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Construction of random polytopes

l. The classical random point model

K C RY is a fixed convex body

(Xi)i>1 is a sequence of independent random points uniformly distributed in K
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Construction of random polytopes

l. The classical random point model
K C RY is a fixed convex body
(Xi)i>1 is a sequence of independent random points uniformly distributed in K

Forn>d+1, let
Ky = [X1,...,X0i]

be the convex hull of the random points Xi,..., X, : random polytope
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Construction of random polytopes

l. The classical random point model
K C RY is a fixed convex body
(Xi)i>1 is a sequence of independent random points uniformly distributed in K

Forn>d+1, let
Ky = [X1,...,X0i]

be the convex hull of the random points Xi,..., X, : random polytope
K, is an approximation of the set K as n — co

Random variables connected to the random polytopes K,
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Construction of random polytopes

l. The classical random point model
K C RY is a fixed convex body
(Xi)i>1 is a sequence of independent random points uniformly distributed in K

Forn>d+1, let
Ky = [X1,...,X0i]

be the convex hull of the random points Xi,..., X, : random polytope
K, is an approximation of the set K as n — co

Random variables connected to the random polytopes K,

@ the volume V4 (K,) of K,, or, more generally
Vi(Kn), k=0,1,--- ,d, the k — th intrinsic volume of K,
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Construction of random polytopes

l. The classical random point model
K C RY is a fixed convex body
(Xi)i>1 is a sequence of independent random points uniformly distributed in K

Forn>d+1, let
Ky = [X1,...,X0i]

be the convex hull of the random points Xi,..., X, : random polytope
K, is an approximation of the set K as n — co

Random variables connected to the random polytopes K,

@ the volume V4 (K,) of K,, or, more generally
Vi(Kn), k=0,1,--- ,d, the k — th intrinsic volume of K,

o the number fy_1(K,) of facets of K,, and, more generally
the number f(K,) of k-dimensional faces of K,, k ={0,1,...,d — 1}
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Il. The Poisson point process model

K is a fixed convex body K C R
7 is a Poisson point process in R? with intensity measure

YA, >0

A is the Lebesgue measure, restricted to K
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Il. The Poisson point process model

K is a fixed convex body K C R
7 is a Poisson point process in R? with intensity measure

YA, >0

A is the Lebesgue measure, restricted to K

Poisson random polytope Kj,, is the convex hull of the Poisson point process 7,
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Il. The Poisson point process model

K is a fixed convex body K C R
7 is a Poisson point process in R? with intensity measure

YA, >0
A is the Lebesgue measure, restricted to K
Poisson random polytope Kj,, is the convex hull of the Poisson point process 7,

Note: the expected number of points of 7, equals vVy(K)

—

for a Poisson random polytope:

~vVa(K) plays the same role as n for the classical random polytopes
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We will look at the expected number of k-dimensional faces of K,

Ef(K,) asn— oo
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We will look at the expected number of k-dimensional faces of K,

Ef(K,) asn— oo

The behavior depends on the geometry of the underlying convex body K
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Background

l. Euclidean space
o If Kis C2, then

Efe(Kn) ~ ca,x as(K) e asn — oo (1)

@ Cq4,k is a constant only depending on d and on k and
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Background

l. Euclidean space

o If Kis C2, then
—1
Efe(Kn) ~ ca,x as(K) i asn — oo (1)

@ Cq4,k is a constant only depending on d and on k and
o as(K) = [, w(K, x)Y@*) dx is the affine surface area of K

o r(K,x) is the Gauss curvature at x € 9K
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Background

l. Euclidean space

o If Kis C2, then
—1
Efe(Kn) ~ ca,x as(K) i asn — oo (1)

@ Cq4,k is a constant only depending on d and on k and
o as(K) = [, w(K, x)Y@*) dx is the affine surface area of K
o r(K,x) is the Gauss curvature at x € 9K

@ (1) was proved, depending on k, by Barany, Schiitt, Reitzner, Wieacker
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e If K = P is a d-dimensional polytope, then

Efi(K,) ~ & flag(P) (log n)®* asn — oo

@ (g4, is another constant only depending on d and on k
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e If K = P is a d-dimensional polytope, then

Efi(K,) ~ & flag(P) (log n)®* asn — oo (2)

@ (g4, is another constant only depending on d and on k

o flag(P) is the number of flags of P: an d-tupel

FoC FR C...C F4_1

where F;, 0 < j<d—1, is an i-dimensional face of P
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e If K = P is a d-dimensional polytope, then

Efi(K,) ~ & flag(P) (log n)®* asn — oo (2)

@ (g4, is another constant only depending on d and on k

o flag(P) is the number of flags of P: an d-tupel

FoC FR C...C F4_1

where F;, 0 < j<d—1, is an i-dimensional face of P

(2) was proved by
e Rényi and Sulanke for d =2
e Barany and Buchta for general d and k =0,d — 1

e Reitzner for general d and k
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Il. Spherical space

Let S denote the unit sphere in R and
SY =87 N {xgs1 > 0} C RI*!

be the d-dimensional upper halfsphere
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Il. Spherical space

Let S denote the unit sphere in R and
SY =87 N {xgs1 > 0} C RI*!

be the d-dimensional upper halfsphere

A set K C S? N {x431 > 0} is a spherical convex body, if it is closed, and its positive hull
posK ={Ax:x € K,\ >0}

is a convex set in R9H!
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Il. Spherical space

Let S denote the unit sphere in R and
SY =87 N {xgs1 > 0} C RI*!

be the d-dimensional upper halfsphere

A set K C S? N {x431 > 0} is a spherical convex body, if it is closed, and its positive hull
posK ={Ax:x € K,\ >0}

is a convex set in RY"?

o4 denotes the spherical volume, i.e., the d-dimensional Hausdorff measure on s?

We consider random polytopes that are the spherical convex hull of points chosen
uniformly according to "K in K
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e Analogue to (1)

Theorem (Besau, Ludwig, W)

Let K C S¢ be a spherical convex body. If K, is the spherical convex hull of n random
points chosen uniformly in K, then

. _d—1 _d-1 sd 1
lim Bfy(K,) n~ a1 = By voly(K)™ a1 / K (K, x)7 dx
n—oo oK

2
_ (@®+d+2)(d®+1) - P41 dr1 M
° Ba = Fgr3) (ar r( dL) (\B;’tH)

d . .
o % (K, x) is the spherical Gauss-Kronecker curvature
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Sketch of Proof

The gnomonic projection g : Si — RY is defined by

g(X) =X= X - g1t — €d+1,
We identify RY with {x € R*™ : x - g1 = 0}

X
X.edt|

§(x)=X
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Sketch of Proof
The gnomonic projection g : Si — RY is defined by

X

gx)=x= — €d+1,

X+ €d+1
We identify R with {x € R : x - egy; = 0}

e K = g(K) is a convex body in R
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Sketch of Proof
The gnomonic projection g : Si — RY is defined by

X

gx)=x= — €d+1,

X €d+1
We identify R with {x € R : x - egy; = 0}
o K = g(K) is a convex body in R?
e The pushforward of the measure o4 under g is the measure d® = v dx with density

- 1
Y= e
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Sketch of Proof
The gnomonic projection g : Si — RY is defined by

X

gx)=x= — €d+1,

X €d+1
We identify R with {x € R : x - egy; = 0}
o K = g(K) is a convex body in R?
e The pushforward of the measure o4 under g is the measure d® = v dx with density

1

Y= e

Choosing n points in K with respect to d:(‘j() corresponds to choosing n points in K with
respect to

_p(x)dx

Jr (%) dx

. —\

e, g(Ka) = (g(K)), = (K);
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We use a result by Boroczky, Fodor and Hug:

e [ be a convex body in R
e ¢: L — (0,00) is a continuous probability density

e the random polytope Lf is the convex hull of n independent random points chosen in L according to the
probability measure

o, —d=1 1 d—1
lim Efy(L,)n d+1 zﬁd/ K(L, x) @+ $(x) a1 dx,
n— oo oL
where (4 is as above

As n — 0o, with ®(X) = %

26 ((K);) 5
v B [ eRR) e dx
(Ji (%) dx) 71 Jok

d—1
Efo(Ky) n~ @t
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As n — oo,

d—1
Efo(Kn) n~ &1 ~

(Jie (%) d=)

K

[ R ) s
o)
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As n — oo,

_d-1 Bd _ 1 d=1
Efb(Kn)n d+1 N—/ K‘/(K7X)d+1 w(x) a1 dx
oR

o #¥(K,x) = K(R,;)(

K

(Jie (%) d=)

d+1

R\ 2
1+(x-Ng (%))?
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As n — oo,

d—1
Efo(Kn) n~ &1 ~

%/ k(K %)#1 w(i)%d?

d < o |2 N
(K x) = n(K,x)(%)

@ the Jacobian on 9K of g

-1

Nl

Jakgfl()—() _ (1 + (X NK()_()Q) )
(L +[x11%)2
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As n — oo,

_d=1 Bd I B s
Efb(Kn)n d+1 N—E/ K‘/(K7X)d+1 w(x)dJrl dx

d < o |2 N
(K x) = n(K,x)(%)

@ the Jacobian on 9K of g1

Nl

Jakgfl()—() _ (1 + (X NK()_()Q) )
(L +[x11%)2

o the Jacobian on K of g7t is

d+1

Se =)= (1+18I7)

Spherical convex hull of random points on a wedge

/27



Let (Xi)izl be a sequence of independent random points uniformly distributed on
$4 =8N {xg11 > 0} C RY*?
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Let (Xi)izl be a sequence of independent random points uniformly distributed on
$4 =8N {xg11 > 0} C RY*?

Forn>d+1, let

Kr(15) : = [X17 e 7X"]§d
= pos(Xi,...,Xa)N s?

be the spherical convex hull of the random points Xi,--- , X,

pos(Xi, ..., Xn) := {M X1 4+ -4+ XAXn: A1, ..., Ap >0} € RO
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Theorem (Bérény, Hug, Reitzner, Schneider k € {0,d — 1};

Kabluchko, Marynych, Temesvari, Théle, general k)

lim Ef(K) = &, (3)

n—o00

where Cq i is a constant only depending on d and k
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Theorem (Bérény, Hug, Reitzner, Schneider k € {0,d — 1};

Kabluchko, Marynych, Temesvari, Théle, general k)

lim Ef(K) = &, (3)

n—o00

where Cq i is a constant only depending on d and k

o Special case of an analogue to (2)

We view S¢ as a spherical convex polytope with a single facet and no other boundary
structure
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Theorem (Bérény, Hug, Reitzner, Schneider k € {0,d — 1};

Kabluchko, Marynych, Temesvari, Théle, general k)

lim Ef(K) = &, (3)

n—o00

where Cq i is a constant only depending on d and k

o Special case of an analogue to (2)

We view S¢ as a spherical convex polytope with a single facet and no other boundary
structure

Applying the gnomonic projection g

@ to the “spherical convex polytope” S¢, R can be seen as a d-dimensional convex
“unbounded polytope” with a single facet at co
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Theorem (Bérény, Hug, Reitzner, Schneider k € {0,d — 1};

Kabluchko, Marynych, Temesvari, Théle, general k)

lim Ef(K) = &, (3)

n—o00

where Cq i is a constant only depending on d and k

o Special case of an analogue to (2)

We view S¢ as a spherical convex polytope with a single facet and no other boundary
structure

Applying the gnomonic projection g
@ to the “spherical convex polytope” S¢, R can be seen as a d-dimensional convex
“unbounded polytope” with a single facet at co
° K,S-") is identified with the convex hull of n random points chosen w. r. to the

i () (z) dx = ) ax
normalized pushforward of 04, —F9¥(X)dx = =% TRl @ 72
7 T
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Compare behavior of bounded polytopes in R? with the ‘unbounded polytope’ we ask:

Are there models for random polytopes that interpolate for Efi(K,) between the behavior
of
& flag(P)(logn)®™ ! and &k
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Compare behavior of bounded polytopes in R? with the ‘unbounded polytope’ we ask:

Are there models for random polytopes that interpolate for Efi(K,) between the behavior
of
& flag(P)(logn)®™ ! and &k

e We will look at k=d —1
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SETTING

Let je{1,...,d}

Let Hi, ..., H; be distinct hyperplanes passing through the origin of RY*!
Let

S{, :=8'NH N...nH,
H is the positive halfspace, bounded by the hyperplane H;, i € {1,...,/}
° Sf,Jr is a d-dimensional spherical convex subset of §7

o its shape is determined by the angles between Hi, ..., H;
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SETTING

Let je{1,...,d}
Let Hi, ..., H; be distinct hyperplanes passing through the origin of RY*!
Let

S{, :=8'NH N...nH,
H is the positive halfspace, bounded by the hyperplane H;, i € {1,...,/}

° Sf,Jr is a d-dimensional spherical convex subset of §7

o its shape is determined by the angles between Hi, ..., H;

Let (Xi)i>1 be independent random points uniformly distributed on S |

For n > d+1, let Kr(,s’j) be the spherical convex hull of Xi,..., X,
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Conjecture. Forj € {1,...,d} one has that

Efy_1(K$?) ~ cqj (log ny as n— 0o

where cq,j are constants that depend only on d and j.
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Conjecture. Forj € {1,...,d} one has that

Efy_1(K$?) ~ cqj (log ny as n— 0o

where cq,j are constants that depend only on d and j.

In particular, we conjecture

@ the first-order asymptotic expansion does not depend on the angles between
Hi, ..., H;

o the error terms depend on the angles between the hyperplanes Hy,--- | H;
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Conjecture. Forj € {1,...,d} one has that

Efy_1(K$?) ~ cqj (log nY ™ as n— 0o

where cq,j are constants that depend only on d and j.
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Conjecture. Forj € {1,...,d} one has that

Efy_1(K$?) ~ cqj (log nY ™ as n— 0o

where cq,j are constants that depend only on d and j.

@ For j = 1: conjecture holds and is the result by Barany, Hug, Reitzner, Schneider
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Conjecture. Forj € {1,...,d} one has that

Efy_1(K$?) ~ cqj (log nY ™ as n— 0o

where cq,j are constants that depend only on d and j.

@ For j = 1: conjecture holds and is the result by Barany, Hug, Reitzner, Schneider

@ For j > d, we have that

Efy_1(K$) ~ cqj (log n)®~* as n — 0o
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Conjecture. Forj € {1,...,d} one has that

Efy_1(K$?) ~ cqj (log nY ™ as n— 0o

where cq,j are constants that depend only on d and j.

@ For j = 1: conjecture holds and is the result by Barany, Hug, Reitzner, Schneider

@ For j > d, we have that
Efy_1(K$) ~ cqj (log n)®~* as n — 0o
We prove the conjecture in the case j = 2 and under the assumption that the angle

a(H, H>) between the hyperplanes H; and H: is a right angle.

We call the set S?,+ a spherical wedge
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Figure: The upper panel shows a random spherical polygon in the spherical wedge of dimension
two. The same random spherical polygon is shown in the lower panel after gnomonic projection
in the center of the spherical wedge.
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Theorem (Besau, Gusakova, Reitzner, Schiitt, Thale, W)

Let K =S, and suppose that a(Hi, H,) = . Then there exists a constant cq > 0

only depending on the dimension d such that

Efd_1(K,(,s’2)) ~ Cd,2 (|0g n) asn— oo
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Theorem (Besau, Gusakova, Reitzner, Schiitt, Thale, W)

Let K =S, and suppose that a(Hi, H,) = . Then there exists a constant cq > 0

only depending on the dimension d such that

Efd_1(K,(,s’2)) ~ Cd,2 (|0g n) asn— oo

Remarks

20—t d 4
@ Cdp2 = TlaBZ ‘ Ad, 2 = 3
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Theorem (Besau, Gusakova, Reitzner, Schiitt, Thale, W)

Let K =S, and suppose that a(Hi, H,) = . Then there exists a constant cq > 0

only depending on the dimension d such that

Efd_1(K,(,s’2)) ~ Cd,2 (|0g n) asn— oo
Remarks
@ Cdp2 = #K)Bﬁ’\ Ad, 2 = %
o in dimension 2: Ef(K\"*) ~ %(log n) as n — oo
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e in dimension 2: EA(KY) ~ %(log n) as n — oo

Let K,gl) be the convex hull of n independent and uniform random points in a planar
polygon with £ > 3 edges

@ Rényi and Sulanke: IEfl(K,(,Z)) ~ 23—5(|og n) as n — oo
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Steps of the proof

Efd_1(K,ss'2))
=E Z 1{x, - ,x, generate a facet of K,(,S’z)}

1<ii<--<ig<n

=" / / P(x1,--- ,Xq generate a facet of K,Ss’z)) Ud(dc),(l) Ud(d:d)
d s 4 g, oa(S5,4) o4(S5 )
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IEfdfl(Kr(,s’z)) =

" s O'd(Xm) O'd(dxd)
P (x1,--- ,xq generate a facet of K\
<d> /s‘gu /SL ( L dg ) 04(S§,)  oa(SY,)

»

Spherical convex hull of random points on a wedge 23 /27



n / / X1, -+ ,Xq generate a facet of K,§S’2)) Jd(dj(l) Jd(d:d)
g, s, Ud(S2,+) Ud(S2,+)

Spherical Blaschke-Petkantschin Formula [Barany, Hug, Reitzner, Schneider|
w,
/d/d F(xa, - xa) 7alder) . oaldxa) = “22

/ [/ / F(x1,. .. %a) X Va(x1, ... xa) og—1(dxs) . .. og_1(dxa)] va(dH)
G(d+1,d) L/sdnH sdnH

@ f:SY — R is a Borel measurable function, Wd41 = O'd(Sd)

@ G(d+1,d) is the Grassmannian of d-dimensional linear subspaces of R?*! with the rotation invariant
Haar probability measure vy

@ Vg4(x1,...,%q4) is the Euclidean volume of the d-dimensional parallelotope spanned by xi, ..., Xq
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P(x1,- - ,Xq generate a facet of K,(,s’2)) happens if :
@ d points xj - -+ x4 are chosen in S‘21+ NH

@ n— d points are chosen in either S§ . N HT or S§ , NH~

—d - n—d
oq(sg  nHY)\" o4(S§  .OH™)
_>< 1) MASEZEN
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P(x1,- - ,Xq generate a facet of K,(,s’2)) happens if :
@ d points xj - -+ x4 are chosen in S‘21+ NH

@ n — d points are chosen in either S;’,+ NHT or Sg,-%— NH-
—d d _ n—d
oq(sg  nHY)\" o4(S§  .OH™)
- ( 1) MASEZEN
Wd+1 n
Efy1(K&?) = o5 /
! 2Ud(Sg,+)d d G(d+1,d)

x/ / Va(xi,- -+ 1 x4) Tgi(dxt) - - 7g_1(dxa)
sg&mH Sg&mH

(‘W>"d+ (‘W)nd va(dH)

Ud(Sg,Jr) Ud(Sg,Jr)
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Efd71(K,SS’2)) =

e O Ll e
_ Wdi1 a(x1, ,Xq) 0g_1(dx1) - - - og_1(dxg
204(S§ )¢ <d> G(d+1,d) [ 8¢ .NH 8¢ .NH ( ) (d) (dxs)

<W>"_d N <0d(85',+f”’>>n_d vo(dH)

Ud(Sg,+) Ud(Sg,+)

Spherical convex hull of random points on a wedge 25 /27



Efd71(K,SS’2)) =

Wd+1 n
__—ar- Va(x1, - ,Xg)og—1(dx1) - - og_1(dx
20d(Sg,+)d <d> /G(d+1,d) |:/Sg)+ﬁH /Sg#ﬁH ol +) oa-1{dxr) a3 d)]

n—d n—d
oq(S§.4 N HY) o(S§.4 NH)
“N oty ) Ty ) | @
d\»™7 4 d\™7 4
o) L

= de,...,xd Od— dX1...0’d, dXd

Ud(S§,+)d <d> sd [ 8§ | NH(z) 8¢ ,NH(z) G ) {dx) 1 )}

% (W) ) oa(dz)

Ud(Sg,Jr)
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Efy_1(K?) ~ ca2 (log n) as n — 0o

| convex hull of random points on a wedge



Efy_1(K?) ~ ca2 (log n) as n — 0o

d—1
cap = E—|0B| Ag
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Efy_1(K?) ~ ca2 (log n) as n — 0o

d—1
Cd72 = 2 ] |6B§\Ad

Ad = IEVd((Uh 217 1), ey (Ud7 Zd, 1))
expected d-dimensional volume of the parallelopiped spanned by (U, Z;,1),1 < i< d
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Efy_1(K?) ~ ca2 (log n) as n — 0o

d—1
Cd72 = 2 ] |852"\Ad

Ad = IEVd((Uh Zl7 1), ey (Ud7 Zd, 1))
expected d-dimensional volume of the parallelopiped spanned by (U, Z;,1),1 < i< d

@ Ui,...,Uq are random variables uniformly distributed on [—1, 1]
@ Z,...,Z, are random vectors distributed according to a beta-prime distribution on
R92 with parameter 8 = % and probability density function
r(s)

o= L+ X%~
T oy D)
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Efy_1(K?) ~ ca2 (log n) as n — 0o

d—1
Cd72 = 2 ] |852"\Ad

Ad = IEVd((Uh Zl7 1), ey (Ud7 Zd, 1))
expected d-dimensional volume of the parallelopiped spanned by (U, Z;,1),1 < i< d

@ Ui,...,Uq are random variables uniformly distributed on [—1, 1]
@ Z,...,Z, are random vectors distributed according to a beta-prime distribution on
R92 with parameter 8 = % and probability density function
r(s)

o= L+ X%~
T oy D)

1 1
dx dy 2
pm [ [
o/ 2273
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THANK YOU!
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