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Marginal density

Marginal density

If f is a probability density on R” and E is a subspace, the marginal density of
f on E is defined by

)= /E fy)dy (x € E).
s
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Marginal density

Marginal density

If f is a probability density on R” and E is a subspace, the marginal density of
f on E is defined by

)= /E fy)dy (x € E).
s

Example: consider K C R” such that |K| =1. Let f =1k. Then

re(F)x) = /E Le(y)dy = |KNE* +x] (x € E).
e
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Small ball inequality for projections

Projecting random vectors

Let X be a random vector on R" distributed with the density f.
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Small ball inequality for projections

Projecting random vectors

Let X be a random vector on R" distributed with the density f. Let E be a
subspace.
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Small ball inequality for projections

Projecting random vectors

Let X be a random vector on R" distributed with the density f. Let E be a
subspace. Then PgX (the projection of X onto E) is distributed with the
marginal density 7g(f)(x).

Galyna Livshyts Bounding marginal densities of product measures.



Small ball inequality for projections

Projecting random vectors

Let X be a random vector on R" distributed with the density f. Let E be a
subspace. Then PgX (the projection of X onto E) is distributed with the
marginal density 7g(f)(x).

| \

Small ball inequality

For each z € E,

P (|PeX — 2| < eVk) < ||me(F)(x)lloo (v 2eme) .

A\
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Small ball inequality for projections

Projecting random vectors

Let X be a random vector on R" distributed with the density f. Let E be a
subspace. Then PgX (the projection of X onto E) is distributed with the
marginal density 7g(f)(x).

| \

Small ball inequality

For each z € E,

P (|PeX — 2| < eVk) < ||me(F)(x)lloo (v 2eme) .

A\

Hence it is of interest to bound ||mg(f)(x)||co from above and the bound
should ideally look like CX.

Galyna Livshyts Bounding marginal densities of product measures.



Small ball inequality for projections

Projecting random vectors

Let X be a random vector on R" distributed with the density f. Let E be a
subspace. Then PgX (the projection of X onto E) is distributed with the
marginal density 7g(f)(x).

| \

Small ball inequality

For each z € E,

P (|PeX — 2| < eVk) < ||me(F)(x)lloo (v 2eme) .

A\

Hence it is of interest to bound ||mg(f)(x)||co from above and the bound
should ideally look like Ck. A number of related studies were conducted by:
Ball, Barthe, Bobkov, Brzezinski, Chistyakov, Dann, Gluskin, Koldobsky, Kénig,
Paouris, Pivovarov, Rogozin, Rudelson, Vershynin,...
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Ball's Theorems about unit cube

Consider a unit (in volume) cube Q C R".
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Ball's Theorems about unit cube

Consider a unit (in volume) cube @ C R". What is its largest section?

x+y+z=0
x+y+z-—- =

@W%@ @Z
L ev

1 1 V2 /2
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Ball's Theorems about unit cube

Consider a unit (in volume) cube @ C R". What is its largest section?

x+y+z=0
Y x+y+z —7:0

@W%@ @Z
B ev

1 1 V2 /2

Theorem 1 (Keith Ball)

For every dimension n and for every unit vector u € R”,

IQNut| < V2.

Galyna Livshyts Bounding marginal densities of product measures.



Ball's Theorems about unit cube

Consider a unit (in volume) cube @ C R". What is its largest section?

x+y+z=0
Y x+y+z —7:0

@W%@ @Z
B ev

1 1 V2 /2

Theorem 1 (Keith Ball)

For every dimension n and for every unit vector u € R”,

IQNut| < V2.

This estimate is sharp!
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Ball's Theorems about unit cube
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Ball's Theorems about unit cube

What about subspaces of other dimensions?
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Ball's Theorems about unit cube

What about subspaces of other dimensions?

Theorem 2 (Keith Ball)

Fix k € [1,n]. For every subspace H of codimension k,

|@N H| < min ((nnk)nz,2k/2>.
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Ball's Theorems about unit cube

What about subspaces of other dimensions?

Theorem 2 (Keith Ball)

Fix k € [1,n]. For every subspace H of codimension k,

|@N H| < min ((nnk)nz,2k/2>.

o The estimate 2K/2 is sharp for k < 7.
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Ball's Theorems about unit cube

What about subspaces of other dimensions?

Theorem 2 (Keith Ball)

Fix k € [1,n]. For every subspace H of codimension k,

|@N H| < min ((nnk)nz,2k/2>.

o The estimate 2K/2 is sharp for k < 7.
n—k

@ The estimate (nﬁk) 2 < \/Ek is sharp for the case n— k| k.

Galyna Livshyts Bounding marginal densities of product measures.



Theorem of Rudelson and Vershynin

Theorem (M. Rudelson, R. Vershynin)

Consider a product density f(x) = H? 1 fi(xi) on R™. Assume that [|fj]|co < 1.
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Theorem of Rudelson and Vershynin

Theorem (M. Rudelson, R. Vershynin)

Consider a product density f(x) = H? 1 fi(xi) on R™. Assume that [|fj]|co < 1.

Let E be a k—codimensional subspace in R".
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Theorem of Rudelson and Vershynin

Theorem (M. Rudelson, R. Vershynin)

Consider a product density f(x) = H7:1 fi(x;) on R". Assume that ||fi]||co < 1.
Let E be a k—codimensional subspace in R".
Then

lIme(F)()llo < CF,

where C is an absolute constant.
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Theorem of Rudelson and Vershynin

Theorem (M. Rudelson, R. Vershynin)

Consider a product density f(x) = H7:1 fi(x;) on R". Assume that ||fi]||co < 1.
Let E be a k—codimensional subspace in R".
Then

lIme(F)(x)lloo < €,

where C is an absolute constant.
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Theorem of Rudelson and Vershynin

Theorem (M. Rudelson, R. Vershynin)

Consider a product density f(x) = H7:1 fi(x;) on R". Assume that ||fi]||co < 1.
Let E be a k—codimensional subspace in R".
Then

lIme(F)(x)lloo < €,

where C is an absolute constant.

Can C = /2 like in the case of the unit cube?
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Main result

Theorem (L, Paouris, Pivovarov)

Consider a product probability density f(x) = Hle fi(x;) on R".
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Main result

Theorem (L, Paouris, Pivovarov)

Consider a product probability density f(x) = Hle fi(x;) on R".
Let 1 < k < n. Pick a k—codimensional subspace E.
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Main result

Theorem (L, Paouris, Pivovarov)

Consider a product probability density f(x) = Hle fi(x;) on R".
Let 1 < k < n. Pick a k—codimensional subspace E.
Then there exists a collection of numbers {v;}7_; C [0,1] with "7 | vi =k
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Main result

Theorem (L, Paouris, Pivovarov)

Consider a product probability density f(x) = Hle fi(x;) on R".
Let 1 < k < n. Pick a k—codimensional subspace E.
Then there exists a collection of numbers {v;}7_; C [0,1] with "7 | vi =k

such that .

n
. n 2 _
||7TE(f)||oo§m|n((n_k) ’2k/2)H||fi||g'o.
i=1
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Main result

Theorem (L, Paouris, Pivovarov)

Consider a product probability density f(x) = Hle fi(x;) on R".
Let 1 < k < n. Pick a k—codimensional subspace E.
Then there exists a collection of numbers {v;}7_; C [0,1] with "7 | vi =k

such that k )
g n 2 )
el <min((52) T 242 T
i=1

Corollary

Consider a product density f(x) = H:?:l fi(x;) on R". Assume that ||fi||oc < 1.
Let E be a k—codimensional subspace in R".

Then »
= es < iy ((_k) 2 ,2k/2).
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Tools for the proof

Identity for the marginal
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Tools for the proof

Identity for the marginal

Let 1< k<nand E € Gp.
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Tools for the proof

Identity for the marginal

Let 1 < k<nand E € G, . Then there exist vectors wy,...,wp in
R"K =span{ey,...,e,_x} such that /,_, =7 L Wi @ w;

i=
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Tools for the proof

Identity for the marginal
Let 1 < k<nand E € G, . Then there exist vectors wy,...,wp in
R~k = span{ey,...,e,_x} such that [,_j = i, wi®w; and for any

integrable function f(x) =[]7_, fi(x;) with f; : R — [0,00),
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Tools for the proof

Identity for the marginal

Let 1 < k<nand E € G, . Then there exist vectors wy,...,wp in
Rk = span{ei,...,e,_k} such that /,_, = Z:’ 1 Wi ®w; and for any
integrable function f(x) =[]7_, fi(x;) with f; : R — [0,00),

me(O= [ Hf( {y, i)
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Tools for the proof

Identity for the marginal

Let 1 < k<nand E € G, . Then there exist vectors wy,...,wp in
Rk = span{ei,...,e,_k} such that /,_, = Z:’ 1 Wi ®w; and for any
integrable function f(x) =[]7_, fi(x;) with f; : R — [0,00),

me(O= [ Hf( {y, i)

o Using the identity above along with the rearrangement inequality of
Rogers and Brascamp-Lieb-Luttinger, we get that it is enough to assume
that each of the f; is symmetric-decreasing.
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Tools for the proof

Identity for the marginal

Let 1 < k<nand E € G, . Then there exist vectors wy,...,wp in
R~k = span{ey,...,e,_x} such that [,_j = i, wi®w; and for any

integrable function f(x) =[]7_, fi(x;) with f; : R — [0,00),

w0 = | TLat.m)a
i=1

o Using the identity above along with the rearrangement inequality of
Rogers and Brascamp-Lieb-Luttinger, we get that it is enough to assume
that each of the f; is symmetric-decreasing.

o ldea of the proof: Layers of product measures with symmetric decreasing

components are coordinate boxes. We shall estimate sections of coordinate
boxes using Ball's techniques for the cube and the layer-cake formula.
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Ball-like propositions

Let 1< k<nand He G, k.
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Ball-like propositions

Let 1< k<nand He G, ,_k. Then there exists {§;}i_; C [0,1] with
S iBi=n—k
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Ball-like propositions

Proposition 1

Let 1< k<nand He G, ,_k. Then there exists {§;}i_; C [0,1] with
27:1 Bi = n— k such that for any zj,...,z, € RT, the box
B=TI"_,[-z/2,2/2] satisfies
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Ball-like propositions

Proposition 1

Let 1< k<nand He G, ,_k. Then there exists {§;}i_; C [0,1] with
Z".’:l Bi = n— k such that for any zj,...,z, € RT, the box
B=TI"_,[-z/2,2/2] satisfies

n—k n
n 2 Bi
\BmH|§<n_k) 112
i=1
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Ball-like propositions

Proposition 1

Let 1< k<nand He G, ,_k. Then there exists {§;}i_; C [0,1] with
Z".’:l Bi = n— k such that for any zj,...,z, € RT, the box
B=TI"_,[-z/2,2/2] satisfies

n—k n
n 2 Bi
\BmH|§<n_k) 112
i=1

| \

Proposition 2

Let 1<k <n/2and H € G, ;. Then there exists {8;}/_; C [0,1] with
Z:?:l Bi = n— k such that for any zj,...,z, € RT, the box

B= Hle[—zj/2,zj/2] satisfies

n

k/2 Bj

|[BNH| <2 | Izjf.
j=1
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Proof of the Theorem

G i i | densities of product measures.



Proof of the Theorem

Denote ¢; = ||fi||oo-
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Proof of the Theorem

Denote ¢; = ||fi||oo-

- [ Jrsom
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Proof of the Theorem

Denote ¢; = ||fi||oo-
we(F)(0 = f, , Wi d
200 = [ Tlawms
S X
Rr=k5 0y
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Proof of the Theorem

Denotec,-:Hﬁ_Hoo.
n
me(F)(0) = /Rnka, )
n
<

/Rnk_li[fi*((y’w"))dy
/0 /0 /R" kHl{f*”}«X w;))dxdt; ... dtn
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Proof of the Theorem

Denote ¢; = ||fi||oc.
n
me(F)(0) = / TT Aty m)ay
Rn k’ 1
n
= f* y7Wl
/Rn kH !

/o /0 /R" knl{f*>t}(<x w;))dxdt; ... dtn

/ / t17 , mEL|dt1 dtn.
0 0
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Proof of the Theorem

From the Proposition 2 we get:

n
k || * .
|B(tl7“~7tn)mEJ_|S\/§ . |{fl >t,’}|6'_
i=1
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Proof of the Theorem

From the Proposition 2 we get:
X n
|B(ty, ... t)) NET| <V2' - TTIHE > 137
i=1
Write dt = dty ... dtn.

we(n@ < V2 [ JIHe > e
i=1
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Proof of the Theorem

From the Proposition 2 we get:
X n
|B(ty, ... t)) NET| <V2' - TTIHE > 137
i=1
Write dt = dty ... dtn.

me(f)(0)

IN

n
V2 [ L > e ae
Ciz1

n n
k 1-8; *11Bi
v [ 7 T I g
i=1 i=1

IN
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Proof of the Theorem

From the Proposition 2 we get:

n
k || * .
|B(tl7“~7tn)mEJ_|S\/§ . |{fl >t,’}|6'_
i=1

Write dt = dty ... dtn.

n
k )
re(F)O) < V2 / T[5> P et
Ci=1
k n n
< V2T T 1 gy
i=1 i=1
<

n
k _3
V2 ”C,l Bi
i=1
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Proof of the Theorem

From the Proposition 2 we get:

n
k || * .
|B(tl7“~7tn)mEJ_|S\/§ . |{fl >t,’}|6'_
i=1

Write dt = dty ... dtn.

n
k )
re(F)O) < V2 / T[5> P et
Ci=1
k n n
< V2T T 1 gy
i=1 i=1
<

n n
k _B k .
V2 [P = V2 [ I16I1%D
i=1 i=1

Galyna Livshyts Bounding marginal densities of product measures.



Proof of the Proposition 2

Proposition 2

Let 1<k<n/2and Hec Gn,n—k- Then there exists {Bj}le C [0,1] with
Z:"’:l Bi = n— k such that for any zj,...,z, € RT, the box

B= H?:1[_Zj/27zj/2] satisfies

n

k/2 Bj

1BnH| <2*2T]2".
i
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Proof of the Proposition 2

Proposition 2

Let 1<k<n/2and Hec Gn,n—k- Then there exists {Bj}le C [0,1] with
Z:"’:l Bi = n— k such that for any zj,...,z, € RT, the box

B= H?:1[_Zj/27zj/2] satisfies

n

k/2 Bj

1BnH| <2*2T]2".
i

Proof. We shall assume that |B| =1 and rescale later.

Galyna Livshyts Bounding marginal densities of product measures.



Proof of the Proposition 2

Proposition 2

Let 1<k<n/2and Hec Gn,n—k- Then there exists {Bj}le C [0,1] with
Z:"’:l Bi = n— k such that for any zj,...,z, € RT, the box

B= H?:1[_Zj/27zj/2] satisfies

n

k/2 Bj

1BnH| <2*2T]2".
i

Proof. We shall assume that |B| =1 and rescale later. The proof splits into

two cases:
o CASE 1: for all unit vectors b € HL, the coordinates b; < % for each
i=1,...,n.
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Proof of the Proposition 2

Proposition 2

Let 1<k<n/2and Hec Gn,n—k- Then there exists {Bj}le C [0,1] with
Z:"’:l Bi = n— k such that for any zj,...,z, € RT, the box

B= H?:1[_Zj/27zj/2] satisfies

n

k/2 Bj

1BnH| <2*2T]2".
i

Proof. We shall assume that |B| =1 and rescale later. The proof splits into

two cases:
o CASE 1: for all unit vectors b € HL, the coordinates b; < % for each

i=1,...,n.
o CASE 2: there exists a unit vector b€ H- and i € [1,n] such that

S L
bi> L.
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CASE 1: for all unit be HL, b; < % foreachi=1,...,n

7

Notation and set up

Fix the notation:
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CASE 1: for all unit be HL, b; < % foreachi=1,...,n

7

Notation and set up

Fix the notation:

o P= P . — orthogonal projection onto HE.
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CASE 1: for all unit be HL, b; < % foreachi=1,...,n

7

Notation and set up

Fix the notation:

o P= P . — orthogonal projection onto HE.

= 28
[1Pe;l|
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CASE 1: for all unit be HL, b; < % foreachi=1,...,n

7

Notation and set up

Fix the notation:

o P= P . — orthogonal projection onto HE.

= 28
[|Peil|
e a; =||Pejl|.
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CASE 1: for all unit be HL, b; < % foreachi=1,...,n

7

Notation and set up

Fix the notation:

o P= P . — orthogonal projection onto HE.

@ U= Be,- B
[|Peil|
e a; =||Pejl|.
@ X is a random vector uniform on B.
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CASE 1: for all unit be HL, b; < % foreachi=1,...,n

7

Notation and set up

Fix the notation:

o P= P . — orthogonal projection onto HE.

@ U= Be,- B
[|Peil|
e a; =||Pejl|.
@ X is a random vector uniform on B.

@ Y is a random vector uniform on the unit cube Q.
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CASE 1: for all unit be HL, b; < % foreachi=1,...,n

7

Notation and set up

Fix the notation:

o P= P . — orthogonal projection onto HE.

@ U= Be,- B
[|Peil|
e a; =||Pejl|.
@ X is a random vector uniform on B.

@ Y is a random vector uniform on the unit cube Q.

o PX is a random vector on HL with density m(1g) and characteristic
function ®: H- — R.
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CASE 1: for all unit be HL, b; < % foreachi=1,...,n

7

Notation and set up

Fix the notation:

o P= P . — orthogonal projection onto HE.

@ U= Be,- B
[|Peil|
e a; =||Pejl|.
@ X is a random vector uniform on B.

@ Y is a random vector uniform on the unit cube Q.

o PX is a random vector on HL with density m(1g) and characteristic
function ®: H- — R.

Note that

n

n
DY Rueu=ly, (i) =k
i=1

i=1
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CASE 1: for all unit be HL, b; < % foreachi=1,...,n

7

Notation and set up

Fix the notation:

o P= P . — orthogonal projection onto HE.

@ U= Be,- B
[|Peil|
e a; =||Pejl|.
@ X is a random vector uniform on B.

@ Y is a random vector uniform on the unit cube Q.

o PX is a random vector on HL with density m(1g) and characteristic
function ®: H- — R.

Note that

n

n
DY Rueu=ly, (i) =k
i=1

i=1

Note: a; <

S
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CASE 1: for all unit be HL, b; < % foreach i=1,....n

7

Using inversion

By Fourier inversion formula,

|BmH|:wHL(1B)(0):ﬁ/HL O (w)dw.
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CASE 1: for all unit be HL, b; < % foreachi=1,...,n

7

Using inversion

By Fourier inversion formula,

|BnH|:wHL(1B)(0):ﬁ/HL O (w)dw.

Estimating the characteristic function of PX:
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CASE 1: for all unit be H+, b; < 7 for each i=1,.

Using inversion

By Fourier inversion formula,

|BnH|:wHL(1B)(0):ﬁ/HL O (w)dw.

Estimating the characteristic function of PX:

d(w) = ]Eexp((w PX))
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CASE 1: for all unit be H+, b; < 7 for each i=1,.

Using inversion

By Fourier inversion formula,

|BnH|:wHL(1B)(0):ﬁ/HL O (w)dw.

Estimating the characteristic function of PX:

d(w) = ]Eexp((w PX))

= Eexp( ZX aj(w uj)>

Jj=1
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CASE 1: for all unit be H+, b; < 7 for each i=1,.

Using inversion

By Fourier inversion formula,

|BnH|:wHL(1B)(0):ﬁ/HL O (w)dw.

Estimating the characteristic function of PX:

d(w) = ]Eexp( (w, PX))
= Eexp( ZX aj(w uj)>
j=1
= Eexp( ZYZJQJ w uj>)
j=1
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CASE 1: for all unit be H+, b; < 7 for each i=1,.

Using inversion

By Fourier inversion formula,

|BnH|:wHL(1B)(0):ﬁ/HL O (w)dw.

Estimating the characteristic function of PX:

o(w) ]Eexp( (w, PX))

= FEexp (iZXjaj(M “J'))

j=1
n

= Eexp (IZ Yizjaj(w, q,-))
j=1

n sl
_ H 2sin 5 zjaj(w, uj)

zjaj(w, uj)

=1
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CASE 1: for all unit be HL, b; < 7 for each i=1,.

n
1
BrHI< & /H TTestw e,
j=1

sinz;a;t
Zjajt

where ®; : R — [0,00) is defined by ®;(t) =
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CASE 1: for all unit be HL, b; < 7 for each i=1,.

n
1
|IBNH| < ﬁ/mH¢j(<W,uj>)dw,
j=1

sinz;a;t
Zjajt

where ®; : R — [0,00) is defined by ®;(t) =

Theorem 1 (Ball)

Let uy,...,un be unit vectors in ]Rk, k <n, and cy,...,cn > 0 satisfying
Z;c,-u,-@) uj = Ix.. Then for integrable functions fi,...,f, : R — [0,00),

[ Tetomae<TT(f7)

There is equality if the f/s are identical Gaussian densities.
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CASE 1: for all unit be HL, b; < % foreachi=1,...,n

7

The above Theorem of Ball is used with ¢; = %:
lj

2

n 1 a;
1 2 !
BNH|l<— d;(t)7 dt
| _Wk||</R ()7 )
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CASE 1: for all unit be HL, b; < % foreachi=1,...,n

7

The above Theorem of Ball is used with ¢; = %:
lj
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in the case 1.
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CASE 2: there exists a unit vector b € H+ and i € [1,n] such that b; >
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CASE 2: there exists a unit vector b € H+ and i € [1,n] such that b; >

@ Assume that the proposition is true for all dimensions at most n—1 and
for all k.
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CASE 2: there exists a unit vector b € H+ and i € [1,n] such that b; >

@ Assume that the proposition is true for all dimensions at most n—1 and
for all k.

@ Note that 1
BNH|< +IBNA],
]

where B is an (n—1) dimensional box with sides {z;},; and H=PiHis a
(k — 1)-codimensional subspace in R" 1.
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CASE 2: there exists a unit vector b € H+ and i € [1,n] such that b; >

o If k=1, then o B
BnH|=1B|=]]2
J#i
and thus
1BnH| <v2] ]2
J#i
hence the proposition holds with 8; =1 for j # i.
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CASE 2: there exists a unit vector b € H+ and i € [1,n] such that b; >

o If k=1, then o B
BnH|=1B|=]]2
J#i
and thus
1BnH| <v2] ]2
J#i
hence the proposition holds with 8; =1 for j # i.

o If k> 2, we use induction. [J
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Thanks for your attention!
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