <o0.

@ Recall the B-Theorem of Cordero-Erasquin, Fradelizi, Maurey:

4, 1 2d)2 - 2 .
/Kx dvy ’Y(K)(/K d’y) 2/K dy<0; (28)

@ Recall also the key Lemma from Step 3:

fw(K)+%/x2d'y§O.D (29)
K

Galyna V. Livshyts On the dimensional Brunn-Minkowski conjecture: the role of symmetry



Preliminaries.
Case of dilates

@ Rearranging, we get

{/szldw—Fy(lK)(/szdwf—Z/szdw} + (27)

2 1 2, 1\2
|:—/Kx d7+m(/(x d'y) ] <o0.

@ Recall the B-Theorem of Cordero-Erasquin, Fradelizi, Maurey:

4, 1 2d)2 - 2 .
/Kx dvy ’Y(K)(/K d’y) 2/K dy<0; (28)

@ Recall also the key Lemma from Step 3:

fv(K)+%/x2d'y§O.D (29)
K

When K = tL, the conjecture of Garnder and Zvavitch follows.
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A stronger statement in the Gaussian case!

More news in the Gaussian case

For convex sets K and L containing the origin, and for any X € [0,1], we have

YK +(1= 2L = Xy(K)F + (1= A (L).
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A stronger statement in the Gaussian case!

More news in the Gaussian case

For convex sets K and L containing the origin, and for any X € [0,1], we have

YK +(1= 2L = Xy(K)F + (1= A (L).

For any convex body K containing the origin

1 2
o /K Ix2dv(x) < n. (30)
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A stronger statement in the Gaussian case!

More news in the Gaussian case

For convex sets K and L containing the origin, and for any X € [0,1], we have

YK +(1= 2L = Xy(K)F + (1= A (L).

For any convex body K containing the origin

1 2
o /K Ix2dv(x) < n. (30)

Indeed, the function (tK) is increasing, and v(tK);_o > 0 implies (30).
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Thanks for your attention!

Aasassadaid
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